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The multipoint Padé approximants to a series of Stieltjes and the corresponding complementary
approximants are defined. Their bounding properties are established, and those of the usual [rn,n—1] and
[n,n] Padé approximants are shown to be special cases. It is further shown how information in the form of
the first few terms in the expansion of the series of Stieltjes in inverse powers of x may be incorporated into
the multipoint Padé approximant and its complement, thereby tightening the bounds supplied by the
approximants. The usual “two-point” Padé approximant occurs as a special case of following this procedure.
Physically occurring series of Stieltjes can often be written in the form G(x) = £, ¥1/(8, +x) + H(x),
where G(x) is a series of Stieltjes with radius of convergence R > 0, H(x) is a series of Stieltjes with radius

of convergence R"> R, R <8, <8, <...<§, <R,and 0< ¥ <= (k=1,2,... k). In addition to

the bounds supplied by the multipoint Padé approximants for X € (—R, ), it is shown that the approxi-
mants also exhibit interesting bounding properties for X € (R, —R). A theorem on these bounding proper-
ties is proved. It is further shown that the multipoint Padé approximants yield best possible upper bounds on
the &, and on ¥, but, in general, do not yield straightforward bounds on ¥, Vs, . . ., ¥ Finally, the
effect of fixing the locations of the poles of the multipoint Padé approximant and its complement at the cor-
rect values x=—8, (k=1, 2, ..., K) is considered. The resulting approxjmants then impose a complementary
pair of bounds on G(x) for —R’ < x < =, which in most cases will be the best possible. In particular, one can

now usually obtain best possible upper and lower boundson V,, V5, ..., VK'

1. INTRODUCTION

In view of the current interest in, and usage of, the one~
and two-point Padé approximant method as a means for
analytically continuing and bounding functions with
physical significance,173 it appears relevant that the
bounding properties on the real line of the general mul-~
tipoint Padé approximant to a series of Stieltjes be
stated and proved. So far as this author knows these
results have not been explicitly set down before. By a
series of Stieltjes we mean any function which may be
represenied by a series of Stieltjes (thus being the
analytic continuation of that series).

In Secs. 2, 3, and 4, the bounding properties of the ap-
proximants when — R < x < «, where R is the radius of
convergence of the series of Stieltjes, are presented in
a unified manner, thereby displaying the bounding pro-
perties of the usual [n,n — 1] and [#,n] one-point Padé
approximants as a special case. It is believed that such
a presentation will help to make the many possible ap~
plications of this theory to physical problems more
apparent. The derivation of these results is based on an
earlier paper by Baker? (hereafter referred to as GB),
and could have been obtained from a moment theoretical
approach.5 However, it is believed that the statement of
these results made in the context of the Padé approxi-
mant approach has the advantage that it highlights the
important fact that the multipoint Padé approximants
achieve the approximate analytic continuation for the
large class of functions being considered, using informa-~
tion about the function in a limited region. In fact, the
approximants use the first few terms from each of a set
of power series expansions of the “series of Stieltjes”
function under consideration. Even if all the terms in
these power series had been known, their radii of con-
vergence would all be bounded. The approximants not
only impose best possible bounds on the function both
inside and outside the region of convergence of the set
of power series involved, but also reproduce the func~
tion inside the region of convergence more accurately
than the known terms of any of the individual series.

The results of the first sections can also be derived
variationally,® taking as a starting point a Hylleraas
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variational principle used by Epstein? to obtain the
usual one-point Padé approximants for the dynamical
polarizability {see below). Such an approach has the
advantages of elegance, and for those who like to think
variationally (for example, theoretical chemists), of
clarity.

In Sec. 5 further results are presented, some of which
are new even to the theory of the usual [#,2 — 1] and
[#,n] one-point Padé approximants. These pertain to
the bounding properties of the multipoint Padé approxi-
mants within the region of poles — «© <x < — R, They
apply when the function being approximated is of the
special but frequently occurring form

‘ G(x) = ZK) Vk

— 4

=1 (8, +x) H(x),

where G(x) is a series of Stieltjes with radius of con-
vergence R > 0, H(x) is a series of Stieltjes with radius
of convergence " > R, R< §; < §,< .- < §, <R’
and 0<V,<w (k=1,2,...,K). Such a series of
Stieltjes is the dynamical polarizability a(w?) for an
atom in its ground state.® Here w is a real or imaginary
frequency, the V, correspond to oscillator strengths,
and the §, to the squares of excitation energies of the
atom. The multipoint approximant to this type of func~
tion then supplies various bounds on G(x),not only for

— R <x < w,but also for — R’ <x < — R. Furthermore,
best possible upper bounds on 6, (£ =1,2,...,K} and
on Vy,but not on V,, Vg, ..., Vg, can be obtained. Thus,
for example, in the case of the dynamical polarizability
one could make direct use of refractive index informa-
tion at low frequency to derive bounds for the refractive
index at frequencies kigher than the first excitation
energy of the atom;to derive bounds on some of the ex-
citation energies; and to derive an upper bound to the
first oscillator strength.

Finally, in Sec. 6, we consider the effect of incorporating
information regarding the locations of the discrete poles
of G(x) into the construction of the multipoint Padé
approximant and its complement. If the locations of the
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first K discrete poles of G(x), x =— §, (k=1,2,...,K)
are known then, by ensuring that the two approximants
also have poles at these points, one is able to obtain a
complementary pair of bounds on G(x) for — R’ < x < o,
and these bounds will be best possible in most cases.
For — R’ < x < — §,, these bounds are of a definite

form as contrasted with the corresponding situation,
discussed in Sec. 5, in which the locations of the poles

of G(x} are not known. In particular, one can now usually
obtain best possible upper and lower bounds on the pole
strengths Vy,V,, ..., Vy.

In general, the multipoint Padé approximant method is
applicable in some sense whenever a set of information
(functional values, asymptotic behavior, etc.) is available
for a physical function P(z),assumed to be well behaved
throughout most of the complex plane. Multipoint ap~
proximants constructed on the basis of the given infor-
mation are often assumed to represent or echo in some
way the behavior of P(z) throughout the complex plane.!
In particular the approximant is considered to approxi~
mate the functional values of P(z), and the singularities
of the approximant to correspond somehow to the singu-
larities of P(z). A current problem? in approximation
theory is the determination of conditions under which
rigorous statements can be made regarding the relation-
ship between P(z) and multipoint Padé approximantsi®
to it. By examining in detail the relationship between
the multipoint approximants and the series of Stieltjes
which they approximate in the region of poles,it is hoped
that further insight into the general problem of rational
approximation will be obtained.

2. THE N(P) PADE APPROXIMANT TO A SERIES
OF STIELTJES

Let F(x) be a series of Stieltjes with radius of conver-
gence R, Then F{x)can be written in the form

Flx) = fl/R _do(u) (1)

o (1 +ux)’

where ¢(u) is a bounded, monotone nondecreasing func-
tion, which attains infinitely many values in the interval
0 < u < 1/R. It is easily seen that F(x) is a positive
monotone decreasing function for — R < x < «, and that
it is continuous and infinitely differentiable over this
interval.

Let {x,}P., where —R< x; <x,<-+- <xp<whea

i=

set of points corresponding to which the values
FW(x ), n=0,1,2,...,N,—1, m=12,...,P (2)

are known, where F(»)(x ) denotes the nth derivative of
F(x) evaluated at x ,,. If

P
E Nm =N’
m=1

then we will say that we have N pieces of information
about F(x) at P points. Thus, for example, if we know

Flx,), m=12,...,P,

then we have P pieces of information about F(x) at P
points.

The multipoint Padé approximant to F{x) associated
with such a set of given information (2) is the function
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Faeey (%) = Ay(x)/Bylx),

where 4, (x) and B, (x) are the polynomials of degrees
[(N — 1)/2] and [N/2], respectively, which are uniguely
determined by the conditions

flsl?.l))).(xm):F(n)(xm)’ n=0,1,...

m=1,2,...,P

together with a normalization requirement
By(0)=1.

Throughout we use the notation [ y] to mean the integer
part of y. We notice that there are (N + 1) unknowns
involved in the two polynomials which constitute the
approximant, and that we have precisely this number of
equations for their determination.

The uniqueness of such an approximant is easily esta-
blished by considering the difference between two such
approximants which satisfy the same set of conditions.
The existence of the approximant is established in GB,
being assured because the given information relates to a
series of Stieltjes: if the given information had been
specified in an entirely arbitrary fashion then existence
would not be guaranteed.1l In fact, in the case of P
points and P pieces of information, the existence of the
approximant is easily established if one result (proved
in GB) is accepted here without proof. If F(x) is a
series of Stieltjes with radius of convergence R, then
Fy(x) defined by

F(x) = F(x,)/[1 + (x —x,)F,(x)], anyx; € (—R,®)
is also a series of Stieltjes, but with radius of conver-
gence at least R. Thus,in general, if —R <xy <%,

L vov <xp < o, then F;(x) defined by

a3

Flx) 1+ {(x—xy)ay

1+,

(x ~%p.1)8p

(3)
1+ (x —xp)Fp(x)

will be a series of Stieltjes with radius of convergence
at least R providing a,,4d,,...,a, can be chosen so that
both sides of (3) agree at x{,%,,...,%p. That they can
be thus chosen is assured by using the successive
scheme

Fo(x) = F(x),
Folx)=[F,1(x,)— F,1(0))/(x ~x,)F, 1 (%),

l<sns< P,
a, =F, _1(x,),

and noting that each F,(x)is a series of Stieltjes with
radius of convergence at least R so that each a, > 0
(the scheme would break down if any of the g, could
have vanished). If we now set F,(x) = 0, then the right-
hand side of (3) becomes precisely the approximant
whose existence we sought to demonstrate. The exis-
tence of the general multipoint Padé approximant to a
series of Stieltjes is established in GB by using similar
arguments. We will refer to the general multipoint
Padé approximant as an N(P) approximant.
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The bounding properties of the general N(P) approxi-
mant, with respect to a series of Stieltjes, can be de-
duced easily once the bounding properties of a P(P)
approximant are established.

To achieve the latter we consider the difference

F(x) = f p(py (%)

ay a1
T14 (x—x)ay, 1+ (x—xy)a,

1+. 1+,

(x —xpq)ap . (x —xp_1)ap
1+ (x—x ) F p(x) 1+0

Suppose, for example, that — R < x < x,. Then

0< 22 < il Foo(x)
140 1+ (x—xp)Fp(x) P07

where the positivity of a, is used, and the term on the
right is guaranteed to be positive because F,_;(x) is a
series of Stieltjes with radius of convergence at least R.
Hence
4p-1
14 (x —xP_l)aP
1+0

0<

ap-1
1+ (x—xp4)ap
1+ (x —xp)Fp(x)

=Fp5(x)

and so on until finally we obtain
0< fpp (x)< F(x)for —R < x < xq.

Similar reasoning applies to each of the intervals
%1 <x <252, <x< xg,...,45p <x< o, and we find
that
0 < F(x) < fP(P)(x)
0 < fp(p) (%)< F(x)

for x; < x < x4

for x, < x < x4

or for x , <x <o,
0< F(x)< fp(py (%)

It is now a simple matter to deduce the bounds imposed
by the general N(P) approximant on F(x). We need only
note that an fy(p) (x) can always be realized as a limit-
ing case of an fy(y)(x). We start with an fy(,,(x) and
let the first ¥, points x{,x,,... ¥y, tend to coincidence
at x,, then let the next N, points tend to coincidence at
%4, and so on until we finally obtain the requisite fy(,)(x).
The bounds imposed by the resulting approximant (which
of course is not constructed in this wayl2) are then seen
immediately. As an example we have sketched the bound-
ing relationship between an f 4 (3,(x) and F(x) in Fig. 1.
The directions of the bounds are a direct consequence

of the relationship between f (4 (x) and F(x), as sketch-
ed in Fig. 2.

The well known bounding properties of the usual [[N/2],
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FIG. 1. Sketch illustrating the bounding relationship between F(x) and a
typical 4(3) multipoint Padé approximant to it. Here the given informa-
tion is F(x,) (i = 1,2,8) and F® (x,), with — R < x; <0 <x, <x3 <0,
The bounds supplied by f, 3y (x) may be viewed as a limiting case of
those supplied by an f 4 4)(x) as illustrated in Fig. 2.

[(N — 1)/2]] Padé approximants, 13-14 which use N
pieces of information at one point x = 0, are immediate
when one observes that in this case

[Iv/2], [(N —1)/2]] = fua) (%)

3. THE COMPLEMENTARY N(P) PADE APPROXIMANT
TO A SERIES OF STIELTJES

By explicitly making use of the one additional piece of
information that F(x) is a series of Stieltjes with radius
of convergence (at least) R,bounds which are precisely
complementary to those supplied by the N(P) approxi-
mant can be obtained. To see this we again consider the
case where P pieces of information at P points is given.
In this case it is shown in GB that (3) can be multiplied
up to yield

F(x)
_ By 1(—R)Ap(x) + (x _xP)FP(x)BP(_R)AP_l(x)
Bp 1(—R)Bp(x) + (x —xp)F p(x)Bp_1 () Bp(—R)’
(4)

where F,(x) = CoF (x), C, being a positive constant,
and where the polynomials A, _;(x), B,_; (x) correspond
to the f(p_1y(p-1) (¥) which uses the information at the
first (p — 1) points,x,,%,,...,%xp_;. Further,it is
shown in GB that the range of possible values attainable
by F(x) for any fixed x € (— R, ) is given by the map
under (4) of the interval

0< Fo(x)< (R +xp) L.

If we now take the derivative of F with respect to F, we
find

|
|
! [
i |
L | i
-R 0 X Xy X
FIG. 2. Sketch illustrating the bounding.relationship between a series
of Stieltjes F(x) and a 4(4) multipoint Padé approximant to it, for

— R < x < w, F(x)has radius of convergence R, and the given informa-
tion is F(x,)(¢=1,2,3,4) with— R < x; <0< x, <3< x, <0,
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FIG. 3. Sketch illustrating the bounding relationship between F(x),a
multipoint Padé approximant f, 4, (x) to it, and the corresponding com-
plementary multipoint Padé approximant f$(s) (x). The information
used to construct the approximants is F(x,)(i = 1,2,3), F®(x,),
where — R < x; < 0<x, < x5 < ,and F(x) is known to have a radius
of convergence (at least) R.

aFr
iF,
B,y ("‘R)Bp-l(_ R)Bp—l(x)Bp (x)
[Bp-1(—R)Bp(x) + (x —xp) Fp(x)Bp_(x) Bp(—R)

x(x —xp)Ap(%)/Bp(x) — Ap_1(x)/Bp_1(x)]

Here, both the denominator and the factorl5 B,(— R)
Bp_1(— R)}B,_;(x)B,(x) are positive for x € (— R, ®),
and hence the sign of the derivative is dependent only on
the factor (x —xp)[Ap(x)/Bp(x)— Ay 1 (x)/B,_1(x)]
Since Ap_;(x)/Bp_;(x) is not only the (P - 1) (P — 1)
approximant to F(x), corresponding to information at the
first (P — 1) points,x,%5,...,%p_;, but also the (P — 1)
(P — 1) approximant to f ppy (x) = Ap(x)/Bp(x), we see
that the sign of the derivative dF/df"P changes exactly P
times for ¥ € (— R, ®), one sign change occurring at each
of the points x,,%,,...,x,. In particular, on each of the
intervals (— R,x,), (x4,%3),...,{x,®),the value of F
is monotonically dependent on the value of FP, either in-
creasing or decreasing. Thus, the best possible bounds
that can be imposed on F(x) for x € (— R, ®) are sup-
plied by the two approximants obtained by setting F p =0
and F, = (R + x,)! in the right-hand side of (4). Fur-
ther, the resulting bounds will be complementary: When
one approximant supplies an upper bound the other must
supply a lower bound, and vice-versa. Setting F p =0 we
reobtain the P(P) approximant

fpwy (%) =Ap(x)/Bp(x), (5)

and we deduce that its previously established bounding
properties are best possible. Setting F p(®)= (R +x,)Y
we obtain the complementary approximant

F 8y (%)

_ (R4 %))Bp (= R)Ap(x) + (x —5,) Bp(—R)Ap, ()
(R+xp)By 1 (—R)Bp(x) + (x —%p)Bp_1{x)Bp(—R)

whose bounding properties must also be the best pos-
sible.

In the general case of N pieces of information at P
points, it follows from a limiting argument similar to the
one used previously that the bounding properties of

S n(py(x) are best possible, and that the best possible
complementary bounds are supplied by
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S (%)
- (R +xp)BN—1(—' R)AN(JC) + (x_xp)BN(—'R)AN-l(x)
(R+xp)By.1(—R)By(x)+ (x —xp)By_1(x)By(~R)’

where the polynomials A, and B, now correspond to

f n(z) (%), and the polynomials A, _,, By_; correspond to
the f(y-1)() (%) OF f(y-1)(p-1){%) which is obtained when
the “first” (N — 1) pieces of information are used. An
example of the bounding relationship between an fy)(x),
f$m(x),and F(x) is sketched in Fig. 3.

Having established the existence and bounding properties
of f$(py(x) in the manner described above, we now ob-
serve that the complementary approximant is unique and
hence it is most easily obtained as follows: We set

8y (%) = Cy(x)/Dy(x),

where C,(x) and D, (x) are the polynomials of degrees
[N/2] and [(N + 1)/2], respectively, which are uniquely
specified by the set of conditions

(f§@)W(x,)=F"®(x ), »n=0,1,2,...,N

-1

m ?
m=12,...,P
together with the requirements

DN(O)=1 and DN(——R)=0.

The latter condition serves to place a pole of the ap-
proximant at x = — R. We note that there are now

(N + 2) unknowns involved in the two polynomials which
constitute the approximant and that we have precisely
this number of equations. Methods for solving this set
of equations are similar to those which can be used to
obtain fy(py(x).12

In the special case that all the information corresponds
to the one point x = 0, f§(,)(x) reduces to

RBy_ 1(—R)Ay(x) + xBy(—R)Ay_4(x)
RB,_;(—R)By(x) + xBy_1(x)By(—R)’

ffn(x) =

This approximant is precisely the one obtained in GB,
and the bounds which it supplies are complementary to
those given by the usual [[N/2], [(N — 1)/2]] Padé ap-
proximant which utilizes the same set of given informa-
tion.

4, UTILIZATION OF COEFFICIENTS FROM THE
SERIES EXPANSION OF F(x) IN INVERSE
POWERS OF x

Here we suppose that in addition to the given information
(2) we have available the coefficients of the first few
terms in the expansion of F(x) in powers of (1/x).

Taking F(x) as in (1), we rewrite
1/R da(u)

=Rt b T

=F0 + F(x),

where 0 € Fy = lim j: dp(u) < © as € - 0 + and where

- Sd)(v,) for 0< u< 1/R
¢(u) = ’
2 lir{)x+ ou) foru=20

so that F'(x) is also a series of Stieltjes but such that
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F(x) - 0as x - o,

What we suppose here, then, is that in addition to the
given information (2) about F(x), we are also told

terms with unknown
or divergent coef-
ficients

J-1 VZLY,
F()~ Fo+ B (= 1) 1<;> F+

where

1/R d o
P, = fo o u)

ud

(j=1,2,...,d —1)

are finite numbers. These additional moments can be
incorporated into the multipoint Padé approximant and
its complement by generalizing a device used by Lang-
hoff and Karplus.16

We need only note that the finiteness of the F_;'s (j =
1,2,...,d— 1) is sufficient to ensure that the function
7(x) defined by dn(x) = u*/d@(u) is an allowable mea~
sure in the definition of a series of Stieltjes providing
¢(u) is. Thus

E(x) = " 280 __

w1(1 + ux)

is a series of Stieltjes with radius of convergence at
least R. In particular we observe that

J-2
E(x)= L (=xPFyy + (—2)1[F(x) = Fl. )

Since we know Fg, F_1,...,F_;,,, we can use (6) to
transform the set of given information (2) about F(x)
into a new set of given information, pertaining now to the
series of Stieltjes E(x). In fact, the numbers

F(n) (% m ),

n=0,1,2...,N_ —1,

m

where x,, = 0 determine

E(")(xm), n=011,2"":Nm_1;
and if we have N pieces of information pertaining to the
behavior of F(x) at x = 0, then we can obtain

EMM@Q), n=0,1,2,...,J—2+N,.
We have effectively (N + J — 1) pieces of information
about the series of Stieltjes E(x), and thus we can con-
struct the related multipoint approximant, and its com-
plement, to E(x). Let these be denoted by &y (p)y+s{(x) and
8% (py+s (¥), respectively. The corresponding approxi-
mants to F(x) are then clearly

J-2
Enipyea (%) — ,20 (—x)F,_ .

fN(P)+J(x) = (—x)y1 + FO "
and
J-2 -
EG(pyes (%) — ”§0 (=% F, ;i
fGpyea (%) = + Fy.

(—x)1

The bounding properties of the latter two approximants
can now easily be deduced from the bounding properties
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of Ey(py+s(¥) and its complement with respect to E(x).
We find that

fuieyes(x) > or <F(x) according as fy(p)(x) > or <F(x)
and
f Sy (%) > or <F(x) according as f§p)(x) > or < F(x).

Since & y(py+, (¥) imposes best possible bounds on E(x),
it follows that the bounds supplied by f y(p).s(¥) are also
best possible, and similarly for their complements (how-
ever, see Sec. 6). Thus the inclusion of the additional
information simply has the effect of tightening the
bounds on F(x);the bounding relationship between
Fuey+a (%), f §epyeg (%), and F(x) is the same as that be-
tween f y(p) (%), f §(z) (%), and F(x).

In practice, the transformation of the given information
(2) under (6) and the subsequent construction of the ap-
proximants as described in (7) is unnecessarily cumber-
some. Such a procedure has been used here solely for
the purpose of establishing the existence and the nature
of the bounding properties of the approximants. The
uniqueness of the approximants allows us to formulate
their construction as follows: We set

Fum+a(x) = A(x)/B(x) + Fy,

where A(x) and B(x) are the polynomials of degrees
[(N + J—3)/2]}and [(N + J — 1)/2], respectively, which
are uniquely specified from the sets of conditions

fIS’(P)’)*«J(xm):F(")(xm)’ N,—1

yes ey m »

m=1,2,...,P

n=0,1

together with the requirements

J—1if N + J is odd
7 =F_j, j=1,2,...,{ (8)
J—21if N + J is even

and a normalization condition
B(@0) = 1.

Here f'_j denotes the coefficient of (1/x)/ in the expan-
sion of f y(py., (%) in powers of (1/x). The set of equa-
tions (8) can be linearized in much the same way as
those relating to information at finite points (see Ref.12).

A similar formulation describes the corresponding com-
plementary approximant. In this case we set

F§yes (%) = C(x)/D(x) + Fy,

where C(x) and D(x) are now of degrees [(N + J — 2)/2]
and [(N + J)/2], respectively. The conditions for their
determination are similar to those given above, except
that now we require

J—1if N + J is even
c. = F

“j = L4 j=1,2,--.

J—2if N + Jis odd
and we have the additional stipulation that
D(—R) =0Q.

We notice that either f(py.,(x) or fg(P)*J(x), but not



304 Michael Barnsiey: The bounding properties of the multipoint Padé approximant 304

both, fails to utilize the “last” given coefficient F_(,_ ;).
The reason for this can be seen as follows: If Fj = 0,
then since we must have

Lm fy(pyrs (8) = Him £y, (%) = Fy
X-»00 x—>00

the degrees of the polynomials in the numerator and
denominator of either approximant, expressed in ration-
al form, must be equal. Hence, for one of the approxi-
mants, there is necessarily insufficient parameters to
allow all of the given information to be matched. If

Fy = 0, then, for both approximants, the degree of the
polynomial in the denominator must exceed that of the
polynomial in the numerator by unity, and again we have
the same situation. (If the difference in degrees was
greater than unity then the approximant could not be
represented as the limiting form of a series of Stieltjes
and thus could not have concluded that its bounding pro-
perties were best possible.)

In the special case that the given information consists
of N pieces of information at the single point x = 0, to-
gether with J pieces of information pertaining to the be-
havior of F(x) as x — o, we see that f (1,.,(x) is the
“usual” two-point Padé approximant.1.2,16

5. BOUNDING PROPERTIES OF THE MULTIPOINT
PADE APPROXIMANTS IN THE REGION OF THE
POLES

In this section we will ultimately be concerned with
those series of Stieltjes which have the special but fre-
quently occurring form

K VvV
G(x) = 20 —*— + H(x), (9)
k=1 é’k + x
Here G(x) is a series of Stieltjes with radius of conver-
gence at least R > 0, H(x) is a series of Stieltjes with
radius of convergence at least R’ where R’ > R, 0< V,
<w(k=1,2,...,K)andR < §; < §,< ... <& <R

We will eventually show that the multipoint approximant

Zn(p)(¥) to G(x), constructed as before, imposes various

bounds on G(x) in the region x € (— &, — 6, _1) U

(— 8x-1y — 8x-2) U +++ U(— 845, — ;) which we refer to
as the region of poles of G(x). Further, we will establish
that g, (p) (x) yields best possible upper bounds to §,,

(m =1,2,...,min{K,[N/2]}) and a best possible upper

bound to V, but not, in general,to V,, V,,..., V.

Throughout this section we will use the following nota-
tion unless otherwise stated. F(x) will denote a series
of Stieltjes with radius of convergence at least R > 0.
{x;}2, will denote a bounded monotone increasing
sequence of points, x, € (—R,®) ({ =1,2,--) conver-
gent to some point x* < . Thatis, —R<x; <xy<:---
< x* <0 and lim x; = x* as { - «. The multipoint
approximant fp(p)(¥) to F(x) which uses information at
the first P points,x; < x5 < -+ < x, will be denoted by
fp(x). In rational form (cf.Sec.2) fp(x) = Ay (x)/Bp(x)
where A, (x), B, (x) are polynomials of degrees [((P—1)
/2], [P/2], respectively.

b

Lemma I: fp{x) can be written uniquely in the form

(p/21 ve

felx)=VE+ %}1 W’
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where V& = 0 if P is even, 0 < V§{ < w if P is odd,
0<VP<w(n=12,...,[P/2]),and R < §F < §£<..-
< Efpyay < .

Proof: Since f,(x) may be considered as an extremal
case of a series of Stieltjes with radius of convergence
at least R Jrecall Sec. 3 circa Eq. (5)] and since f,(x) =
Ap(x)/Bp(x) as above, it follows that we must be able to
write uniquely

P/

Fel®) =VE+ & Gramy
where J < [P/2], 0 < VP <o, 0< VP <w(n=1,2,...,
J)and R < §f < 8§ < .-- < §§ < w. Thus, we need only
show that J = [P/2]. This is achieved if we show that
Ap(x)and B, (x) possess no common factors. The latter
is assured by the uniqueness of the representation of
A, (x)/Bp(x)as the continued fraction obtained by set-
ting F,(x) = 0 in the right-hand side of Eq. (3) wherein
we know that none of ay,a,,...,a, vanish. This com-
pletes the proof.

Now let 1 < M < P and let D(x) denote the function

D(x) =fp(x)_fm(x)'

Here we shall understand that if D(x) possesses any re-
moveable singularities then these shall be removed.
That is, if both f,(x) and f; (x) possess a pole of
strength V located at X = — E, then we define D(— E) =
lim D(x) as x » — E. We will suppose that the poles of
D(x) are locatedat x =—E, (¢ = 1,2,...,L < [M/2] +
[P/2]) where R< E{ < E, <+ <E, <0,

It is easily seen that we can write
D(x) = [Ap(x)By(x) — A, (x)Bp(x)]/By(x) By (x), (10)

where any common factors between the numerator and
denominator are to be removed. Before any such can-
cellation is made, it is readily seen that the degree of
the numerator in (10) is at most

) P e =)
2 2 2 2 2

Since D(x;) =0 (i = 1,2,..., M), the numerator in (10)
must possess the factor

max

(xy —x)(xg—%) (% —x)

which is of degree M. Hence we can write (10) as

(13 = %) (g = %) " (xy —2)
(x + ED)x + 85) -+« (x + EFpy))

R([(P— M —1)/2);x)
(x + 64)(x + 8H) - (x + 6¥yya))

where we have used the decomposition of Lemma 1, and
where R([(P — M — 1)/2];x) denotes a polynomial of de-
gree at most [(P — M — 1)/2]. In particular, the only
common factors between the numerator and denominator
of (11) can occur between R and the denominator because
by Lemma 1 the zeros of the denominator are located in
(— oo, —R) whereas—R<x1<x§< cor <xy < o0 by

D(x) =

(11)

the definition of the sequence {x;};2;.

Lemma 2: In the notation of Lemma 1 we must have
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8P < §M(m=1,2,...,[M/2]) and V{ < V¥, and

Proof: Consider first the case that P = M + 1. Then Vi = :__,135584 D(x), k=1,2,...,[M/2]).
the polynomial R occurring in (11) must reduce to a con- k
stant. This constant must be positive because it follows
from Sec. 2 that fy,, 1 (x) — f, (x) > 0 for x € (— R,x).
In particular, there can be no common factors between
the numerator and denominator of (11) in this case, and
thus no pole of f, v (x) can be eoincident in locatmn with EML L EU L UL L ...
any pole of f, (xlgl since any such coincidence would 1 1 2

But from Lemma 1 we already know that these residues
are positive, and hence the locations of the poles of
Sfu+1(x) and f,; (x) must interlace according to

imply the existence of a common factor. This means gM+1 < gM if M is even
that (11) may be used to evaluate the residues of fy.q(x) < 3 /2] [M/21 . (13)
and f,, (x) at each of their respective poles. Thus, in the 8¥ya) < 8%;414) /o1 if M is odd

notation of Lemma 1,

Vr;_nl = Res D(x), j=12,...,[(M+1)2] (12) In particular, using (12), we obtain the expressions
x> -g M+l
J J

{positive const}(x; + S¥*1)(xy + EY*1) -+ (x, + Y1)
G = SFDEE T — 617 - Blabym — SEEF — SF B =S¥~ (8lhm — 68D

M+l —
Vl

and
_—_ {positive const}(x; + E¥)(xy + EH)- - (x,, + EN)
Gy =TG- S PEE T~ 6P (6l — SINEE — 606§ — 8P Bl — 61)

from which, by using the inequalities (13), we derive I [P/2]—dJ + d,
VM > V{Wl (14) have strictly positive residues, and
1 . 1
Since the relations (13) and (14) are true for arbitrary [M/2]—dJ + J_
M=1,2,...,P—1 we can now write down their genera-
lizations. Namely, for P> M we must have have strictly negative residues. We note that
sy > &P, 8% > &F yoeos 8821 > Efusoys [P/2]—d+d, =1
M P ;
and V{' > V{. This completes the proof of the lemma. since we know that D(x) possesses at least one pole with
We now consider further the function D(x) in the general a strictly positive residue, namely the one at x = — §7
case P> M > 1, We define C to be the degree of the =—E;. ,
highest common factor between R((P — M — 1)/2];x) and L .
etx=——E(z_12 ,[P/2]—J + J.),where R < §F
g(e ()ienom}:natox; in Eot[ (11). Then it is easily seen that = E4 < Ej P E[p/z] ’jes. < @, denote the locations
¥) can have al mos of the str1ct1y pos1t1ve poles of D(x) Then we define
the intervals (— E —E)(=1,2,...,[P/2]-J + J,
P—M-—1 —C=0 15 +1
[« /2] (15) — 1) to be the poszg‘wé mtervals of D(x) We understand
zeros in the interval (— ©, — R). Here, and throughout that if [P/2] —J + J. — 1 = 0, then D(x) possesses no
the remainder of this section we count zeros according positive intervals.

to their multiplicities.

Lemma 3: D(x) possesses at least one zero on each
of its positive intervals which does not contain a pole
with strictly negative residue.

Now let J denote the number of poles of f,,(x) which
have coincident locations with poles of f,(x). Of these
let J;, be the number of poles at each of which the resi-

due of D(x) vanishes. Then it is easily seen that Proof: This result follows immediately from the
intermediate value theorem for continuous functions. If
C=dy+d. (16) D(x) does not possess a strictly negative pole in

(—E; Je1s —E ) say, then D(x) is continuous over this
Further, let J, and J_ denote the number of the coincident 1nterva1 Smce D(x)> —0asx > — E; from the left

poles at each of which the residue of D(x) is strictly and D(x) =+ + w0 as x > — E* 3+1 from the right, the result
positive and strictly negative, respectively. Then follows at once.
J=dg+d, +J.. Lemma 4: Lef everything be as defined above. Then
. . dy=d,=0. In partxcular if §¥ = §¥ for some 7, and’
- 0
:Icetri;e, according to our counting, D(x) possesses ex S, then V1 > VE.

Proof: The number of positive intervals is
= [P/2] + [M/2] — 2Jy — J, —J_
[P/2]—d+d, ~1
poles located at distinct points in (— ©, — R]. Of these
poles, exactly Hence, at most min{[P/2]—J + J, —1,[M/2]—J + J_}

J. Math. Phys., Vol. 14, No. 3, March 1973
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of the positive intervals can contain a strictly negative
pole, and we can assert by Lemma 3 that the number

(P/2]—J +d, —1)— (M/2]—Jd + J)

= [P/2] - [M/2) =1+, —J.

is a rigorous (though, possibly, attainable) lower bound
to the number of zeros of D(x) in (— «, — R). But from
(15) and (16) we have the upper bound

[(P—M—1)/2]—Jd—J,

on the number of zeros of D(x) in (— ©, — R). Hence, we
must have

[P/2]—[M/2]—1+Jd, —d. < [(P—M—1)/2]—d—J,
or

[P/2]— [M/2]—[{(P—M—1)/2]— 1< —2(d, + Jy).
amn

If P and M are both even, if P is even and M is odd, or

if P and M are both odd, then (17) implies

0<—2(J, +Jp)

which is only possible if J, = J, = 0 since both J,,J; = 0.

If P is odd and M is even, then (17) implies
—1<—2(J, +dp),

so that again we must have J, = J5 = 0.

In particular, if a pole of f,, (¥) is coincident in location
with a pole of f (x),then D(x) must possess a pole with
strictly negative strength at this location; whence if

&Y = §f for some » and S then V¥ > V& This com-
pletes the proof.

We see now that D(x) possesses
[P/2]—d. =1
distinct positive poles,
[P/2]—d.—1=20
positive intervals,
[m/2]
distinct negative poles, and that D(x) can have at most
(P—M-~-1)/2]—d.20

zeros in (— o, — R),

Lemma 5: No positive interval of D{x) can contain
more than one negative pole.

Proof: The lemma is trivially true if
[P/2]—d.—1=0
or if
[M/2] < 1.
So suppose
[p/2]—d.—1>0, [M/2]>1,

and that at least one positive interval contains at least
two negative poles. Then on any such positive interval

J. Math. Phys., Vol. 14, No. 3, March 1973

D(x) possesses at least one zero, by an argument simi-
lar to that used in Lemma 3.

Furthermore, at most [M/2] — 1 of the remaining
[P/2] — J. — 2 positive intervals can each contain at
least one negative pole. Hence, by an argument similar
to that used in Lemma 4, the number

([P/2]—dJ.—2)— ([M/2]—2) + 1
= [P/2]—[M/2]+1—J_

is a rigorous lower bound to the number of zeros of
D(x) in (— », — R). But D(x) possesses at most

[(P—M—1)/2]—J.
zeros in (— o, — R). Hence
[P/2]— [M/2]+ 1< [(P—M—1)/2]

which is impossible. This completes the proof of the
lemma by contradiction.

Lemma 6: At most one negative pole of D(x) does
not lie in any positive interval.

Proof: We first note that any negative pole of D(x)
which is not located in any positive interval of D(x),
must be located in (— ®, — E{p/q) -s_) since it follows
from Lemma 2 that all negative poles of D(x) must be
located in (— o, — E,).

The lemma follows immediately if
[m/2] < 1,

S0 we suppose
[M/2]1 > 1

and that at least two negative poles are located in (— o,
— Et%pjg)-s. )- Then D(x) possesses at least one zero in
(— ©, — Epp;-;_) by an argument similar to that used
in Lemma 3. There are [P/2]— J_— 1 positive inter-
vals and there remain at most [M/2] — 2 negative poles
with which these intervals might be occupied. Hence, by
an argument similar to that used in Lemma 4, we can
assert that the number

([P/2]—d.— 1) — ([M/2]—2) + 1
= [P/2] — [M/2] + 2 — J.

is a rigorous lower bound on the number of zeros of
D(x) located in (— o, — R). But D(x) possesses at most
[(P—M—1)/2]— J._ zeros in (— ©, — R). Hence

[P/2]—[M/2] + 2 < [(P—M—1)/2]

which is impossible. This completes the proof of the
lemma by contradiction.

Lemma 7: Letx =—E, (i =1,2,...,L =[P/2] +
[M/2]—J.) where R< §f =E; <E,<.--<E, <
denote the locations of the poles of D(x) as before. Then
if x =—E; for some j €{2,3;...,L — 1} corresponds
to a pole of D(x) with negative residue then the poles of
D(x) located at bothx = —E;,y andx =—E; 4 have
positive residues;and D(x)> 0 for x € (—E;.1, — E)),
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D(x)< 0 for x € (— E;,—E;_ ;). If D(x) possesses a
pole with negative residue located at x = — E ; then the
pole located at x = — E ; _; has a positive residue and
D(x)<O0forxec (—E,,—E; )

Proof: The statements that if D(x) has a negative
residue at x = — E; then D(x) has a positive residue at
x=—E; 4, andatx =—E if j< L, follow immediate-
ly from Lemmas 5 and 6.

That D{(x)> 0 for x € (— E;.q, —E].) and D(x) < 0 for

x e (—E;,—E;_4)if x =— E; corresponds to a pole
with negative residue when j < L, now follows at once

if we prove that D(x) possesses no zeros on any positive
interval which contains a pole with negative residue. To
prove this we assume the converse: Suppose D{x) vani-
shes on some positive interval which contains a negative
pole. Then it is easily seen by applying the intermediate
value theorem that D(x) must possess at least two zeros
on any such positive interval. A lower bound to the num-
ber of zeros of D(x) in (— ®, — R) is then

j+l»

([P/2]—J.— 2)— ([M/2] — 1) + 2
=[P/2]— [M/2] + 1 —J_

which as in earlier lemmas we conclude is not possible.

Similarly we can prove that if D(x) possesses a pole
with negative residue at x = — E; then D(x) < 0 for

x € (—E;,—E ;). The proof of the lemma is thus
completed.

We will need one more result.

Lemma 8: Let Dy denote any closed bounded domain
interior to the cut (— o< z < — R) complex plane. Then
the sequence of approximants { f},(z)}";’:1 converges
uniformly to f(z) for z € D.

Proof: We may suppose without loss of generality
thatx, € Dp(n =1,2,..,,0),

Then it is shown in GB that { f ,(2)}%.; converges to
some series of Stieltjes F(z) with radius of convergence
at least R, for all z € Dy . Thus,both F(z) and F(z) are
analytic_with no singularities for z € D, whence so is
B(z) = F(2) — F(z). Since F(x,) = lim f,(x,) = F(x,)
as P - o, it follows that B(x,) =0(n = 1,2,...,®).
Thus B(z) vanishes on a limit point sequence in D, and
so it vanishes identicallyl? throughout Dy. Hence fp(z)
converges to F(z) for all z € D, and the convergence is
uniform since D, is compact. This completes the proof.

Theorem: Let G(x) be a series of Stieltjes of the
special form (9). Let g, (x) denote the multipoint Padé
approximant to G(x) which uses the P pieces of informa-
tion {G(x;)} £, where — R < x; < x,<::+<x, < 0.

Let the expansion of g, (x) be denoted as in Lemma 1,
fp{x) being replaced by g, (x). Then §, < §F(j =
1,2,...,min{[P/2],K}) and V; < VP. I 8, = 8F for
some 7 and S then V, < V§,

Furthermore, let D*(x) denote the function

D*(x) = G(x)— gp(x),

andletx =—E,;({ =1,2,8,...,L* < [P/2] + K) denote
the locations of the poles of D*(x) which lie in (— R/,
— R],where §; =E, <E,<---<E,, <R’ Iffor
some ! € {2,3,...,L* — 1}, D*(x) has a pole with a

x € (—R’', —R],
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negative residue located at x = — E,, then the poles
located at x =— E;,; and x = — E, _, have positive resi-
dues, and D*(x)-= O for x € (—E,,;,— E,), D*(x)< 0
forx € (—E,,—E, ;). If x =—E,, is the location of a
pole of D*(x) with a negative residue then x = — E ;. _,

corresponds to a pole with a positive residue, and
D*(x)<sOforx € (—E «,—E «_q).

Proof: First extend the set of points x; < x, < -+ <
xp to a sequence of points {x;}?., as defined at the be-
ginning of this section.

Let @ = P be a finite integer and let %, (x) denote the
Q(Q) approximant to H(x) which uses t%e @ pieces of

information {H(x ):q = 1,2,...,Q}.
Now let
K
ax+q)(X) = ?1 Vo/ (8, + %) + hy(x) (18)

We note that: (i) £, ) (*;) =&p(x) (( =1,2,...,P).

(ii) The poles of g@k+@) (x) which lie in (— R’, — R] are
those represented by the sum on the right-hand side of
(18), their strengths and locations being independent of
@, since by Lemma 1 the poles of %, (x) are located in
(—o, —R').

(iii) If Dy, denotes any closed bounded domain, interior
to the cut (— © < z < — R’) complex plane, and if D%,
denotes the same domain with the points x = — §,
(k=1,2,...,K) removed, then { g(5 . ) (2)}5-p con-
verges uniformly to G(z) for z € D', since by Lemma 8
{hQ (z)}‘g’zp converges uniformly to H(z) for 2 € Dg,.

Now it is easily shown that for fixed @ there exists a
series of Stieltjes G?(x), with radius of convergence R¥
satisfying — R < — RQ < x, such that g, ., o) (x) is the
(2K + @)(2K + @) approximant to G9(x) with Gx;) =
ger+fx; )i =1,2,...,2K + Q). But then by (i)
gplx) =G (x;)i =1,2,...,P) and so g, {x) is a P(P)
approximant to G?(x). Thus, in the obvious notation, we
can denote

gp(x)=23(x) and  guy. o) (*¥) = ghx.r (%)
In particular, Lemmas 2, 4, and 7 apply, pertaining now
to the relationship between g¥(x) and g(‘% K Q)(x) rather
than f,, (x) and f,(x), respectively, and pertaining now
to the difference

DUx) = g&pe gy () — g5 ()

rather than to D(x) = fp(x) — f,,(x).

The poles of gg (x) = gp(x) are, in the notation of
Lemma 1, represented by
[p/2) vp

_ P "
gp(x) = Vg +n§1 (EF + x)

and hence, recalling (ii), we have by Lemma 2 that
82> §,(k=1,2,... min{[P/2],K}) and V{ > V,.

Similarily, by Lemma 4 we have that if §2 = §; for
some v € {1,2,...,[P/2]} and S € {2,3,...,K} then
VE> V.

The remainder of the theorem follows from Lemma 7.
To see this we need only note that the poles of

DQ(X) :g?21(+Q)(x)_g§(x)
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FIG. 4. Sketch illustrating the bounding relationship between a series
of Stieltjes G(x), of the special form (9), and a 4(4) multipoint Padé
approximant to it, g4(*}[ = g,(4)(¥)]. The given information is G(x;)
(i =1,2,3,4) where — R< x, < x, < x5 < x, < ©, Here we have sup-
posed that §; < §§< §, <5< 65, < -+ < &, (see text for notation).

which lie in (— R’, — R] are precisely those of D*(x)
which lie in (— R’, — R]; and that {D9(x)}7. » converges
uniformly to D*(x) forx € (~E s, —E 4« i) U(—E 44,
—E!'* —2)QU *++ U(—E,, — E,) since g3(x) = g5(x), and
by (i) &2+ ) (¥) = £(2x+¢) (¥) converges uniformly to
G(x) over this range.

This compietes the proof of the theorem.

Example: Suppose that G(x) has the special form (9),
and that we are given four pieces of information about
G(x):G(x,) (:=1,2,8,4) with—R<x; <x3 <x3<x,
< . Then the multipoint Padé approximant g,(x) which
corresponds to this set of information can be written in
the form )

Vi £
(8% +x) (63 +x)

g4(x) =

The theorem tells us that a bossible relationship be-
tween the §,(k =1,2,...,K) and the §4 (¢ = 1, 2) might
be

§1< 84< 8,< 84< 83< 8,< - <8,

In this case the bounding relationship betweeén g,(x)

and G(x) would be as illustrated in Fig. 4. Here we have
that g,(x) < G(x) for x € (— 83, — 83 U (— &5, — &%)

U (= &81,%1) U (x5,25) U(x,,®),and g,(x) > G(x) for

x € (— 84— 830 U(— 8%, — 81) U (xy,x,) U(xz,%,)
Other possible relations between the &, and the §% could
be

81X 8, < 834< 8, 8,<84<85< < 8y
and
8, <84<8,<83=84<8,<85<--< 4,

for example, but one could not have

§,< 8, < 83< 64< 8, < 8,<.+-< 8 say.

In each case the theorem further tells us that v, < Vi,
and in the case where §; = §3 we must have V3 < V4,

The above theorem can easily be extended to a general
N(P) approximant to G(x). This is achieved by allowing
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various subsets of the interpolation points x, < x,
< +++<x, to tend to coincidence, as was done near the
end of Sec. 2. If this approach is used then several of the
statements in the theorem must be weakened slightly.
For example, we are forced to conclude that §7 > §.

rather than 62> &, (j = 1,2,..., min{[P/2],k}) and
SO on.

However, Lemmas 1-8 can be rederived in the more
general context of a sequence of N(P) approximants, and
it is possible to establish that the statements of the
theorem are sirictly true in the general case. In parti-
cular, they apply to the usual [z,#] and [z,#n — 1] one-
point Padé approximants. Furthermore, it is possible to
strengthen various statements in the theorem as it
stands: Such a statement as “D*(x) = 0 for x € (—E,,;,
—E,)” can be replaced by “D*(x)> 0 for x € (—E, 4,
— E,),” and so on, by considering the relationship be-
tween two successive approximants g,(%),gp, (%) to
G(x). Such formal generalization and strengthening of
the theorem has not been set down here since the details
involved tend to confuse what is basically a simple idea,
and since in all applications it makes no difference if we
say > or =,

The bounding properties stated in the theorem are all
“best possible,” but with a qualification. To see the best
possible nature of the results we only need to consider
the case where G(x) is an extremal case of a series of
Stieltjes: We can take G(x) to be

GG( ) = § L
x e (8, +x)

and then construct any 2 K(P) approximant to G¢(x).

The approximant will of course be G4(x) itself. Although
G4(x) is not strictly a series of Stieltjes,because the
corresponding distribution function has only a finite
number of points of increase, theére exist infinitely many
true series of Stieltjes which agree with Gé(x) on the
information set, and which lie arbitrarily close to it on
any interval of interest. Thus, in the theorem, we cannot
know on the basis of the given information that the ap-
proximant g, (%) does not in fact lie arbitrarily close to
G(x) on any interval of interest. Hence, the bounding
properties of £, (x) [in general, of g (p)(*)] with respect
to G(x) must be best possible. In particular the §% sup-
ply the best possible upper bounds to the §,,and V?{ is
a best possible upper bound to V,. However, we must
treat the functional bounding properties of g, (x) with
respect to G(x) with some care. For example, we cannot
assert that g, (x) imposes an upper bound on G(x) for

x € (— &P, — &) without first knowing that — &, <

-- §f < -~ &, and, in particular, without specifically
knowing the values of §; and §,. But such knowledge
constitutes additional information which has not been
used in the construction of the approximant. Hence we
cannot precisely assert that such bounds are best pos-
sible on the basis of the given information. If we had not
known &, and &, then we could only say “gp(x) imposes
a best possible upper bound on G(x) for x lying in some
(unspecified) open interval located directly to the right
of — §£,” for example. In the next section we will see
how a specific knowledge of §; and §,, say, can be in-
corporated into the approximant and yields bounds on
G(x) which will indeed usually be best possible for

— 8, < x<— &y, say.

Despite the above qualification, the multipoint Padé
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approximant may often provide a simple method for
imposing bounds to a series of Stieltjes in the region of
poles. Such an application relates to the dynamical
polarizability, described in the introduction. Here one
usually has a fair idea of the first few “excitation
energies” (the §,) for the system under consideration;
but these are not used in constructing the usual [r,7—1]
and [z, 7] one-point Padé approximants to the polariza-
bility. As stated above, the present theory applies to
these approximants, and, thus, it is possible to impose
bounds on the dynamical polarizability at frequencies
equivalent to energies higher than the first excitation
energy of the system. Such a bounding procedure has
not been applied, but it has been claimed (Ref. 18, near
bottom p. 47), in such cases that in addition to V¥ > V,
one also has V2 > V,, V¥ > V;, and so on. That the lat-
ter statements cannot, in general, be true can be seen by
constructing the usual [2, 1] Padé approximant to the ex-
tremal series of Stieltjes

_ (1/1.98) + (1 600) + (90/2. 2)
I+x) @+2x (B+x)
One obtains the approximant

B _ (1.303.21/1.98) , (1 944.81/1.98)
gan (¥ =[21]= (1.9 + %) * 2.1+ x)

for which one has V4 = (1 303.21/1.98) > (1/1.98) = V,
but V4 = (1 944. 81/1. 98) < 1 600 = V,. We note that the
other assertions in the theorem can easily be verified
for this example. In particular, it is an immediate con-
sequence of the theorem that the § # give not only upper
bounds to the &, but also they supply lower bounds in
the following way: Between any successive pair of the
&P lying in (= R’, — R] there must exist at least one
pole of the original series of Stieltjes G(x). Thus, in
this example, we have not only §; = 1< 1,9 = §4 and
82 =2< 2.1 =84, but also we are assured a priori
that Gé(x) has a pole located in the interval [— 2.1,

— 1. 9]. Recalling our earlier remarks about extremal
series of Stieltjes it is easily seen that there is no loss
of generality in using such a function in this example.

The correct statement of the relationship between the
V, and the V¥ is almost certainly an extension of the
“Cumulative f)istribution" theorem which occurs in
moment theory.19

We now consider the analog of the above theorem for the
complementary multipoint Padé approximant. Let G(x)
be as in (9),and let g§(x) [= £§(p) (x)] denote the com-
plementary multipoint Padé approximant which uses the
P pieces of information {G(x,); F.|, where — 8§ < x;
Cxp < +o <xp < oo, together with the lower bound

&1 < &, for the radius of convergence of G(x). We sup-
pose that §f < &, since the case 61 = &, is treated in
the next section. Then we note that £56(x) can be con-
structed in the following manner.

Gé(x)

If we let
G, (x) = (x + ) G(x) — (x; + EF)G(xy)
(x —xq)
_ &G =8,

=1 (8, + %, )08, + x)
+ (x + EDH(x) — (x1 + EPH(x,)

(x —xl)

K V}gl)

= §1m+ﬂl(x) (19)
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in the obvious notation, then it is easy to see that the
V,}) are positive and H,(x) is a series of Stieltjes with
radius of convergence at least R’. Hence G,(x) is itself
a series of Stieltjes of the same form as G(x), the only
difference being that the strengths of the poles are de-
creased. Now, we can use (19) to transform the original
P pieces of information {G(x;)} £, into a set of (P — 1)
pieces of information, {G;(x,)}%_,, about G, (x). [We
cannot determine Gy(x,) = é(xl) + (x; + L) GW(xy)
since this value depends on G (x,)]. Hence we can
form the (P — 1)(P — 1) multipoint Padé approximant to
G, (x), which we will denote simply by g,y (%), which
corresponds to the transformed set of information and
thus satisfies

g1 (%) =Gy(xy), Jj=23,...,P.

If we rewrite (19) as
G(x) = [(x —x1) Gy (%) + (%1 + 8D G(x))/(x + 81) (20)

and then replace G;(x) by g(5.1)(x), it is easy to show
that we obtain the desired approximant. That is,

gE(x) =[x —x)gE-p{x) + (%, + é?{')G(xl)]/(x + 6(2{1))
To see this we note first that the degrees of the numera-
tor and denominator here are [P/2] and [(P + 1)/2],
respectively, since the corresponding degrees for

g(p-1 (%) are [(P — 2)/2] and [(P — 1)/2], respectively.
Further, the approximant clearly possesses a pole loca-
ted at x = — §£ and satisfies g{(x;) = G(x,) for i =
1,2,..., P. Hence, by uniqueness, we conclude that we
have indeed constructed the desired multipoint Padé
approximant, as discussed in Sec. 3.

It is now a simple matter to deduce the bounding rela-
tionship between g§(x) and G(x). We need only to com-
pare (21) and (20), making use of the previously esta-
blished bounding properties of g1 (x) with respect to
G;{x). In this manner the bounding properties of g§(x)
for — §1 < x < «, as established in Sec. 3, are recon-
firmed. For — ;< x < — §f we find g§(x) < G(x).
For —R' <x<—§,; we findlthat the relationship be-
tween the two functions is almost exactly the same as
given in the theorem for g,(x) and G(x). If the poles of
gE(x) are located at x = — §6(¢ = 1,2,...,[(P + 1)/2])
with — 5[C(P+1)/21 <= 8{puyz1 < < — G <—69
= — &{,then the role of ¢ in the theorem is now play-
edby 51 (j =1,2,...,[(P— 1)/2]). In particular, we
easily find that §; < 8%,,(j = 1,2,..., min{K,[(P— 1)/
2]}) and that the bounding relations between g$(x) and
G(x) on the intervals between these poles are the same
as in the theorem. If §, = §§ for some admissable »
and S thenV, < V&, where V¢ > 0 denotes the strength
of the pole of g§(x) at x = — §§. Moreover,if §; = §%
then V; < V§, as is shown in the next section. However,
in general, there are apparently no other simple bound-
ing relationships between the strengths of the poles of
£§(x) and those of G(x).

The bounding properties described here must be best
possible, on the basis of the given information, with the
same sort of qualification as followed the theorem. This
result follows immediately from the best possible nature
of t(he; bounding properties of g(,_;)(x) with respect to
G(x).

These results can be rigorodsly generalized so that they
apply for N = P. For example, if one assumes that the
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theorem itself is true in this case then one can use an
(N — 1)(P) or (N — 1)(P — 1) approximant to G, (x) in
place of g(,_4;(x) in the above derivation. However, it
is simpler to follow the limiting argument given at the
end of Secs.2 and 3. In this way one sees how the bound-
ing properties of g§p)(x) in the region of poles are de-
termined by those of g§x)(x).

We note that the relationship between the two approxi-
mants gy(py (%) and g,y (#), themselves, is immediate
from the theorem when one observes that gy (p){x) is
not only an N(P) approximant to G(x), but also to
&fp) (%), itself an extremal series of Stieltjes.

6. FIXING THE LOCATIONS OF THE POLES

We suppose here that G(x) is a series of Stieltjes of the
form (9) and that, in addition to the usual N pieces of
information at P points, we also know the locations of
the first L discrete poles x =— §,(k=1,2,...,L < K),
Without loss of generality we will assume L = K and
that we know R’ (a lower bound to), the radius of conver-
gence of H(x). Then, providing N > K, it is possible to
define a multipoint Padé approximant, denoted gy . v(»)*)s
and a complementary approximant, denoted g, y(p) (xa
which incorporate the additional information:

gK*N(p)(x) = A(x)/B(x), (22)
where A(x) and B(x) are the polynomials of degrees

[(N + K—1)/2] and [(N + K)/2], respectively, which are
uniquely specified by the requirements

g;(?-}‘l(P) (xm) = G(n)(xm)’

’

n=01...,N, —1,
m=12,...,P
together with
B(—8,)=0, k=12,...,K
and a normalization condition
B(0) = 1.
In a similar way,
g8 npy (%) = C(x)/D(x), (23)

where C(x) and D(x) are the polynomials of degrees
[(N + K)/2] and [( N + K + 1)/2], respectively, which
are uniquely specified by the requirements

n=0,1,...,N,—1,

m= 1,2,...,P

(g}(i‘qq(p))(") (xm) =G (x m)’

together with

(% — %5 o) Ggper (%) + (Fg-pn + 85-11) G (Fg101)

D(—R')=0, D(—8,)=0
and a normalization condition

k=1,2,...,K

D) = 1.

To establish the existence and bounding properties of
these approximants we will follow a method which is
closely related to one used by Tang2° to prove some of
the present results in the case of given information at a
single point. For notational simplicity we will take

N = P, and then describe how the results can be genera-
lized. We proceed by making repeated application of
(19), except that now we replace 8§} successively by the
exact values 8,,8,,...,8,. Thatis,let

Go(x) = G(x)
and
G,(x) = (x + 8,)Gpoa(x)— (%, + 6k)Gk-1(xk)9
(x — )
k=1s2’°--:K (24)
then i.() e "
= - +H ,
Gy () LG ) 5 (%)
where e
— k-
Vi) = (8' 8k)V'r with Vs,O) -V,
v 8, +x)
and
H,e(x) _ (x + gp)Hk-l(X)— (%, + 8,)H, 1(x,) (26)

(x‘xk)

with Hy(x) = H(x). Then, by using (26) it is easy to show
that since H(x) is a series of Stieltjes with radius of
convergence (at least) R’,so isH,(x)(k=1,2,...,K).
Thus, since the V{¥)'s in (25) are positive, we see that
G, (x) is itself a series of Stieltjes of the same form as
G(x), except that the poles located at x = — §, x = —§,,
e x=—268,(k=1,2,...,K),have been removed. In
particular,

GK(x) '—-"HK(JC)

is simply a series of Stieltjes with radius of conver-
gence (at least) R’.

Now, we can use (24) successively to transform the
original set of information {G(x,,)}£, ., into a set of

(P — K) pieces of information about G (x), namely
{Gp(x )} k.1, This transformed set of information,
together with the number R’, can now be used to con-
struct the usual complementary pair of multipoint Padé
approximants to G (x), which we will denote here simply
by gp-x () and g§_, (x).

We now rewrite (24) as

, 1 =12,...,K (27)

Gg(x) = TEY

and consider the two sequences of approximants defined by

(x —%g 101)8pgrr-1(%) + (xg gu1 + Ex-11) G (Xg-y2y)

gP-K*l(x)= (x + 84 .1)

(x =%y 121) 88 kor-1(%) + (Fgpo1 + Ex121) Gyoy (¥g-ieq)

’

% =
8Fxr () (5 + 85 m1)
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, 1=1,2,...,K. (28)
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[We already know the numbers G, _, (¥, _;.1) from our
original scheme (24)].

We first show that the two approximants corresponding
to I = K in (28) are precisely those defined in (22) and
(23), in the case N = P. Indeed, we have

gp-x (%) =8E g (x,,) = Gglx,,),
m=K+1,K+2,...,P,

whence from (27) and (28)

gP-K+1(xm) =g}c>-K—1(xm) = GK—l(xm)’
m=K,K+ 1,...,P

and so on, until we obtain
gplx,) =85(x,) = Golx,) = G(x,,),

Furthermore, starting with g,_, (%) and g§_, (x) in
rational form, we find that

gp(x) =A(x)/B(x) and g§(x) = C(x)/D(x),

where A(x) and B(x) are polynomials of degrees
[(P + K —1)/2] and [(P + K)/2], respectively; and where
C(x) and D(x) are of degrees [(P + K)/2]and [(P + K
+ 1)/2], respectively. Finally, it is clear that g, (x) has
poles located at x =— §, (= 1,2,...,K) and that
£§(x) has, in addition, a pole located at x = — R’. Thus,
comparing the above statements with (22) and (23), and
using the evident uniqueness of these approximants, we
conclude that
gp(x)=gK+p(p)(x) and gg(x)=g1§+p(p)(x)-
We note here that we can also obtain a g, p(py (#) [Which
corresponds to the case K = P). To achieve this we use
- (%) = go(x) = 0 as the “starting” approximant in
(28). Since, in this case, we have no information about
Gy (x), g&q(x)is a best possible lower bound for G (x).
However, we cannot obtain a £§, 5(p)(x).

The bounding properties of these two approximants are
now readily deduced from the already established bound-
ing properties of g, (x) and g§_, (x) with respect to

Gy (x). We simply compare (27) and (28) at each succes-
sive step ! =1,2,...,K. For example, we know that
Ep-x (X)) < Gp(x)for —R' < x < xy.q, €p-x(x)> Gy(x)
for x .,y <x < x,,,,and so on; whence it follows imme-
diately that

8p-x1(X)< Gy (x) for—R' <x<—-§,

> Gy (x) for— &, <x<xy
< Gpq(x) forx, <x<ux,,
> Gy1(x) forxg, <x<xg.,5, andsoon.

Proceeding in this manner, we finally find that g, (x) =
&x+ppy (¥} < Gy(x) = G(x) for — R’ < x < — §,, and that
the direction of the bound is thereafter successively re-
versed on each of the following successive intervals,

(_ 8K, - 8K_1), (— gK-]_; - 8K_2), ey (— 81:"1),
(21,%a)y ooy (XX gt )y ooy (Xpog,%p), (%p,©). Ina
similar fashion we find that the bounding properties of
the complementary approximant g§(x) = g%. p(p) (¥) are,
indeed, the precise complement to those given above.
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m=1,2,...,P

— G(x}
— = G34qm¥

""" g§+4(})(x)

L
1
| ] . p
1 Bl [
FIG. 5. Sketch illustrating the bounding relationship between a typical
&3.4(3) (x), its complement gg‘“s)(x), and the series of Stieltjes which
they approximate, G(x) = Z)Z,_,l V,/(&, + x)+ H(x). Here the given in-
formation used to construct these approximants is: G(x,), G(x,),
GW(x,),and G(xy), where — &§; < x; < x5 < x4 < «; the numbers

8, < &3 < &3;and R’ (a lower bound to), the radius of convergence of
H(x). We have supposed that the pole strengths of the approximants

are indeed positive, whence the indicated bounding properties are
best possible.

That is, we have

g% pp (%) > G(x) for—R' <x<—§8;

< G(x)for — 8, <x<—86,,, andsoon.
From these bounding relations one now readily deduces
the bounding properties of the strengths of the “fixed”
poles of £x. p(py (%) and g€, p(p) (x). Let V,,V,, ..., Vy
and V¢, Vg, ..., Vg denote the residues of g, p(p)(¥)
and g§, p(p) (%), respectively, evaluated at x = — 6,

— &83,..., — &4,in that order. Then we have V{ <V,
<V, or Vo> V, > V,,according as (K — k) is even or
odd, respectively (¢ =1,2,...,K).

At first sight it would appear that the above bounding
properties must always be best possible, on the basis of
the given information, since the bounding properties of
&x-p(x)and g&_,(x) with respect to G, (x) are best pos-
sible, Such an argument was used inSec.4to show that the
bounding properties of fy(pj.; (%) and f§(py.,(x) were
best possible., However, to be rigorous, we must esta-
blish that these approximants are extremal series of
Stieltjes. For example, this is readily seen to be true
for f y(py.s (%) and f §py., (¥): in much the same way as
in Lemma 1 we find that § ;(;).,(x) and §§ ;). s(x) are
both extremal series of Stieltjes, and then using (7) we
find the same to be true for f )., (x) and f §(p). 7 (%).
In the present case it is found that the strengths of the
poles of g, p(p) (¥) and g§, p(p) (%) corresponding to the
fixed locations ave not necessarily all positive. For ex-
ample, we can consider without loss of generality the
extremal series of Stieltjes

12 12 144

thx)= + + ;
T+x) (2+x) (B+x)

then corresponding to the set of information §; = 1,
84 =2, G%(0) = 66,G5(1) = 46, we obtain the ap-
proximant

— 12 + 156
T+x) @+2x)

82+2(2) (%) =
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Hence we cannot generally assert that the bounding pro-
perties of g4, p(p)(¥) and g,‘;}P(P)(x) are best possible on
the basis of the given information. However, providing it
turns out that all of the pole strengths of the approxi-
mants are positive, which often appears to be the case
providing relatively few poles are fixed compared to the
total number of pieces of given information, then indeed
the bounding properties are best possible.

The reason that these negative pole strengths can occur
is not hard to find. We simply note that the entire de-
rivation above, and the consequent bounding properties,
remain unaltered when we lift the restriction V,, > 0
(=1,2,...,K),and allow some or all of these
strengths to be negative or vanish. No reference was
ever made to the positivity of these strengths: all we
needed to know was that G, (x) was a series of Stieltjes.
Thus there is no a priori reason to suppose that the cor-
responding strengths of the approximants should be
positive.

We now note that the poles of g, p(py (#) and g%, p(py (%)
whose locations are not fixed, are located in (— 0, — R’
and have positive strengths, since the same is true for
gx-p(x) and g§_p(x), and by using (28). Hence, in gener-
al, we can say that the bounding properties of g, p(p) (%)
and g§. pp) (%) with respect to G(x) are best possible, on
the basis of the given information, providing that we re-
place the assertion“V, > 0” by “— o <V, < + «”
(#=1,2,...,K) in (9). For,if this is the case,the
approximants are then indeed extremal forms of G(x)
and match all of the given information about G(x).

The above results remain true when the more general
set of N pieces of information about G(x) at P points,

N = P,is used. This can be proven rigorously by follow-
ing similar lines of reasoning to those given above. The
bounding properties of the resulting approximants
Zx+nepy (%) and g€,y p) (x), as defined in (22) and (23),
are most easily seen by using the limiting case argu-
ment given in Sec. 2. We find that the bounding proper-
ties of gy, y(p)(¥) and g5, (») (x) are the same as those
of gx.nevy (%) and g8, vy (x) in the limit where we let
the first N, points x;,x,,...,%, tend to coincidence at
x1,the next N, points tend to coincidence at x,, and so
on. In particular, the bounding properties in the region
of the poles are unaltered. As an example, in Figure 5
we have sketched the bounding relationship between a
typical g3.4(3) (%), its complement g§, 4 (3)(x),and G(x) =
23 Vi/(6, +x) + H(x).

If the N pieces of given information are associated with
the single point x = 0 and we know the locations of the
first N poles, then the approximant gy. ) (%) is precise-
ly the continued factorization approximant which was
obtained by Tang2© to bound the dynamical polarizability.
To derive bounds complementary to those supplied by
this approximant, Tang incorporates two2! additional
pieces of information relating to the behavior of the
dynamical polarizability as x — . If we use the obvious
generalization of our notation (recall Sec. 4), then we can
denote this approximant by gy _1).n@)+2(#). The bounds
supplied by this approximant are then seen to be the
same as those given by the g(y 1y, 5@y (¥) which omits to
use the information at infinity. This is what one would
expect in view of the relationship between the bounding
properties of an f y(p). s (x) and the corresponding

Fnee (%) (recall Sec. 4).

We note that the present results are applicable for the
dynamical polarizability function of an atom or molecule
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in an excited state. If the system is in its Kth excited
state, then the dynamical polarizability can be written in
the form of G(x) in (9), except that V{,V,,..., Vg are
now all negative. Providing the transition energies for
these first K poles are known, together with an appro-
priate set of N = K pieces of information at P points,
then one can obtain bounds on the excited state polariz-
ability at both real and imaginary frequencies.

7. CONCLUSION

In this paper we have seen how the multipoint Padé
approximants, like the usual [#,# — 1] and [#n,n] Padé
approximants, achieve the approximate analytic continua-
tion of those functions which can be represented by a
series of Stieltjes. The information which an approxi-
mant uses is very incomplete: It relates to the behavior
of the function in a limited region and consists only of
the first few terms in the Taylor series expansion of the
function about each of a set of points. Even if these ex-
pansions had been known completely, their radii of con-
vergence would all be bounded. The approximant des-
cribes the corresponding series of Stieltjes for all

x € (— R,®), where R is the radius of convergence of

the series of Stieltjes, by imposing rigorous bounds on
it, both inside and outside the region defined by the

radii of convergence associated with the given informa-
tion. The approximant is itself an extremal series of
Stieltjes, its form being essentially the same as the func-
tion which it seeks to approximate. Instead of having
infinitely many (possibly a continuum of) positive simple
poles located in (— ®, — R), the approximant has only a
finite set. Furthermore, the multipoint Padé approxi-
mant “matches” all of the given information about the
series of Stieltjes,and hence it falls into the category of
“A Best Possible Approximation (On the Basis of the
Given Information).” That is, on the basis of the given
information alone, one cannot kzow that the true series
of Stieltjes does not, in fact, lie arbitrarily close to the
approximant, on any interval of interest. In particular,
the bounds imposed by the approximant are best possible.

We have further seen how the multipoint Padé approxi-
mant can be made to incorporate additional information
about the series of Stieltjes. Inclusion of (a lower bound
to) the radius of convergence of the series of Stieltjes
produces the complementary multipoint Padé approxi-
mant. This too is an extremal series of Stieltjes. The
bounds which it supplies are an exact complement to
those given by the original approximant, and they are
best possible. Since the complementary approximant
incorporates one additional piece of information one
would expect that, over and above its bounding properties,
it is a better approximation to the series of Stieltjes.
We have also seen how information pertaining to the be-
havior of the series of Stieltjes as x — o can be built
into the multipoint Padé approximant and its comple-
ment, thereby further tightening the bounds which they
supply. Their nature as extremal series of Stieltjes
remains unaltered and their bounding properties are
still best possible (on the basis, now, of a larger set of
given information).

However, the most important point about these approxi-
mants is that they constitute best possible approximar
tions for the function which they seek to approximate.
This is highlighted by our examination in Secs. 5and 6
In Sec. 5 we established the various bounding properties
of the multipoint Padé approximant and its complement
in the region of poles, when the series of Stieltjes pos-
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sesses a set of discrete poles whose exact locations are
unknown. In particular, we saw how the approximant may
often place its poles in the intervals between the dis-
crete poles of the series of Stieltjes. It does so with a
pleasing regularity, never putting more than one pole in
any of these intervals, and thus emulates the distribution
of the discrete poles as best it can with the limited set
of information available. Indeed, in Sec. 6 we found that,
by fixing the locations of some of the poles of the ap-
proximants at the true locations of the first few discrete
poles of the series of Stieltjes, one can usually obtain
best possible upper and lower bounds on the strengths of
the discrete poles. More generally, by relaxing the con-
dition that the first few poles of the “series of Stieltjes”
be positive, we found that the corresponding approxi-
mants would then always yield a complementary pair of
best possible bounds both outside and inside the region
of the discrete fixed poles. Thus, we see that the inclu-
sion of additional information in most cases leads not
only to improved bounds, but also to a better approxima-
tion for the “series of Stieltjes” being considered.

This leads us to consider the multipoint Padé approxi-
mants to functions which are not series of Stieltjes. The
above observations make one suspect that in dealing with
any function whose behavior is largely dictated by its
poles, various in their signs, orders, and locations, then
given sufficient information the corresponding multipoint
Padé approximant would still be a good approximation to
the true function. Certainly, if the behavior of the func-
tion is defined solely by a finite or infinite set of posi-
tive simple poles then a very satisfactory way to pro-
ceed is to use the Padé approximant method. If informa-
tion at one point is available (obtained from a perturba-
tion expansion, for example) then the usual one-point
Padé approximants should be tried as a means for ana-
lytically continuing the function. If information at more
than one point is available (obtained possibly from ex-
perimental measuremeénts), then a multipoint Padé
approximant should be used. Regardless of possible
bounding properties, one could at least always ensure
that the resulting approximant is a best possible ap-
proximation to the true function. That is, one could en-
sure not only that the approximant matches the given
information but also that it is of the correct functional
form. If one could assert that the approximant is not
best possible then one would necessarily be in posses-
sion of additional information: This too should be incor-
porated into the approximant, thereby overruling any
such objection.

The above remarks are kindred to the Padé conjecturel3
for the usual one-point Padé approximants, and the rela-
ted considerations of the general problem of rational
approximation, 911
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The existence and bounding properties of the various multipoint Padé approximants, and their complements,
with respect to functions representable by series of Stieltjes, are established by using a generalized Hylleraas
variational principle. The main discussion uses the phraseology of a typical frequency dependent polarizability

function, and in an appendix the results are simply generalized.

1. INTRODUCTION

In this paper we use a variational principle to establish
the existence and bounding properties of the multipoint
Padé approximants for functions which can be represent-
ed by a series of Stieltjes. Previously, variational
methods have been used to establish bounding proper-
ties,1-3 and also certain convergence properties,%5 of
the one-point Padé approximants.

Although our final objectives are fairly general, through-
out the body of this paper we will examine these approxi-
mants in the context of a typical polarizability of a
physical system® (more precisely, a typical diagonal
multipole ground state polarizability). In Appendix C

we will show how the variational arguments used to
discuss this function can be generalized so that the
theory becomes applicable to arbitrary functions which
can be represented by a series of Stieltjes.”?

By working with the example of a dynamical polariz-
ability we serve two ends. First, a derivation in this
context allows us to unify the various moment theore-
tical and one-point Padé approximant methods which
have been used to bound such polarizabilities.® Second,
it provides a simple example from which the corres-
ponding generalized results pertaining to arbitrary
series of Stieltjes can be more easily understood.

The theory of the multipoint Padé approximants can
also be derived using more classical methods; continued
fractions,? or moment theory.10.11 However, the varia-
tional formulation provides a complementary point of
view: Namely, in the classical approaches one starts
with an assumed analytic form for the approximant and
the goal is then to establish its bounding properties.

On the other hand, in the variational approach one starts
with a general bound and the goal is to show that, by
proper selection of a trial function, one can obtain the
desired form for the approximant. It is thus not sur-
prising that some aspects may be seen more directly
from one point of view than from the other. More sub-
jectively, to one with some knowledge of the Rayleigh—
Ritz method, the mathematical manipulations in the
variational approach will be seen to be quite straight-
forward and, in particular, to involve no heavy algebra.

We will denote a typical polarizability by B(w2) where w
is a real or imaginary frequency. For simplicity of dis-
cussion we will replace w? by the real variable — x.
Thus B(x) for x < 0 is the polarizability at real frequen-
cies, and for x > 0 it is the polarizability at imaginary
frequencies. Then if E,, = E, — E, denotes the first
excitation energy for the system under consideration,
B(x) is a well-defined analytic function of x for — E%, <
x < w0, and possesses poles lying on the negative real
axis at points — w < x £ — E2,. Their locations corres-
pond to the excitation energies of the system, and we
will refer to their (positive) residues in a general way
as oscillator strengths. (This assumes that our system
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possesses only bound states. In actual fact there are in-
evitably continua, with their associated cuts, but since
this only complicates the notation and not the analysis
we will not introduce this extra complication.)

Let us now suppose that we are given the information

n=0,1,...,N,—1, N =1

(n) L
Bn)(x,) for p=1,2,....Q (1)

with
N =N
él s

and

—E3, < xy < xy <o < x,< w5

and where

B(x,) = LBW|

dxn x= xp

Thus, we are given N pieces of information about B(x),
associated with @ points, In Sec. 2 we will first show
how such a set of information can be used to construct
a variationally optimal approximant to B(x) which
matches B(x) at the data points and which provides
rigorous bounds on B(x) elsewhere in the region — E%,
< ¥ < w. We will then show that this approximant is in
fact B y( (), the multipoint Padé approximant to B(x)
which eorresponds to the given set of information. For
simplicity we will begin by considering the case where
N = @, so that there is only one piece of information at
each point %, (p=1,2,...,Q),and then use a limiting
argument to extend the results to the general case. In
Sec. 3 we show how, by using one additional piece of in-
formation, namely the first excitation energy E,,, we
can obtain the complementary multipoint Padé approxi-
mant Bg,(Q)(x). The bounds which it supplies are the
exact complement to those supplied by the original
approximant B Q)(x). In the case that all of the given
information relates to the single point x = 0 the corres-
ponding multipoint Padé approximant B N(1)(") becomes
either an [#,n — 1] or [n,n] one-point Padé approximant
to B(x), and the bounding properties of these usual %12
approximants are seen as a special case. In Appendix A
the limiting arguments used in Secs. 2 and 3 are given
a rigorous mathematical foundation by extending the
variational derivation used in the case N = @.

In Sec.4 we show how “high frequency information” in
the form of the first few terms in the series expansion
of B(x) in powers of (1/x) can be built into the approxi-
mants, thereby tightening the complementary pair of
bounds supplied by B y(o)*) and B§()(x). The two-
point Padé approximants as used by Tang13 to bound
the dipole polarizability are demonstrated to occur as
a special case of following this procedure.
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In Sec. 5 we consider briefly a family of nonoptimal
multipoint Padé approximants to B(x). These reduce, in
the case of information only at the one point x = 0, to
the[n —k,m+klandn—k,n+k—1]k=1,2,...,

n — 1 or n), one~point Padé approximants,” and thus
they are of interest in connection with the Padé Table
for multipoint approximants,14 and with the general
problem of rational approximation,15

2. THE MULTIPOINT PADE APPROXIMANT By (Q,(x)
TO Bix)

Let ¥, and E, denote, respectively, the normalized
eigenfunctions and eigenvalues of a Hamiltonian H, with
Y, the ground state, and let V be some self-adjoint opera-
tor. Then B(x) has the general form

Bl =% Llon__ (2)
n (E2, + %)

where E,, = E, — E and where b, is an “oscillator
strength”

bOn = EnO(wO’ V‘Pn)(wn’ V‘PO) > 0.

In accord with the discussion of Sec.1 we now suppose
that we are given the information

B(xp) for p=12,...,Q (3)
where

—Efp<x; <xp<een < xg < o0
Let us define the function

Vb =2b824, (4)

so that we can write
B(x,) = (b, [(Hy— Eo)? + x,]'1Vb), p=1,2,...,Q. (5)

Then we observe the algebraic identity

B9 =@ — 13 +( i (3~ 2) () ©
where
e/ @, (xp — x)
BQ—1;%) =p=21<ﬁl=11 W) B(xp)
is the unique polynomical of degree (@ — 1) which satis-

fies

8@ — l;xp) =B(xp), p=12...,9;

and where

b
(x) - ’ On
Y :E (E2o + x NEZq + %)+ (B2 + 5 )(EZg + )

= (¥, [(Hy — Eg)2 + %]l o [Hy — Ey)2 + xQ]-1
x [(Hy — Eg)2 + x]-1vB).

This separation has the result of allowing us to concen-
trate on y(x) secure in the knowledge that any [but see
following Eq. (15) below] approximation to B(x) produced
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by an approximation to y(x) will be consistent with the
given information since the coefficient of 3(x) vanishes
at each information point.

If now we introduce the generalized Hylleraas functionall®é
y(¥) = — (&, [(Hy — Eg)? + x;] - [(Hy — E()? + %]
x [(Hy — Ey)? + x)® + (,V8) + Vb, &), (1)

then it is easy to prove that

y(x) < ylx) for —E};<x<w
providing the trial function & satisfies

(&, o) = 0. 8)
Suppose now that we have any such lower bound 1(x) to

y(x). On substitution into Eq. (6) we obtain an approxi-
mation to B(x),

B = 8@ — 1) +{ i x, — ) 702, ©)

whose bounding properties are easily seen by comparison
with Eq. (6) to be

B(x) < B(x) for —E%,<x<x,
B(x) > Bx) for x,<x<x,, (10)
Bx) < Blx) for x, <x< x5,

B(x) >, 0r <,B(x) for x, < x < «, according as @ is
odd, or even, respectively.

Thus, by using a variational trial function in Eq. (7),
chosen so that the only inner products which occur are
of the form (5), we can obtain an approximant to B(x)
which agrees with B(x) at the data points, utilizes only
the given information (3), and displays the bounding pro-
perties (10).

One then finds, by induction from @ = 1, 2, 3.. ., that
seemingly the most flexible trial function of the desired
form is

[¢/2) Q
6 = Z_>1 a,.(Ho - EO)ZT_QCl;Il[(HO - Eo)z + xp]‘1>w/b_,

(11)

where a,,ay5,...,a @/2) are variational parameters and
where [R] denotes the integer part of R. It is readily
verified that this trial function satisfies Eq. (8).

On substitution into Eq. (7) we obtain

_ (/21 (@/2] [@/2]

ylx) = — ¢ \Xaka, + 25 dla, +a}), (12)
r=1 s= r=1

where

Cps®) = (,/17, (Hy — Eo)2r+9)-4[(Hy — E )2 + x]
NIE——

Q
ii“ X7 1B (x — xp)<qq1, (x, — xp)_1>B(xp)
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and ¢ aplx) _ _
d, = <J1;‘, (Hy — Eo)21-2<pr_11[(H0 —Eg)? + xp]-1>¢5—> 2ar 0 for »=1,2,...,[Q/2]
Q Q
=) (—x )1-13 ' (x —x,)-1 B(x,). which yields the set of conditions
=4 ) =1 4 » »
Here it is seen that, as desired, only the known scalars (g/2] R
x, and inner products B(x,)(p = 1,2,...,Q) occur. Z ¢, sWag =d,, r=12,...,[Q/2).
The optimal choice a of the a's is obtained by requiring _
that | By using Cramer's rule we find that
Cy 1(x) sveey 01(5-1)("), d1 , cl(s+1)(x) yer s Cargra (x)
CZl(x) ""’62(5-1)(x); dy s Co( g+ 1D\X. ’ "':CZ[Q/zj(x)

. » . . I . . .
|z s caraics-1 9 drg/as Craszy sk FDs e e CLorary21™)
a. = 9

s ’
Cll(x) N Clz(x) yev ey cl[Q/2] (x)
Czl(x ,sz(x) yerey Copgo\¥

Crarz1® g (@ - o5 gz )

and it is easy to show that the corresponding optimized Mthe following definition: Given the set of information Eq.
y(x) is (1), the corresponding multipoint Padé approximant
Byg)\%) is defined? as
. (9/2)
vW =1 aa,. Bygy(® = ay(2)/b,(x), amn

where a,(x) and b,{x) are the polynomials of degrees
[(N — 1)/2] and [ N/2], respectively, which are uniquely
specified by the set of conditions

In particular, we note that each of the ¢, (x) is linear in
x and that the d, are independent of x. Hence we write

~ .y _ polynomial in x of degree [@/2]— 1 n=0 1 No — 1
7(x) polynomial in x of degree [Q/2] By (x,) = B™(x,) for 1, 2, ..,Np (18)
_RIQ/2 10 gy p=12...,Q
. b
s(@/2]; %) together with a normalization requirement, say
where the coefficients are expressed in terms of the
given information alone. by(0) = 1.

The corresponding approximant to B(x) is denoted B(x),

and it is obtained as in Eq. (9); We conclude from the evident uniqueness of this approxi-

mant (assuming that it exists!) that we must, in fact, have

Q .
Bly) = 1. R\ Ny B(x) = B (o)(#). Thus, by proving Egs. (15) and (16) we
B(x) =@ —1;%) +<pr=11 (x, x)> ¥(%) (14)  will estaBlish the existence of the approximant B y (o) (%),
Q and we will establish that if displays the bounding pro-
BQ — 1;%)5({Q/2], x) +(p{11 (x, — x)>R([Q/ 2] - 1;%) perties attributed to B(x) in Eq. (10).
= STQ/2; %) We note that Eq. (15) follows immediately providing that
R ? the polynomial occurring in the denominator of w(x),
The bounding properties of B(x) with respect to B(x) $([Q/2]; x), has no factors in common with [18_; (x, — x).
must be exactly the same as those tabulated in Eq. (10) To see that this is the case we observe that
for B(x).
c o) = — E.)2
We will now establish two points about B(x); we will 5(Q/2]; %) = det|(¢,, [(Ho — Eo)® + 2191,
show that i,i=1,2,...,[Q/2],
B(x,)=B(x,) for p=12,...,Q (15)  where
soT s Q
and that the degree of the polynomial in the numerator — < —E)2 4+ x.]1 /2> H. — E)2i-2J5 19)
of Eq. (14) is in fact [(Q — 1)/2], so that B(x) can be & prli[(HO 0)? + %] (Ho o)
written Therefore the equation S{(@/2];— x) = 0 is precisely

_ polynomial in x of degree [(Q — 1)/2] (16) the characteristic equation which one would obtain if

Blx) = polynomial in x of degree [@/2] the set of functions (19) was uséd as a linear variational
basis in a Rayleigh—Ritz procedure for finding approxi-
We compare Egs. (15) and (16) with the case N = @ in mations — x to the eigenvalues E%,(i = 1, 2,...,[Q/2])
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of (H, — Ey)?. Since these roots of S([Q/2];— x) are
well known to upper bound the E%,, it follows that the
roots of S({Q/2]; x) are successive lower bounds to the
numbers — E3y,— Egq, . .., — Efq/o1 o- Further, if in-
stead of using the ¢, as a basis set we equivalently use
those orthornormal linear combinations of the ¢; which
diagonalize (Hy — E)?, then it is clear that ¥(x) can be
written in the form

~ (w2 4,
7(x) u§;1 (E\EO + x) ’
where the dy, are finite posifive numbers and the Ez,
are the variational upper bounds to the Eﬁo described
above,17 However, at this point if suffices to notice that
the roots of S([@/2]; x) are located in — w0 < x < — E3,,
and hence not in the region of the x b Thus we are
assured that Eq.(15) is indeed true.

To prove Eq. (16) we note first that the new functional

E(x) = — (8,1 + (1/x)(Hy — Ey)2]6) + (§,W-1/2Vh)
+ (W-1/2+p, B),

(20)

(21)
where

W = [(Hy — Eg)? + x,][(Hy — Eo)? + x,]
X« [(Hy— Eg)? + xQ]’

is related to our original functional (7) through the
statement

§=xW123 = E(x) = xy(x).

Furthermore, it is clear that y(x) is stationary with
respect to variations of the linear trial function § about
® iff £(x) is stationary with respect to the variations of
§=sW1/2% about § = xW1/2%. Hence we can discuss
our variational procedure in terms of the functional (21).

We now note that £(x) attains the exact value xy(x) when
we use the formally expanded trial function

0 1 n
fexact =nz=70 (;) (Hy — Eg)2nW-1/24p

and hence the trial function § = %W 1/2§ corresponding
to our choice (11) is such that it could agree with

fexact through the term in (1/x)(@/2-1 The variational
principle then ensures that § = saW1/2¢ is indeed this
accurate,!® and since the error in xy(x) is second order
in the error in ¢ it follows that x;/(x) is accurate through
the term in (1/x)2L@/21-1, Hence y(x) must agree with
y{x) through the term in (1/x)2l@/2],

It now follows that
N Q N
B(x) — B(x) = (bl'zl1 (x, — x)) [(x) — $(x)]
= 0((1/x)209/21+1-Q)

30((1/ x)0)
o((1/x)2)

Hence, since limB(x) = 0, as x — o, we have

if Q is odd
if @ is even’

const if @ is odd

LmB(x) =1, if @ is even

x—00
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and thus the polynomial in the numerator of Eq. (14)
must in fact be of degree af most [3(Q — 1)]. To see
that this is exactly the degree of the polynomial we con-
sider the cases @ even and @ odd separately.

Q even: Using Eq.(20) in Eq.(14), we write B(x) as

~ L2 d,,
Blx) = pQ — 1;x) +(l,ﬁ1 (x, — x) Z

n=1 (E,ZLO + x)

The coefficient of (1/x) in the expansion of this expres-
sion can only arise from the last term here and is
found to be

[Q/2) Q

5 (i £20) >0

whence in the case that @ is even we deduce that the
degree of the polynomial in the numerator of Eq. (14) is
exactly [(@ — 1)/2]:

Q odd: Here we show that B(x) + 0 as x— ». From
Eq. (21) we have

xy(x) — x?(x) = ((eexact_ @),

A

[1 + (l/x)(H() _Eo)z](eexact —9)

and providing we are dealing with a system for which
infinitely many of the oscillator strengths are nonzero
[this is certainly true when B(x) is representable by a
series of Stieltjes: see Appendix C] so that 6 = 6, .,
it is clear that the leading term in this error, yhich is
of order (1/x)20@/2), cannot vanish, whence limB(x) = 0
as x — «© as desired.

This completes the proof of the existence and bounding
properties of BQ(Q)(x). We now turn our attention to
the general case of a B )(x) multipoint Padé approxi-
mant to B(x), defined in Egs. (17) and (18). Does such
an approximant exist for N> @ ? What are its bounding
properties?

The answers to both of these questions are immediate
when one sees that a B )(x) can always be realized as
a limiting case of a By (,)(x). We start with the B ()(x)
corresponding to the set of N pieces of information
B(x',)) (p = 4,2,...,N) where — B3, < x{ < x5 < .-+ <
xy < . We already know that this approximant exists,
and that it is of the form (17). Now let the first N;
points x7, x5, ..., x;,,l tend to coincidence at x4, let the

next N, points x}v,ur x;,),,z, cens x}v‘+N2 tend to coinci-
dence at x,, ..., the remaining N, points va-NQu,
XN_N _ 421+ ¥y tend to coincide at x . The resulting
approximant, which for simplicity we will still denote
by B(x), remains in the form {17). Furthermore, it is

clear that B(x) — B(x) will now have a zero of multi-
plicity Ny at x, N, at x,,... ,NQ at *,,and hence

n=0,1,...,Nl,_1

B (x,) =B (x) for
? ? p=L2...,Q

Comparing this with Eq, (18) we deduce that B(x) =
By(o)\%). In particular, the bounding properties of B %)
with respect to B(x) are a direct consequence of the
bounding properties of By y)(x) and the limiting process
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described above. The bounding properties of B N(Q)(x)
are thus

By (®) < B(x) for —E},<x<x,,

By@®) 2,0r <,B(x) for x, <x<ux,

according as N, is odd, or even, respectively; (22)

By(gy®) 2,0r <,B(x) for x, < x< xg,

according as N; + N, is odd, or even, respectively;

By@y™) 2,0r <,B(x) for x,<x<w,
according as N; + N+ «++ N, = N is odd, or even, res-
pectively.

To actually obtain the approximants B, o) (%) and, in
general, B N(Q)(x), one of course does not follow the
elaborate procedures described above. In practice one
starts with Egs. (17) and (18) and then solves the corres-
ponding linearized problem.19

In Appendix A we rederive the above results rigorously
by generalizing the variational arguments used at the
beginning of this section.

For the special case that all of the given information (1)
is associated with the single point x = 0, the multipoint
Padé approximant becomes the usual [n,n — 1] or [r, n]
one-point Padé approximant,? and can be denoted by
By (®) = [[N/2],[(N — 1)/2)]] in the customary nota-
tion. The well~known bounding properties” 12 of these
approximants are now seen as a limit of those of the
general multipoint Padé approximant.

3, THE COMPLEMENTARY MULTIPOINT PADE
APPROXIMANT B% q,(x) TO B(x)

We assume now that in addition to the given information
(1) we also know the number E, .20 The complementary
multipoint Padé approximant to B(x) is associated with
this now larger set of given information, and it is de-
fined as the function?

By (%) = cy(x)/d y (%), (23)
where cy(x) and d(x) are the polynomials of degrees
[N/2] and [(N + 1)/2], respectively, which are uniquely
specified by the set of conditions

7l=0,1,...,Np_1

¢ (n) — Rn) 24
(B§g)) W (x,) = B (x,) for p=1,2,....0 (24)
together with the two requirements

dy0) =1 and d,(—E3%,)=0. (25)

The latter equation serves to place a pole of the approxi-
mant at x = — E% .

We will establish the existence of this approximant and
prove that the bounds which it supplies are the exact
complement to those given by the original approximant

B ¢ )(x), by using arguments analogous to those of Sec, 2.
We %egin by considering the case N = @ as before.

We now rewrite B(x) in Eq.(2) so as to separate out a
pole term, thus
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B(x) = (E%, + x)-1<(E§0 + x,)B(x,)

’ (Et%O - E%O)bOn
to-n) s A B + x))

= (B3, + %)Y [(E%, + x1)B(xy) + (x — x,)B'(%)], (26)

where

’ ! b’On
PO B

with by, = (B2, — E3()b,,/(E2, + x,).

Here B'(x) has the same form as B(x) in Eq.(2), and we
can rewrite it as

B'(x) = (V&7,[(Hy — Eo)? + x]"1VB),
where we have made the obvious generalization of the

notation (4).
From Eq. (26) we have

B’ (x) = [B(x)(E%, + %) — B(x, (B3, + x))/ (x — x,),

and we can use this equation to transform the set of
given information (1) in the case N = @, into a set of
@ — 1 pleces of information about B'(x). That is, we
can obtain the values of

B'(x,) = V&', [(Hy — Eg)? + x,]-1Vb') for p = 2,3,...,Q.

(27)

The situation is thus seen to be almost analogous to that
in Sec, 2,and it is not hard to guess how we will proceed.
We write

Q
B'(x) =p'(Q — 2; %) + (,,Qz (x, — x))y’(x), (28)

where 8/(Q — 2; x) is the unique polynomial of degree
Q — 2 which satisfies 8'(Q — 2;x,) = B'(x,) (p = 2,3,
...,Q) and where

blOn
(B2, + x,)(E2y + x3) ++ + (EZy + x)(E%) + x)

Y@ =3

= (0", [(Hy — Eg)? + x3]"*+ + +[(Hy — E)? + x4]-1
x [(Hy — Eg)? + x]-1B7).

This expression should be compared with Eq. (6).
If we now introduce the functional

v/ (%) = — (&, [(Hy — E()? + 5]+ [\Hg — Eg)? + x]
X [(Hy— Eg)2 + x]8") + (&,vb") + (b', &), (29)
then it is easy to prove that
7'(®) s 9'(x) for —E3 <x<w
providing the trial function &’ satisfies

(&', %) =0.
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Suppose now that we have any such lower bound 37(x) to
y'(x). On substitution into Eq.(28) and of the resulting
approximation for B’(x) into Eq. (26), we obtain an approxi-
mant to B(x):

Bex) =

X [B'(Q — 2 %) + <p16':lz(xp — x))y"(x):D

whose bounding properties are immediately seen to be

(B2, + 21 ((Ezlo T+ xy)Blxy) + (x — 1)

Be(x) s Blx) for —E%,<x<—E3,
Be(x) 2 B(x) for — E%o < x< 2y,
§C(x) < B(x) for x; < x< %y, (30)

Bc(x) S,or 2, B(x) for x, < x< w,

according as @ is odd or even, respectively. We note
that these bounds are complementary to those described
in Eq. (10), together with an additional bound for — E3,
< x < — Ef,.

In order to obtain a lower bound 7’(x) to y’(x) which in-
volves only the transformed set of information (27) we
use the trial function

(@-1)/2]
& =

r=1

Q
a,(Hy — E )2 <sz [(Ho — Eq)? + "x:]-1> o

in Eq.(29), where a’y,a}, ..., a’[ (,_1)/2; are variational
parameters. The reasonmg now follows 1dentica1 lines
to that in Sec.2. We end up with an approximant Bi(x)
to B’(x) which can be written in the form

E’(x) = a’Q—l(x)/b,Q-l(x)’

where a’y_1(x) and b’y 1(x) are polynomials of degrees

[@ ~ 2)/2] and [(@ — 1)72] respectively, whose coeffi-

cients involve only the known quantitj 2s x, B'(x p)

(p =2,3,...,Q) as desired. Furthermore, this approxi-

mant satisfies
B'(x,)=B'x), p=23,...,

and on substitution for B’(x) in Eq. (26} we obtain an

approximant to B(x)

Be(x) = (B3

+ D)-Y[(E2, + x,)Bx;) + (x — x,)B"(x)]

(B + x)Bx)b’ (%) + (x— x)a’ (%)
h (B3 + 2)b' 4 _1(%)

__ polynomial in x of degree [@/2]
~ polynomial in x of degree [(Q + 1)/2]’

where the coefficients of the polynomials can be ex-
pressed in terms of the given information (1), in the
case N = @, and the number £,,. It is easily seen that
this approximant satisfies conditions (23), (24), and (25),
in the case N = @, and hence by the uniqueness we have

Be(x) = S y(%). In particular, we have established the
existence 0§ the complementary multipoint Padé approxi-
mant B¢ (x) and we have proved that it displays the

bounding properties (30).

To see the existence and bounding properties of the

complementary multipoint Padé approximant B§ )(x)
in the general case N > @, we used the same limiting
argument as was given near the end of Sec. 2. In this
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way the bounding properties of B )(x) are easily
visualized. The bounds imposed are seen to be comple-
mentary to thosé described in Eq. (22) for the By, (x)
which utilizes the same set of given information,?
gether with an additional lower bound, B§ () (x) < B(¥)
for — E3, < ¥ < — E%,. Further the 11m1t1ng argument
lends credlbihty to the existence of B§ (%) and can be
rigorously validated with a variational proof similar to
that given in Appendix A.

The present demonstrations have served to establish the
existence and bounding properties of B¢ e )(x) To ac-
tually obtain such an approximant one proceeds directly
from the set of defining Egs. (23), (24), and (25), in much
the same way as is done for BN(Q)(x).19

In the special case that all of the given information
corresponds to the single point x = 0 we obtain the
approximant B§)(x). The latter has been described by
Baker,2! and the bounds which it imposes are the pre-
cise complement to those given by the usual [[(N/2],
[(N — 1)/2]] one-point Padé approximant which uses the
same set of information.

4. UTILIZATION OF COEFFICIENTS FROM THE
EXPANSION OF B(x) IN INVERSE POWERS OF x

Here we suppose that in addition to the given information
(1) we also know the coefficients of the first few terms
in the expansion of B(x) in powers of (1/x). That is, we
have

B(x)~S(0)(1/x) — S(2)(1/%)2+ + + + +(—1)I+18(2J — 2)(1/x)¢
+ higher terms with unknown or divergent
coefficients (31)
where evidently
St 2j) = 'bo,Ed = (b, (Hy — Eo)*Vb),
n
i=0,1,...,J—1, J=1,

The multipoint Padé approximant associated with the
set of information (1) and (31) is denoted By @)+ s It
is defined? by

By(g.s\%) = ay, ;(x)/by, ;(x), (32)

where a,, (x) and b, ,(x) are the polynomials of degrees
[(N + J‘S(/Z — 1 and [(N + J)/2, respectively, which are
uniquely specﬁied by the requirements
n=0,1,...,N, 4
B ) (x,) = B (x f ’ p
(N(Q)-;J) (p) (p) or p=1,2,...,Q 3
(33)

B (o) +s®) ~ S0)(1/x) — S@2)(1/%)2 + -+

(— 1)7*18(2J — 2)(1/x)9 if N + J is even

(— 1)9S(2J — 4)(1/x)9-1 if N + J is odd (34)

and a normalization condition,
N+ J (0) =1
In Appendix B it is shown how the complementary multi-

point Padé approximant B )., J(x) which uses the
same set of information together with the number E, o



320 S. T. Epstein and M. F. Barnsley: A variational approach

is similarly defined. The main difference between the
two approximants, aside from their complementary
character and the occurrence of a pole located at x =
~ Efg, is that Bg (), ,(x) agrees with B(x) through the
term in (1/x)7 when N + J is odd and through the term
in (1/x)9-1 is epen. Thus, one of the two approximants
By(q)+s %) and BS ) . /(x)does not use all of the given
information Eq. (31}. The reason for this occurrence is
that it is implicit in Eq. (31) that B(x) = 0 as x — o0, and
hence both approximants must do this also. Thus, in
order that these two approximants be in the form of
multipoint Padé approximants, the degree of the poly-
nomial in denominator of each approximant must be
exactly one greater than the degree of the polynomial
in the numerator, and hence one of the approximants
possesses insufficient parameters to allow it to match
all of the given information.

To establish the existence and bounding properties of
By (@)+s(%) we consider first the case N = Q and use
sim?lar methods to those of Sec. 2.

As before, we make the decomposition (6) and set up the
variational lower bound (7). The only difference here
is that instead of using the trial function (11) we use

[Q+J)2) Q
2 a,(Hy— Eo)z"z(pr}l [(Ho — Eo)? + xp]'1>‘/17,

r=1

where the a's are again the variational parameters,
This trial function differs from (11) in that higher
powers of (Hy, — E,)? are included, thereby increasing
the variational freedom of the trial function, and, as we
shall see, these higher powers lead to the utilization of
the additional information (31). In fact, the resulting
functional can still be written in the form (12), except
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that the summations run up to [(Q + J)/2] rather than
[@/2), and we have

c, %) = é‘,l (= x,)7+s2 (qlsj_l'1 (x, — xp)-1> ((x — x,)B(x,)
r+s-Q-2

tlx—x,) X

m=0
+ (2 )Nv1rss(ar + 2 — 20 — 2))
forr + s> @, and

(— x,,)-m-ls(zm)

r-@-1

Q’
d, = p‘i — xi,)"'l(ql;l1 (x, — xﬁ)-1>( mE=0 (— x,)-m-1
x S(2m) — B(xp)) forr > Q.

The corresponding expressions when » + s < @ and when
7 < @, respectively, are given correctly in Eq. (12). It

is thus seen that our new functional involves only the
given information (1) and (31). In the case that Q + J is
odd no use is made of S(2J — 2), as was discussed
earlier.

The reasoning follows parallel lines to that given in
Sec. 2. In place of Eq. (13) we obtain the lower bound

polynomial in x of degree [3(@ + J)] —1
polynomial in x of degree [5(@ + J)]

_R(3Q + - 19
ECET

'Ihe corresponding approximant to B(x) is denoted by
B,(x), and it is obtained eaxctly as in Eq. (9);

'}’(x) 2 ;J(x) =

B0 = @ — 130 + (B (s, — )5, < FQT LS + ) + [n8.,(x, — 0| R(3(Q + ) — L2 (g5
p=1"P

The bounding properties of this approximant must be
exactly the same as those tabulated in Eq. (10) for B(x).
We now show that B ,{%) is in fact the approximant de-
fined by Eqs. (32), (33), and (34), in the case @ = N.

First we note that it is easily shown, by using an argu-
ment similar to the one given in Sec. 2, that l'l§=1 (xp— X)
can have no factors in common with S([$(Q + J)]; x),
whence

B,(x,) =B(x,) for p=12,...,Q.
Again, following the argument given near the end of
Sec. 2, we find here that

B(x) — B,(x) = (ﬁl(xp - x)) [y(®) — 7 4]

1\4(@+I)/2+1-Q
=o((3 .

In particular, the expansion of B J(x) in inverse powers
of x agrees with Eq. (31) through the term in (1/x)7 or
(1/x)9-1, according as @ + J is even or odd, respectively.
We are thus assured that the degree of the polynomial

in the numerator of Eq.(35) is exactly [{(P + J)] — 1
and that B ,(x) satisfies Egs. (33) and (34) in the case

Q = N. We conclude that B (%) = B g(g),4(¥)-

The derivation can now be extended to establish the
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S([3(@ + N]; x)

I existence and bounding properties of B NQMW (%) in the

case N > Q. This can be done either by using the limit-
ing argument given in Sec. 2 or, rigorously, by generaliz-
ing the variational derivation given in Appendix A.

It is found that the directions of the bounds supplied by
By(q)s(#) are exactly the same as those given by the
B y(q)(%) which uses only the given information (1).
However, the bounds themselves are tighter because the
inclusion of the additional information (31) has allowed
the trial function & to have a greater variational
freedom.

In Appendix B, we discuss briefly the complementary
multipoint Padé approximant B ), (*). This approxi-
mant yields bounds which are the exact complement to
those which are supplied by the corresponding B, Q),ﬂ,(x),
together with the bound B (), ;(x) < B(x) for — Eg 0 <
%< — E%,. In fact the boungs are in the same direction
as those given by the Bg,(o)(x) which uses the same in-
formation (1), but no information of the form (31). Once
again, however, the hounds are tighter.

As in previous cases we remark that to obtain these
approximants in practice one should solve the set of de-
fining equations directly, rather than following the varia-
tional procedure described here.

In the particular case that all of the information (1) is
associated with the single point x = 0, the corresponding
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By, s %) becomes the “two-point” Padé approximant
used by Tang13 to bound the polarizability at imaginary
frequencies.

Recently, Starkschall and Gordonll used a moment
theoretical approach to obtain tight bounds on the van
der Waals force constants for various atom—atom inter-
actions. Their method can easily be shown to be equiva-
lent to the use of the two multipoint Padé approximants
B(g)ss\%) and B§ ), ;(x) to bound B(x) for 0 < x < w.
We %hus see the essential unity of their approach with
the earlier method used by Langhoff and Karplus22
which involved the usual one-point Padé approximants.

5. THE NONOPTIMAL MULTIPONT PADE
APPROXIMANTS

The various multipoint Padé approximants and their
complements, as discussed in the foregoing sections, are
clearly variationally optimal approximants. However,
they can also be characterized as physically optimal,
That this is so follows immediately from the following
description of these approximants. Any one of these
approximants can always be written in the form

m
Vot o 9 Con (36)
»=1(E2) + x)
where V, 2 0;¢5, > 0 (n=1,2,...,m) and the £, are

variational upper bounds to the true excitation energies
of the system as described earlier. For example, if

the given information takes the form (1) with N = @, then
we have from Egqs. (20) and (14) that

Q )[9/21 dy,
BQ(Q)(x)zﬁ(Q—l;x)+(pl'=11(xp——x) 2 (—E—T-i-x)’

n=1

where d,, > 0 forn =1,2,...,[@/2]. Hence, using

B, ,(x) = Rolynomial in x of degree [(@ —1)/2]
@Y = polynomial in x of degree [§/2]

and the result that
= 0if @ is even

lim B (x)
o0 QDTS 048 Q is 0dd

we see that B, () (x) can indeed by written in the form
(36), now with m = [Q/2] and V4 = limBQ(Q)(x) as x — .

Similar reasoning can be used in all other cases and the
form (36) is readily verified in general. We now observe
that (36) is itself essentially a polarizability function.

If vV, = 0 then (36) is the polarizability for a system
whose oscillator strengths are precisely c,q, Coo; +«+5Copm
corresponding to energies £, ..., £, .. If V;> 0 then
we need only note that for finite x,

Um[V,E2/(E2 + x)] = V,,.
E»o0
so that the V, term also corresponds to an oscillator

strength and associated excitation energy, V,£2 and E,
|
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respectively, in the limit as £ —» ©. Thus, since these
approximants are themselves essentially of the correct
functional form and since any one approximant “matches”
the iriformation used to construct it, we conclude that
these approximants are optimal in the sense described
above,

The nonoptimal multipoint Padé approximants, although
still displaying rigorous bounding properties, do not
make such a best possible usage of the given informa-
tion. However,they have the advantage that they are
simpler to construct, and are anyway of interest in
connection with the approximation of functions other than
those which can be representéd by a series of Stieltjes.23

We consider the case where the given information takes
the form (1). The nonoptimal approximants considered
here may then be defined as

B (o) (%) = ak (x)/ bk (x),

where ak(x) and b(x) are the polynomials of degrees
[(N— 1)/2] + & and [ N/2] — &, respectively, which are
uniquely specified by the set of conditions

1 <k <[N/2), 37

n=0,1,...,N,_4
(Bkoy) W(x,) = B@(x,) for ? (38)
N » b p=1,2,...,Q
together with a normalization requirement,

B5(0) = 1.

A similar definition can clearly be made for the closely
related nonoptimal complementary multipoint Padé
approximants. We will not discuss these here because
the proof of their existence and bounding properties
should become clear from the following derivation.

We will establish the existence and bounding properties
of Bf (o) (x) by using a slight modification of the proce-
dure used in Sec. 2.

Taking @ = N, we make the decomposition (6) and set
up the variational lower bound y (x) to 4(x), as in Eq. (7).
In place of the trial function (11), we now use

" [Q/2]-k Q@
2 a,(Hy — Eo)zr'2<r—l [(Ho — Eo)? + xp]-l) %
5: r=1 r=1
0if 2 =[Q/2] if1 <k<[Q/2]

which differs from Egq.(11) in having fewer terms.24 On
optimization of the corresponding functional, we obtain
in place of Eq, (13);

polynomial in x of degree [@/2] —k — 1
polynomial in x of degree [Q/2] — %

0 if k=[Q/2]
_R{Q/2]—k — 1;x)
T S(Q/2] =Ry %)

where, as before, the coefficients involve only the given
information. We now obtain an approximant B*(x) to
B(x), just as was done in Eq. (14):

YR(x) =

o~ Q -~
BHx) =@ — 1;x) + (plgl (x, — x)) yH(x) =
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?ﬁ(Q—l;x)

Q
sﬁ(Q — 1;x)5(Q/2] — k; x)i(pl;ll (x, — x))R([Q/Z] —k—1;%)

S(Q/2] — k; %)

if k=[Q/2] (39)
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The bounding properties of the approximant must be
exactly the same as those tabulated in Eq. (10) for B(x).
That is, the dive ctions of the bounds supplied by B*(x)
with respect to B(x) are exactly the same as those given
by Bo(g)(%). As before, it is easily shown that s(Q/2]—
k; x) can have no factors in common with 1'11‘_-:’=1 (xp — x),
and hence

Bk(x,) = Bx,) p=12,...,Q.

Furthermore, it is not hard to prove using an argument
similar to that in Sec. 2 that the degree of the polyno-
mial in the numerator of Eq. (39) is in fact [3(@ — 1)] + k.
We conclude that B*(x) = B% (. ,(x) as defined by Egs.

(37) and (38), in the case N = 2)

To prove the existence and bounding properties of

B )(x) when N > @, one can either use the limiting argu-
ment of Sec.2 or else make the obvious extension of the
variational proof in Appendix A,

for

Although the directions of the bounds imposed by B (o)(x)
on B(x) are exactly the same as those of By (%), the
difference |B(x) — Bf(o)(x)| increases with increasing

k due to the corresponding decrease in the variational
freedom of the trial function. Thus, for example, one

has

B[Q/zl ©Q) < ple/a-1 (x) <--

N Q) N(Q) "< B x) < B y(g)(%)

< B(x) for—E%2 < x< x,.

In the particular case that all of the given information
is associated with the single point x = 0, Bf,(x) be-
comes the well-known [[(N — 1)/2] — k,[ N/2] + k] one-
point Padé approximant, and the usual inequalities? on
these approximants are immediate.
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APPENDIX A: VARIATIONAL PROOF OF THE
EXISTENCE AND BOUNDING PROPERTIES OF
Bya)(x) IN THE GENERAL CASE N > Q

We are given the set of N pieces of information (1) about
B{(x), and we wish to establish directly both the existence
and bounding properties of the corresponding multipoint
%’ac;é approximant By ) (%) as defined in Eqgs. (17) and
18).

To this end we write, in place of Eq. (16),

Q
B(x) =g(N—1;x)+ <pl'=[1 (xp — x)NP> A=), (A1)
where now B( N — 1; x) is the unique polynomial of degree
N — 1 which satisfies

n=20,1,...,N, 4

(n) —1: = B
B(N—1;x,) = B("(x)) for{p=1’2,“.,Q

and where

y(x)
’ bOn

N, N
n (B2 + ) B + )" (B2 + %) QUED, + %)

= <Jb’, (f:ll [(Hy — Eg)2 + xp]'NP) [(Hy — Eo)? + x]'lw/?a—)-
(A2)
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This algebraic identity is easily proved by using induc-
tion. If now we introduce the functional

(%) =— (&, <1£11 [(Hy — EO)Z + xp]Np>[(H0 —Eg)? + x])

+(8,v8) + (vb, &),
then it is not hard to show that

y(x) < y(x) for —E%,<x<w

providing that the trial function & satisfies
(53 ’J/o) = 0-

Suppose that we have any such lower bound {x) to y(x).
On substitution into Eq.{Al) we obtain an approximant
for B(x),

Q
B(x)=p(N—1;x) + (Pl'_l1 (x, — x)Nl’) p(x)
whose bounding properties are readily verified to be those
tabulated for By (,)(%) in Eq.(22). That is, they are
exactly the same as would be obtained if one had started
with the set of bounds (10) and then followed the limiting
process described near the end of Sec. 2.

If we now use the trial function

[&/2) Q »
¢ = g}l a,(Hy — Ey)%r-2 (pQ1 [(Hy — Eg)? + %,) »)Jb'

in Eq. (A2) and optimize the variational parameters

@158z« ++ 58 y/z » We Obtain the lower bound to plx):

“(x) = polynomial in x of degree [N/2] —1
Y = "polynomial in x of degree [N/2]

_ R[N/2]—1;x)
— S[N/2/;x

where the coefficients can be shown to involve only the
given information (1).

The corresponding approximant to B(x) is
~ Q N\~
Bx) =g(N—1;x) + <1,I}1 (x, — %) P>y(x),

and similar arguments to those used in Sec. 2 suffice to
ensure that this approximant is precisely B N(Q)(x) de-
fined by Eqgs. (17) and (18),

APPENDIX B: THE COMPLEMENTARY MULTIPOINT
PADE APPROXIMANT B, q)+4(x)

Suppose we are given the sets of information (1) and (31),
and the number E,,, all pertaining to B(x). Then the
complementary multipoint Padé approximant Bf (), J(x)
which corresponds to this information is defined %y

BSi(@es®) = ey, g0/ dy, ;(2)
where cy, ;(x) and dy, ;(x) are the polynomials of degrees

[N +dJ + 1)]— 1 and [(N + J + 1)], respectively, which
are uniquely specified by the requirements
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n=0,1,...,N,4
p = 1) 2’ ey Q ’
~ S(0)(1/x) —S@N1/x)2 + ..+

(BS(@ra) Mx,) =B (x,)  for

va(Q)w(x)

(— 1)7+18(2J — 2)(1/x)? if N + J is odd
{(— DIS(2J — 4){(1/x)9-1  if N + J is even

together with the two conditions

dy,;0 =1 and dy ,E%) =0,

The proof of the existence and bounding properties of
this approximant (which are described in Sec. 4), rests
on Sec. 3 in the same way as the proof relating to

By(q)+s¥) rests on Sec.2

APPENDIX C: MULTIPOINT PADE APPROXIMANTS
FOR ARBITRARY FUNCTIONS WHICH CAN BE
REPRESENTED BY A SERIES OF STIELTJES

If S(x) is a function which can be represented by a series
of Stieltjes with radius of convergence R, then it can be
written in the form

1
o= [ (2

where ¢(u) is a bounded, monotone nondecreasing func-
tion, which attains infinitely many different values for
0<us<1/R.

We can rewrite Eq. (C1) as

(c1)

S = [Pune) (c2)

R (v + x)

where 7(v) is sufficiently defined by the condition

dnlw) =—do(1/v), R<sv<wm,

and c is the nonnegative constant given by

¢ =lim [¢(u) — ¢ (0)].
u—~>0+

We notice that n(v) is also a bounded, monotone non-
decreasing function, except that now the infinitely many
different values are attained for R < » < w, and hence
the integral in Eq. (C2) exists in the Riemann—Stieltjes
sense for — R < x < w, In fact S(x) is a continuous mono-
tone decreasing function over this interval, tending to the
value ¢ = 0 as x — . Our objective here is to write

S(x) = S(x) — ¢ in the form of a dynamical polarizability
B(x). This having been achieved we will show how the
variational formulation in the body of the paper can be
generalized so that it applies to S(x). It is then an easy
matter to establish the existence and bounding proper-
ties of the various multipoint Padé approximants for
S(x) itself.

To this end we now rewrite Eq. (C2) as

§ =S —_ = ® €d§(€)
(x) = S(x) — ¢ fRW R

where £(¢) is defined by

(C3)

dé(e) = ednle?), R1/2 < e< w,
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Here we note that although £(¢) is not necessarily bound-
ed, the funtion Z(¢) = fR S d(€)/ € is bounded, being also
monotone nondecreasing and attaining infinitely many
different values for R1/2 < € < w, and hence the integral
in Eq. (C3) is well defined for R < x < w.

The function S(x) is now seen to be of the same form as
the dynamical polarizability B(x) defined in Eq. (2). In
fact, S(x) is the polarizability for an artificial system
whose excitation energies are exactly the points of in-
crease of £(e), and whose cumulative oscillator strength
function F(e) is given by?25

Fle)= [ ¢ dile).
Rl/z

To make this connection between S(x) and the dynamical
polarizability more formal, we proceed as follows. Let
& denote the set of real numbers

8 = {0} U{e € [RY/2,«): dtle)/de = 0},

and let H be a Hermitian operator with lowest eigen-
value EO, such that the eigenvalue spectrum of (4, — E,)
is precisely the set §. Let {J) } denote the normallzed
eigenvectors of (H,— ), so that (A, — E)¥, = 0, and
denote the corresponding Hilbert space by 3. Now take V
to be any self-adjoint operator over ¥ such that25

VY = E/{; [dele)/de]r2y,,

where the summation is understood to include integra-~
tion over all continuous regions in §.

It is now easy to see that we can rewrite

’ bOe
§x = T (C4
W= G )
where E = € is the “excitation energy” for a transition

from the state J, to the state §_, and b, is the corres-
ponding “oscillator strength”

bo. = E (T, TN, V).

Comparison of Eq. (C4) with Eq. (2) leads us to conclude
that any function which can both be represented by a
series of Stieltjes, and which tends to zero as x — w, can
also be described as a dynamical polarizability for an
artificial physical system, indicated by a Hamiltonian
f, and a self-adjoint perturbation 7.

Thus, replacing (H, — E,) by (H, — E), ¥, by ,, by, by
bOn, and so on, throughout the mam text of this paper,
we see that we have achieved a variational proof for

the existence and bounding properties of the various
multipoint Padé approximants to S{x). For example, we
are now assured of the existence of the approximant
8w %) to S(x) defined by

Sni) W) = ay(x)/b ),

where a,(x) and b,(x) are the polynomials of degrees
[(N—1)/2] and [N/ 2], respectively, which are uniquely
specified by the set of conditions

) _ n=0,1,...,N_;
S x,) =8W(x,)  for p=12 Q"
34y ey
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and
bN(O) = 19

where
—R<x,<x,<:-<x,<w0 and ZQJNP=N.
»=1

Further, we have established that §, (., (x) imposes rig-
orous bounds on 5(x) which are the same as those tabu-
lated in Eq. (22) for By () (x) with respect to B(x).

We now wish to demonstrate that the added constant ¢,
which relates 5(x) to arbitrary functions representable
by a series of Stieltjes, makes no difference to the exis-
tence and bounding properties of the corresponding
multipoint Padé approximants. We will consider the
cases N odd and N even separately. The given informa-
tion pertains now to S(x), and for simplicity we will
suppose that it is of type (1).

N odd: Suppose for the moment that we know the
constant ¢. Then by using the relation S{x) = S(x) + ¢
we can transform the given information about S(x) into
a corresponding set of information about 5(x). We can
now construct the approximant § . ,(x) to §(x), whose
existence and bounding properties %ave already been
established. Now consider the function

Ty@®) =Sy + c.

It is easily seen that, because N is odd, this can be writ-
ten as

polynomial in x of degree [(N — 1)/2]

Ty &) = '
NQ) polynomial in x in degree [ N/2]

and, furthermore, that it satisfies

n::O,l,...,Nl,_1
Tgvr()q)(xp)=s(n)(xp) forp:l,Z,...,Q .

But the latter two statements tell us that we have, in fact,
constructed Sy (o) (%) = Ty(gy(%) because of the unique-
ness of the approximant, and, hence, S N(Q)(x) can be con-
structed directly without invoking the constant ¢. The
relationship between Sy (o) (*) and Sy ) (x) tells us that
the bounding properties of S () (*) with respect to S(x)
are exactly the same as those of §,,,,(x) with respect

to S(x) i.e., identical with those tabulated in Eq. (22) for
By (o) (%) with respect to Blx).

N even: Here we appeal to the well-known result21
that if S(x) is representable by a series of Stieltjes with
radius of convergence R, then

Ux) = [S(x,) — S/ (x — x,)S(x) (C5)
is also representable by a series of Stieltjes, but with
radius of convergence at least R.

Hence, if we are given a set of N pieces of information
of type (1) about S(x), we can use Eq. (C5) to transform
this set into (N — 1) pieces of information about U(x).
Since (N — 1) is an odd integer, we are assured of the
existence of the corresponding approximant U N_l)(Q)(x)
to Ulx), say. The desired approximant to S(x) is easily
seen to be

Sni ) =Sx1)/[1 + ( x— %)U(n-1y ) ®)],
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and using the known bounding relationship between U(x)
and Uy 1)), it is readily verified that the bounding
properties of Sy ) (x) with respect to S(x} are again the
same as those tabulated in Eq. (22).
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number 0, so that Hy, = 0, then we can define a self-adjoint operator W

such that Wy o = Z} [do(e)/de]!/?y . We then have S(x) =

(Yo, W(1 + Hx)Wy ), and a variational lower bound is, for example,
(x)=—(3, (1 + Hx)®) + 2(3, Wy ). The operator W can clearly be

chosen so that it is bounded, and the derivation can be carried through

in a manner similar to that used in the paper.
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Recent developments have shown that the pure Lagrange~Hamiltonian formalisms can be extended
to problems (chiefly, classical systems involving dissipative forces) previously regarded as outside
such theories. The Hamilton—Jacobi equations corresponding to certain such systems are given here,
and the structure, separability, and solution of these equations are studied. Examples treated here
include a particle moving freely and under a constant force in a viscous medium, the
damped-harmonic oscillator in one and three dimensions, and a particle moving in one dimension
with quadratic friction in an arbitrary potential. In all cases, the Hamilton-Jacobi equation separates
into time and space components, and the complete solution is obtained.

1. INTRODUCTION

The time evolution of a classical mechanical system can
be described in four ways. First, one can identify the
forces acting on the system, and write the equations of
motion from Newton's laws, Second, one may be able to
construct a Lagrangian L(g;, g;, t) which has the equa-
tions of motion as its Euler-Lagrange equations follow-
ing from Hamilton's principle. Third, one may find a
Hamiltonian function H(p;, g;, {) of the canonical coordi-
nates ¢; and momenta p; such that Hamilton's dynamical
equations correspond to the equations of motion. Lastly,
if such a Hamiltonian exists, one can instead construct
the Hamilton-Jacobi partial differential equation, and
obtain the motion of the system from it.

For conservative systems, the above procedures are
reasonably straightforward, since one then knows the
structures of L(L=T ~V)and H(H=T + V), where T
is the kinetic and V the potential energy. Then H is a
constant of the motion which we call the total energy E,
and the Hamilton—-Jacobi equation

H(@¢/3q;,q;) + 3¢/at =0 1.1
permits the separation of ¢ into spacial and temporal
parts

¢(qivai7t)=s(qi7 ai)_Et, (1.2)
where the ¢, are parameters (E and the o; are not inde-
pendent).

However, for dissipative systems, it had been thought
only the first procedure above was applicable, as neither
separable Lagrangian! nor Hamiltonian? functions exis-
ted for such systems. (Frictional forces can be added to
Lagrange's or Hamilton's equation, as has been done via
the Rayleigh dissipative function,3 but such an ad hoc
procedure destroys the essence of the Lagrangian and
Hamiltonian methods, and therefore should be avoided.)
Recently,4 pure Lagrangian descriptions which yield dis-
sipative forces have been found for certain systems.
Since such Lagrangians imply the existence of Hamilto~
nians yielding the same equations of motion, it is of in-
terest to examine the structure, separability and solution
of the Hamilton—-Jacobi equations generated in these
cases, and to compare them with the conventional
Hamilton—-Jacobi equations for conservative systems.

Further, since classical Hamilton~Jacobi theory for con-
servative systems forms a link with quantum mechanics,
it is of particular importance to examine these classical
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dissipative systems to see if they lead to a quantum
mechanical treatment of dissipation. This will be dis-
cussed in a later paper.

2. ONE-DIMENSIONAL VISCOUS MEDIUM

A particle travelling in one dimension through a linearly
viscous medium is characterized by the equation of mo-
tion (let the mass m be 1)

X+ yx=0. (2.1)
A Lagrangian which generates (2. 1) as its Euler—
Lagrange equation is

L = $erta?, (2.2)
and the corresponding Hamiltonian

H=ip2en, 2.3)
wherep = Xe¥!is the canonical momentum,
The Hamilton-Jacobi equation is then

Ler (g—f> fi 22, (2.9)

where ¢ = ¢(x, a,!), a is a parameter, andp = 3¢/ dx.
The x and ¢ variables are separated by the assumption
¢ = Qx, a)T(?), (2.5)
from which one finds that 7 = e7t is sufficient to accom-~
plish the separation. (While other forms of T are pos-

sible, they introduce extraneous parameters.) Then (2. 4)
reduces to

Q)2+ 29 =0, (2. 6)
where Q' = dQ/dx. Thus,
Q=— 3ylx — o). 2.7

Note that the dependence of @ on x — ¢ is expected from
the x~translation invariance of (2.4).5

From the auxiliary condition g = 3¢ /30, with the identi-
fication o ~ ¢,

B =ver(x —c), (2.8)
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from which

x=c+ (B/y)e, (2.9

the solution of (2. 1).

3. LINEARLY DAMPED PARTICLE WITH
CONSTANT FORCE

The linearly damped particle moving in one dimension
under a constant force has the equation of motion

X+yi+g=0. @.1)
A suitable Lagrangian is

L= ev (342 — gx), (3.2
and the corresponding Hamiltonian

H=ip2ert + gxert, (3.3)
The Hamilton-Jacobi equation is then

%(%%) 2e-7t + gxert + —g% =0, (3.4)
and the separation (2, 5) gives

Q)2+ 2yQ + 28x = 0. (3.5)

[Asp = xert, @ = x = v, Since v is real, ()2 = 0, im-
plying that yQ + gx =< 0.]

If (3.5) is differentiated with respect to x, and @ is re-
placed by y, (3.5) becomes

w +yy+g=0, (3.6)

which is separable, and integration yields the implicit
relation

—[ry+tg—ghhlyy+gl=r23x+c). 3.7
Differentiating (3.7) with respect to ¢,
) 2
—7—5%=w+g 3.8
From (3.5) and (3. 8),
99 _
Y3c =W TE 3.9)
and (3. 7) becomes
d 2
758' —gln (y§> = —2(x + ¢). (3.10)
Then, if the parameter a is identified as ¢,
¢ d
p=2 =en 2 (3.11)
and (3. 10) implies
x = (g/v?) In@B) —c — (B/v)e v — (g/v)t,  (8.12)

the solution to (3. 1).
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4. THE LINEARLY DAMPED HARMONIC OSCILLATOR

The linearly damped, one-dimensional harmonic oscilla-
tor is governed by the equation of motion

£+ 2yx + wix = 0, 4.1)
which is generated by the Lagrangian4

L =3e2rt (k2 — wgx?). “4.2)
Then the canonical momentum p is

b = ke2t, (4.3)
and the corresponding Hamiltonian

H=3(p2e2r + wgx2e2r?), 4.4
The Hamilton-Jacobi equation is

%’(“g‘;) ze'zrt + fwix2e?rt + g%) = 0. 4.5)

As in the previous sections, { and x are separated by

¢ = —e?1Q(x, a), 4.6)
where @ satisfies

@12 + wix? —4yQ = 0. 4.7

To obtain the solution to (4. 7), note that the transfor-
mations

Q-a2Q, x-ax 4.8)
leave the equation invariant. Such invariance implies
the existence of a conserved quantity.® Consider the
differential invariants

u=—'/x, xu'tu=-—@". 4.9
After differentiation of (4.'7) and substitution from (4. 9),
one obtains

wuu’ + u? + 2yu + wg =0,
or
udu

u? + 2yu + w}

(4.10)

w | &

Integrating, one gets

Infu + 7)2 + w2] — (2y/w) tan"u + y/w] + Inx2 = C,
(4.11)

where w2 = w§ — y2. Replacing « by v/x, one has

Inflv + ¥¥)2 + w2x2] — (2y/w) tan-1v + yx)/wx] = C.
4.12)

This constant C is identical to that obtained from the
time-translation invariance of (4.1).7 [Differentiation of
(4.12) with respect to ¢ of course yields the equation of
motion. ]

Another form of H in this case, as given by Havas,4 is

H, = — yxp, + Inx — In{coswxp,), (4.13)
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where p,, is not the canonical momentum in (4. 3). Then

¥=v=—yx+ wx tanwxp,, 4. 14)
and H, can be written
H, = — (y/w) tan-1[v + yx)/wx] — Inw
+ 3nfv + ¥x)2 + w2x2], (4.15)

Thus, 2(H, + lnw) = C, so that the constant of the mo-
tion generated by the time-translation invariance of the
equation of motion (or from the Hamilton-Jacobi equa-
tion) is equivalent to H,. Or, time-translation invariance
has generated a Hamiltonian, rather than vice versa.
The Hamiltonians (4. 4) and (4. 13) must be g-equivalent,
in the terminology of Currie and Saletan.?2

Returning to the solution of the Hamilton—Jacobi equa-
tion, (4.7), (4.9) and (4. 11) may be combined to express
(implicitly) @ as a function of x and C. To obtain the
motion, consider

4. 16)

where the parameter o is identified as C. Since @ can-
not be written explicitly as Q(x, C), implicit differentia-
tion is employed.

Operating on (4.11) with 2/3C,

L L) (4.17)
while, from (4.7) and 4.9),

u2 = 4y(Q/x2) — wj, (4.18)
so that

g—g = 4’-‘; [+ 72 + w2]. (4.19)
Thus, (4. 11) becomes

In (4)/ %) — %}/sec‘1 Bzg aic‘g] v =C. (4.20)

Let 3 = — A in (4. 16), so that (4. 20) becomes

ol = sec-1 |[AYN2 et
0 —wt = sec [ " " 3

where § is a constant. Then
% = (4yr/w)1/2¢-7t cos(wt — B),

the well-known solution for the damped harmonic oscil-
lator.

The more general equation of motion

E+yx+ flx)=0, 4.21)
is generated by the Hamiltonian
= sp2e vt + erVix), (4. 22)

where V = [f(x)dx. The Hamilton-Jacobi equation is
then
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Separation of variables again obtains from ¢ = Q(x, a)er?
from which

2
1 <ﬂ> er + Vert + g_t¢ =

1@+ Vix) =7Q. (4. 23)
No general solution to (4. 23) is known, but, since Q' = v,
differentiation of (4.23) with respect to ¢ yields the equa-
tion of motion (4. 21).

5. LINEAR FRICTION IN THREE DIMENSIONS

For a particle moving in three-dimensional (Euclidean)
space, with linear friction and under forces derivable
from a scalar potential, the equation of motion is

P+yk=f=—VV(). (5.1)
This equation is derivable from the Hamiltonian

H=3%p2er + Virer, (5.2)
and the associated Hamilton—Jacobi equation is

1 (Vo)2e 7t + Vert + —g—f =0, (5.3)

Separation of space and time variables is again obtained
from

¢ =W, a)e?,
and the spacial equation is
1 (VW)2 + V+ yW =0, (5.4)
If Vix,y,2z) = V() + Vg(y) + V(2), then the separation

W =X, ay) + Y(y, ag) + Z(z, a3)

gives
2
%(%) + Vi) + ¥X = Cy, (5. 52)
2
—;—(%) + Va(9) + vY = Cy, (5. 5b)
1 {dz\ 2
3 <‘d—z‘> + Va(z) + yZ = C3, (5. 50)
where C4, C,, and C, are separation constants, and
C,+Cy+C3=0. (5. 6)
Setting
X(x, a;) = X(x,ay) —C1/7, etc., (5.7
yields
X\ 2 -
-;— <%) + V) + X =0, etc., (5. 8)

and as

p=eV[X+ (C;/M+ T+ (Co/+Z+ (03/7)],(

with .
X

=89 _ X
Bl— aal—ey

5.10
8011’ ( )

ete.,
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for oy #C,, etc., it is seen that there is no loss of
generality in setting C; = C; = C3 = 0. The solutions
for the potentials treated in the previous sections thus
follow. '

6. QUADRATIC FRICTION
The equation of motion for the one-dimensional, quadra-
tically damped particle is given by

Xxcx?2+ f(x) =0, (6.1)

where the + sign is chosen so that the friction always
opposes the motion. A piecewise-smooth Lagrangian
generating (6. 1) is given by4.7

L = Lx2e+2x — fei2cxf(x)dx, (6. 2)
and the Hamiltonian is
H=le 22 4 feizﬂf(x)dx, (6.3)

a constant of the motion generated by the time-transla-
tion invariance of (6.1).7

With respect to Hamilton-Jacobi theory, since H is inde-
pendent of ¢, this can be {7eated as a conservative sys-
tem, so that

29\, 3¢ _
H(’"ax>+at =0

and separation of variables results from setting

o(x, a,t) = Six, o) — Et.
Thus,

1(8)2e72% + [e*%xf(x)dx = E. (6.4)
It might be noted that A is a nonanalytic function of x,
but that the Hamilton—-Jacobi equation can be solved.
Equation (6.4) can be rearranged to yield a solution in
quadratures, so that

S =2 [etx(E — [Fer27f (x)d%)1/2dx. (6.5)
For this type of separation, o = E, so that
~ 2% _23¢ _ 23S _
P=%a = ~3E © (6.6)
and
°S 1 erex
Brt=—=—{ (6.7)

3E ﬁ [E _ fxegchf(f)dy]l/de

It can be readily shown that (6.7) is in agreement with
the solution obtained by direct integration of (6. 1).

It is interesting to note that for the equation of motion
given by

¥+ ck2=0, (6. 8)
Eq. (6.7) immediately gives the solution

t+ g = [(e/V2E)dx, (6.9)
s (1/c) m[V2E c(t + B)). (6.10)

7. DISCUSSION

The Hamilton—Jacobi equations for a number of simple
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classical dissipative systems can be solved by the tech-
niques indicated. For single particle systems acted on
by linear friction, the Hamilton-Jacobi equation can be
separated into space and time components by the substi-
tution

d(r,a,t)=erQ(r, a), (7.1)
in contrast to the linear separation appropriate to con-
servative systems

¢(r,a,t)= S(r,a) — Et. (7.2)
Note that the separation (7. 1) is simpler in structure

than (7. 2) since the o, are independent in (7. 1), while E
and the o, are not independent in (7. 2).

The separation (7.1) is actually somewhat more general-
ly applicable than indicated in the previous sections.

For a particle moving in a curved metric space with
generalized coordinate g without dissipation, charac-
terized by the Lagrangian

m dqt dq’
2

Lo="73&y 3 ar — Vg, (7.3)

where g;; is the covariant metric tensor, a linear dissi-
pative force is added to the equation of motion if L, is
modified to8

L=erL,. (7.4)

Then the corresponding Hamiltonian is

H = (ev/2m)giip,p; + Vert, (7.5)
where p, is the covariant momentum conjugate to g°.
The Hamilton—Jacobi equation corresponding to H is

ert 3¢ a¢ o¢

— gl — — +erV(gt)+ — =0, (7.6)
2m dqt oq’ at

and the substitution ¢ = e7*Q(q?, o!) again leads to
separation of the ¢ variable.

Surprisingly, the Hamiltonian and the Hamilton—Jacobi
equation for the quadratic friction problem of Sec. 6
correspond to those for conservative systems and
therefore the additive separation of ¢ via (7. 2) is suffi-
cient. However, the constant parameter E in this case
is nof the usual energy 7T + V.
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The application of Regge symmetry to the 9-j symbol
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The Regge transposition symmetry is applied to one of the six Wigner coefficients in the defining expression
for the Wigner (9-/) symbol; couplings are then performed, and an expression for the (9-j) symbol is
obtained which factorizes the sums of the angular momenta in two rows and their differences into different

factors.

Recently two new expressions for the Wigner (9-7) sym-
bol have been published: that of Jucys and Alisauskas?!
has the advantage of expressing the most general (9-j)
symbol for the first time with only three internal in-
dices of summation, though at considerable expense of
explicit symmetry; the expression of Wu,2 on the other
hand, employs six indices of summation and makes all
symmetries explicit without the aid of structural units,
Wigner or Racah coefficients, in terms of which the
(9-7) symbol is usually written.

The present work offers still another expression for the
(9-7) symbol; its starting point is given by two questions:
(i) What happens to the (9-j) symbol when we apply the
Regge transposition symmetry to one of the Wigner
coefficients in its defining expression? (ii) Is it possible
to obtain an expression for the (9-j) symbol whirh iso-
lates the dependence of the sums of the angular momenta
in two rows and their differences into different factors,
i.e., a factorization of the form

’ N

i
e

= M(j;, ;s ,)E F(j; — 1,k , 0)G(J; +1;,k;, %), (1
where M is a monomial factor and ¥ denotes one or more
parameters of summation ?

When Regge3 first determined the full symmetry group,
of 72 elements, of the SU(2) Wigner coefficient, it was
natural to impose the transposition symmetry, i.e., the
reflection of the symbol

Ji J2 JY _
my mym -

about its diagonal extending from lower left to upper
right, on the Wigner coefficients in the defining expres-
sion for the Racah coefficient. As a result Regge found
a larger symmetry group of 144 elements for this coef-
ficient.4 It was natural then to impose the transposition
symmetry on one of the Wigner coefficients in the de-
fining expression for the (9-7) symbol in the attempt to
discover a symmetry group for this symbol of more
than 72 elements, for which many have searched without
success. The question remains, however, of what pro-
perties the (9-j) symbol does indeed show when one of
its constituent Wigner coefficients is subjected to the
Regge transposition.

jz +j"‘j1j1 +.7"’.7-zj1 +j2—j
j]__ml jz_mz j—m (2)
Jo +my j+m

Ji+my

In the study of the higher orthogonal groups and their
complex extensions we encounter the (9-7) symbol in as-
pects such that the sums of the angular momenta in two
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rows and their differences become the “significant” or
“useful” parameters rather than the individual angular
momenta themselves. E.g., the Wigner coefficient of
SO(4) in the SO(3) basis is proportional to the (9-7) sym-
bol, which may be analytically continued in the three
sums of the angular momenta in two of its rows to com-
plex values whose real parts are equal to — 1 in order to
obtain the Wigner coefficient coupling unitary represen-
tations of the Lorentz group SO(3, 1) in the SO(3) basis.
The three differences between the angular momenta in
these rows, however, remain fixed; they are not conti-
nued, but their absolute magnitudes denote the lowest
values of the angular momenta [the invariants of the
SO(3) subgroup] occurring in the representations being
coupled. Also, (9-j) symbols occur as structural units
in the matrix element of a finite transformation in an
irreducible representation of SO(5). In the notation of
Hecht5 and the present author,5,7 we have

(d, A,z d AL |ethes®) g
= )> D

M= =, KK,

s A d, Ay L)
(2K, + 1)(2K, + 1)
Jat Ag=dpt Ay =M,

x (— 1) 1%

%(Jm+/\m_+J'_+A')+1 Iyt A+l
Tasfo NPy Ty JTlan? ToAr
_12_(]1“]2 ATAHIIN) N

1
2Tyt Ayyy=Jd =N

x CZImbmed 0
A WIS

’

J’ N g -A
X Cyljy Nenp g
FEs
x [(207 + 1)(2A + DIV2 ¢y ALK, d, X 3,on, (0
J" N L
Ky 1/2
X djr2ass o, (0) (20 + 1)(2A + 1))
g Ay Ky e
{]2 A Kz} (__ 1)]1+]2 J
J A L
x C2m*Am=dN) FTEARYNRY SV ISR Sy st

l(’\ﬁ)‘z‘jl'jz*""“) %(J’piz-)‘l‘)‘z*"'“ J-A

A T,A
XCJI g Mohg IATOL 1, (3)

where (J,,, A,,) denotes the maximal weight of the repre-
sentation of SO(5), (J,A) and (J', A’) the representations
of the SO(4) subgroup, and L the representation of the
S0(3) subgroup in the chain SO(5) O SO(4) D SO(3). Here
we note that the (9-j) symbol couples two Wigner rota-
tion functions, and that the differences of the first two
columns of angular momenta take the place of magnetic
quantum numbers of SO(3) Wigner coefficients. The

Copyright © 1973 by the American Institute of Physics 330



33

analogy between the (9-j) symbol and the SO(3) Wigner
coefficient has been remarked earlier7;in fact, the-
doubly stretched (9-j) symbol is simply proportional to
the SO(3) Wigner coefficient, the three differences of the
angular momenta in the stretched columns appearing as
the magnetic quantum numbers 8-10:

S

(271)1(R1)1273)1(27)1(Jy + 3+ + T4 —I)!
(37 + 1027, + 27, + 1)1(27, + 2j, * D)1

>1/2

jl jz j12
j3 j4 j34
Jr+Jzdz tisd

" (Jy +igtig+ig+i+1)!
(Jy +7a— 311G, +Jp +7, + DI
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Zjl)'(2j3)'(j2 +j12 “.7 )'(jz +j4 “j24)!
(27 + 1027, + 275+ DG 5 —Jp + 7!

>1/2

(Jy +ig*iy, +i+ 1!
Jo—Jg tis)H—Jy + 74 +Jz4)'(12 +jq +Igg + 1)1

((
(j4 +j34 "]3)'(]1 +j3 +j24_j)!
(Jy +Jy —J12)1(J, +Jy +71, + D!

(o

1 1/2
x(ja—j4 +j3g)(G3 + 74— 734 J3 74 i34 + 1!
fa — V(o — 4 T Ios T !
X T (= 1) (27, y). (le T4 * 24 y)
] Yy +74—Jdas— 3!

x 1 1/2 x (.7.12+j4+j1“j24 y)!(j34".74+j3+y)! 1/2
(Jg 47, =T340 Uz +J, +iz + DI (Jrg—JFa—Jy +Jaq + 3 (Jagg +ig—Jdz— !
j j j iy J j
x Cj lzjz J;‘h Jytigmizmig? (4) x c74*211 Jaqy jggjq"y Jy+dgdoet (5)
and in the case of a single degeneracy, And, of course, the SO(3) Wigner coefficient and the (9-7)
. . symbol have isomorphic symmetry groups of 72 ele-
J1 J2 J12 ments.
3 Ja T34 In answer to both of the questions which we have posed
Juti3d247 above we assert the identity
. |
i1 Ja Jag e G G Tt e+ D Gt de—de ) G de 4 dos + DI\ 12
i Ga g = (= 1)*1s*72e Uy +i3—J13)t 0y +J5 "J13 .)'(-72 T4~ J24 '(Jg +J4 tJag :
'3 T4 .345 = (27 + 1)(27,5 + 102754 + 1) -
J137247
X [(J1g +I3q =N (J1g +dgq +7+ DIY2A(F,757,5)A(F37,754) 2 (2%, + 1)(2¥, + 1)(2¥, + 1)
V¥, ¥,
» 1
[(3(d2 +Js + 12 +dag —J1 —J3) — W] E(Jp + 7y +d1p +F3q —J1 —F3) + ¥; + 1]!
1
X [8j1g +Jza +Jy ti3—dg—Jg) — Wu]M5(J1a +d3q +J1 +T3—Jp—Jg) + ¥y + 1]!
" 1
(3041 + 73 +da + iy —Jd1p —J3a) — Va3l [3(Jy +73 + g +Jg—J1p —Jaq) + ¥5 + 1]!
% J13724 7 c ¥y v, iis ¥ ¥y Yoy
Y, Y, W) U dardadymdiavisy) JUN s Tatiatiiese) j -, CI1tigtia dariiamdsy) Lii-dariaiamdiatiss) dpmis

¥, ¥, j
301 Iy datdgtdizmdae) S6d +igrig=TatiiamTze) F127Tag

(27, + 1127, + 1127, +

1124, + 1!

=(—1)*hetdee [ i
(Jy +7, = 7120105,

(2712 + 1)1(245, + 1)!

_jz +j12)!(_j1 +j2 +j12)!(j1 +j2 +j12 + 1)!(j3 +j4

1/2
"'j34)!

(5

8 {1'131‘247‘ } S— 1+ J2 = J12) $dg +J4 —Jga)
¥ ‘1’2 \1’3 % jz +j12) %(.73“.74 +j34)
2 jl j3
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.73_.74 +.734)'(_.73 +.74 +]34)!(]3 +]4 +]34 +1 )>

> (2%, + 1)(2\1/2 + 1)}(2¥,; + 1)
¥) ¥a¥,

‘Il3

‘1’2
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37 +ig + 1) %(‘“j:; Ty T34 ¥y

X %(.71 +j2_j12) %(.73 +j4"‘j34) ‘1’3
Ja Ja 24

We note that the first of these two expressions for the
(9-j) symbol isolates the dependence on the three dif-
ferences between angular momenta of the first two
columns into the monomial factor and the magnetic
quantum numbers of the three SU(2) Wigner coefficients.
We may prove this identity very easily: First we expand
any two of the doubly stretched (9-j) symbols on the
right of (6) in (6-j) symbols:

3 —J1 +J12) 3y — s +sg) ¥y Z
3(Jy Y g —J12) 3(J3 + 44— J34) ¥3

Ja T4 7245
=T (2 + )~ 1)211{%("3+ J4=I34) 51 +35—J1a) ‘1’3}
q q 5(Jg—J3 T 3Jz4) 4

3(Jy—J3 +73q) 30y — 1 +12) ‘1’1}
x Ja2a ¥y q

% { J4 J2 Jaq }
%(jz_jl +j12) q %(-71 +j2_j12) ’
%(.71 +j2 —jlz) %(]3 +j4 _j34) ‘1’3 {
%(.71 _jz +j12) %(.73 _j4 +j34) ‘1’2
jl jB leS

= (Wi T (2 + 1) 12
¢
3 Iy J13 }
%(.71 —jz +j12) q’ %(.71 +j2 _j12)

{
1

’

x {%(]3 +j4 —j34) %(.71 +j2 "jlz) ‘1’3}
¥, J13 qa’)

% {%(]3_]4 +j34) %(Jl “‘jz +j12) ‘I’Z}

2y —Jg +i12)
3(—Jy tdp ¥ 1p) Bds gtz Yy (6)
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%(ja—‘jgl +j34) \1’2

Ji2 J34 J

"We now sum over the angular momenta ¥, and ¥, apply-
ing the identityl1?

+igtisg=dip- R+2 43

T (25 + 12, + D= 1)

y {jl jzjlz} {j'lj'zjiz}{]"lgj’z 1'4}
j4j3j13 j4 .753 1'13 jz j13 kZ

13713

j1 73 jisz

J1 J3 J1s
k1k3kzs
L J1 75 di2
_§J12ds da ).
=Y. kf J1 72 112
3 12 73 k. k. kB (8)
1 %273 )

then perform the sum over ¥, by means of the Bieden-
harn-Elliott identity, then sum over ¢ and ¢’ by means
of the identity (8). The result is the original (9-j) sym-
bol multiplied by degenerate (6-j)- symbols which are the
multiplicative inverse of the coefficient factor before
the summation sign on the right-hand side of (6). Hence
the identity (6) is established.

It is worthwhile, however, to trace the derivation of (6),
since the process may be paradigmatic for the deriva-
tion of similar identities for the coefficients recoupling
four irreducible representations of groups other than
SU(2). The identity (6) allows us to factorize matrix
elements of tensor operators in the orbital group
Sp(4)*Sp(4) into a sum over products of (noncanonical)
Sp(4) coupling coefficients.12 Similarly, matrix elements
of tensor operators in U(n)*U(n) consist of two “(9-7)
symbols” in U(n-1) coupled with three matrix elements
of totally symmetric operators in U(n). Since the
identity (6), applied to the (9-j) symbols in the SO(4) x
SO(4) subgroup of the Sp(4)*Sp(4) matrix element, allows
us to perform a factorization, we may speculate that
analogous identities on the (9-j) symbols of U(n-1) will
allow us to factorize U(n)»U(n) matrix elements in simi-
lar manner. Hence we shall investigate the derivation of

Jis ¥3 a (7) (6) in detail.
We start from the expression
j1 3 Jia ) ) , ) ) e . , ) , NGie 4 — i)\ 172
o Ga daab = (Jag Tdga 3+ D1U1s—Jdag + NV I3 —F1a) Usg T34 =AML Y2 — 012 )
.3 .4 .34 (2j24+1)(j1+j3+j13+1)!(j1—j3+j13)!(—11+j3+]13)!(]12+]34+]+1)!
J137247 ‘

1z —Jdag TNV T1p Tiga ¥y T g Frg + D3 g ¥ g * D!

x ((h —Jg HJ1) (—Jy + g + 1) Uy Iy —J3a)! (U — g +J3a) (= J3 + 74 +j34)!> 1z

X 2y (= 1)'j12’js+j13+m2+"1*22
mymy
7 22

[(.72 + mz)!(jz_ mz)l(j4 +j—j13"m2)!(j4“j +j13 + mz)!]l/z(jl + ml)!
2. 1(j, —my —2)H{Jy—Jy tmy +my +2)1(jy—Jdig t My +z1)!(]12——m1—m2—zl)!

(J3 +iiz—m(Jg +my + my) (Jgq + J-— my — My)! ] ] '
X Uiz ¥ 71 —TJz — 221Gy —Jyg T My — 2)1(Jy —Jg ¥ T —my — My F2)1(Jy —Jgq T 13— my +25)!
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1
X 7= -
(g —Jd+m +my, —z,)!
» 1 LUprdgri-dig)  JUavig-d+dyg)  dag
(j34 + j3 - j4 - zz)! !zf(jz'jfj"jla)“"z %(12'14"7 F1g)-my Jadg, (9)

where we have applied the Regge transposition symmetry

j 2 Ug+dg+d ~iyg) YCjrdyF+d,q)
Clz A Jag _ o2V2t it i) Upridny 24
idgm, 355, = L 10
My 39,57 my $ 31 L +319) #mg LUgdgridyg)=my Iy-dy” (10)
We now extract from the other factors under the summation sign the degenerate Wigner coefficients

Lgtigrihe)  LUptdgdignzy)  AUpedydidgrisnsn)
LUpdgiviyg) smy LCiyedgdigr 2m2g) emy JUgmigdy+is-drayzgdem vmy

%(’z*’a‘j"jls) $Uatigdig Iagt hyat 3+2,) 30 p*05070-572%) (11)
LUgdgri-frg)~my LGigrigriiadsariienir22)-m, 10U g dag+d-zyrag)-my-my’
and we write the product of the three coefficients (10) and (11) in the form
Y, [(Jg tig—Jy—dg+itay +2; +10jyp tigg—F—2;~2,+ 1)(27,4 + 1)(2¥; + 1]1/2
¥y¥,
30U, +igdygm2 2,) LG +iqd g Saetiisr 5y 29) ¥y
1Gi vighige 21-29) +my LCigeigrdiaIagrdia 21+ 22) - my L6dy iy davdqriazise)
LGatigdydgtiveay+2y) LUiavdagt-21m25) Y
LGydgdytigieay-2y) smpemy Uy ~dgqrf-2 4 8g)-m=my 1331 pdy+dygdsy)
% C Jza. Y3 *
Jardq LCirtigriptiatirgsy) iy Iyrindgtisaisd)
3(Jp + g +7—J13) 3(Jg +J4 — 3 +J13) Jae
X {3(Jy tiz—Ji3— 23 —25) 3(Ja +Jy —J1a—J3q T 13 + 2L+ 23) ¥a. (12)
3(jy +dg—dy—Jati+ 2y +2y) dli1g tizg—J— 2, —2p) ¥, )
From the remaining factors we form the degenerate Wigner coefficients
10 +igd 572y-25) L4y +igriyy) Fya+hlag+ zy) L0ptigd g dgqrfrar 5,4 2,) ‘5‘”1"’-’3"”13) LU, 43giyd g rdygrigg 2y 2y)

16i +ig gt -xgdemy 164 4igedig)-my iy +ig+ly-2y)  LCigrigrdiaiaarirgm2 v 2g)-my LU dyming )+ my LUiydymigriatiygigaest2))

$Uzrigi darivmeey) $(hatised) 1U viathatisgtaisn,-2a)

YUzdgiyrigdray-ea) s mys my LEdyaedsqed ) -my-mg LCiro+ingdy+igtigriqnzy-%a)

LU atigqd-2ym2,) 1U\gtigg+d) i+hzyr2y) (13)

L . ’
%(112'134*7 -2 +29)~my-my %(J,_z-j,(j) +my+my §1o-Fag~ %(xrzz)

and sum over m; and m;, to obtain

J1 J2 Jia L . . .
Vi u dah A T (o gyuricinsztasgeniey Ustdg tiig 4 Dilisg 2 g 27 D
( A .34S T A, (51 +J3—J2—Js + 12 *J3a — 21— 22)!
J13 7247 ¥, ¥y

[(27,4 + 1)(2¥5 + 1)]1/2
X ¥ 75 —J1s~ 21— 2,)1(J; ¥ g —Jy — 3 ¥ 7 + 2, ¥ 25)1

1
(J12 +J3a—F— 21— 231 (Jp + g —J12 —J3a + J1a + 2, + 23)!

(jz +j4+j'"j13+1)!(j2+j4*j+j13+1)! 172 J2a Vs ¥)
(27,53 +2; +2,)1(27 + 2, +2,)T

Jidy §6dpigiptigrirgiag) S6I vigrizdgtiygisg)
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5% .72 +]4 +.7 j13) %(.72 +j4"‘j +j13) j24
X 43(Jy iz —J13— 2, — 2,) 3y +ig— 3y —-j34+j13+zl+z2) ¥,
(% ]2+]4“]1"]3+]+31+22) 2(]12+]34—] ""zz) ‘1‘1
{2(]2 +Jy—Ji2—J3q Y1zt 21+ 2) 30Uy g +h1a) $iy Yz —dp— g ¥ iyp *hzg— 2, zz)}
.713 z(z +zz) L 2(.71 +]3”‘]13—21-zz)
{ 212 +-734 ]“zl_zz) 21z Higg +9) T+ 42, +2y)
Uy tia—dp—Jdy +i1p thzq— 21— 2,) ¥y p tig—dy—dz+i+ta +2,)
X {—1— (G2 +d13—d3 + 25) Uy +i3—dy +21) 1 (J1g —F3q + 7+ 25)1(J +Ji3q —Jyp +2)1V2
Cl(-71”3'12”-74”12*134’21“"z) Jig+i(ey+zy) ¥y
UL Tadorigriiaisgsai+2y) Ity rleym2g) L6y tiyinrd gl odse)
J+iGyv2,) U tdgiydgtiyarigg2)72y) ¥,
Iraisa 3@ %) 60 vigripiqdiatisgt 21725) A€+ Igr Iyt hiaise) (14)

where A denotes the constant before the summation sign in (9). The factor in curly brackets at the end of the right-
hand side of (14) can be written as
C%(11+13'j2‘j4+j12*]-34‘21"22) Jiatdyezy) ¥
z2y-2, $UrdadariatinzJaga1v2a) d3oiivder-25) 1CI +hgdardqtingdse)
Cl(iﬁj Fodgtdpriss 7,m2,) i+lyrey) v,
Uz Igdgrigtiigiag e, +2,) ‘112+Ja4+‘(zl-z2) LG dgigtiqrgtise)
Jygr 5y 42p) é(zx*"z) Jis 1*5(31”2) 1Gvey) g

Iatisri®m2g) ~Aegmzy) divdy  digriagth(2m2p) ~Le1m2,) <jipedgy

% 1 (j13+j1—j3)!(j13““j1+j3)!(j—j12+j34)!
@ ¥ 2,00
(1 *J1a —J34)1 (2713 + 21 + 25 + 1)1(2) + 2, + 2, + 1)1\1/2
(27 + I(25,5, + I
1
=(z1 +z25!

(27 + 1)1(27,, + 1!

¥, J q
j j 1/2 3
X Zq; [(2%5 + 1)2%; +1)(27 + D275 + 1l c%(-j1+is‘ig+14-rixa‘iaq) “Fyptise LCi tigdarig-iatise)

x<(j13 + iy =) Wirg =1 +J) 1 +d1a —Jgg) Wi —Gyg +J30) U2J1a+ 2y + 25 + 1)1(2J + 2, + 2, + 1)1)1/2

¥, J13 q
LG dadg+iqdiatisg) ~iy+dy LCiy+dsigedgira+ise)

HJy +d3—Jy—Js +J1p tIza— 21— 23)J13 + 32y +25) ¥y

X J+ 4z, +25) B2y +2y) j
\1’1 j13 q
1
TN

(43 tJ1 _‘13)'(]13 - J1 +.73)!(.7 +J12 = J3al(J—J1g + 73N (2415 + 2, + 2, + DI(2j+ 2,4+ 2, + 1)‘) 1/2
(27)1(27;9)!

x Z [(2‘111 + 1)(2\1’3 + 1)]1/2(_ 1)f‘)ls+.13'jl+112‘13.+2\ll+2113
¥p

N J+ 3z, + 2,) 3(zy + 2,) 7 }
¥, ¥ 3y ti3—Jp—Js tJ12 T Jsa— 21— 23)
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{%U& +J3—Jdp—Jsg ti1a tiza— 21— 23)d13 32, t2;) Yy }
x :
J13 ¥, 3z, +2,)

c " j ¥ v Iis ¥ (15)
LCh1pdsariyisdardy) drzdse §Ur I Tariatiisdse) €I rigTariatingiag) 110y LU Fgdardgtiindag)’

Substituting (15) for the corresponding factor in (14), we note that the four (6-j) symbols are all monomials, and the
(9-7) symbol indicated in {14} is doubly stretched so that we may apply the identity (4) to it. We have summed over
z; —2Zg in (15). It remains only to perform the summation over z, + 2,;this sum now has the form

Z) (_ 1)21+22

2y+25

y (% +7— 30 +J3—Jp—Js *J1a +J3a) + 21 + 2] (¥ + 15— 3(Jy +J3—Ja—Jg +J12 +J3a) + 24 +"-z]!>1/2
M —J+5J, +i3—J,—Jy tiig tI3a) — 21— 2)1[¥— a3 + 54y Y3 —Ja—Jg +J15 tJ34) — 21— 2]}

N (% + 30y +J3—Jp —Jq *J1p-+J3q) — 21 — 25]! ¥3 9 J2q (16)
[\1’2 - %(]1 + j3 _jz - j4 + j12 + j34) + 21 + zz]! %(Jl+ja’jz‘j4+112+]’34)".113"1"32 '%(j;+j3'jg"j4+]'12+]34) +j+z_|_+7'2 j'jlg

which is simply proportional to the (6-j) symbol

J13J247
Yol B). (17)
Thus, we have obtained the identity (6).

We note that when the (9-j) symbol has a single degeneracy, as in (5) above, the identity (6) is greatly simplified,i.e.,
it becomes a sum over a single angular momentum rather than one over three. From (5) above we have

_y)!(jz"j4 +j24+y)! <(j12 +]'4+J'1-J'24—y)!(1'34—-1'4 +j3 +y)!)l/2 J12 Jsq i

E(—l)y(2j4 ;2 -4 . 4 -1 - d .
¥ Y1 +74—Jaq — 9! (J12—Jg—J1y +Jpa ¥V Uy tI4—I3— )] Jgrdydagy g gty Iy tisiog

= (- 1y/2a*sads72

(j24 +j4 _jz)!(j24 _j4 +jz)!(j3 +j4 _j34)!(j1 +j2 _j12)l(j1 "jz +j12)!(j3 "‘j4 +j34)!(2j + 1) 172
(27201 (Jy +J3 +Jp tig—J12—J3)W Iy ti3—Jp — g Y J1p Y3 (=34 —J3 +i1p T34 +720)!

X [(Jy +d3 +J1p +T3q —Jaq + DIP/2 (J%; J+4]'+ ]_23 +)})! j_ .1'2‘4 o
2 4 24/ q H127934 J47d2 JyoTsatiqIz
x Cé(j1+j3‘12‘j4+sz+jsq)%(71+7'3*j2*-1¢'712'731> q
%(712“-7'34”'1'1'3'-7'2”4) %(sz'jaq'jx*js'jz"jq) J127734+1 4717
/%(.7'1""].3 +j12 +j34"j24) %(.7'12 +j34"‘j1“j3+j24) .7
x '12'(.72 + j4 “j24) ‘;‘(]2 + j4 + j24) j24

'lz'(]]_ +j3"j2 —“j4 +j1z +j34) %(.71 +j3 +j2 +j4 _jlz _j34) q

= (— 1)at7sd2atdaatiz

x (_j2+j4 +j24)!(j2-j4 +j24)!(j3 +j4_‘j34)!(j3—j4 +j34)!(j1_j2 +j12)!(j1 +j2“j12)! 1/2
(@7p )Ty + g ¥ Ia ¥y —T12 =T Y DV ¥T3 =7y —Jy T J15 +732)1(—31 =3 + 13 *Jag TIza)!

. o (g +ja +igzqa + DI
X [(27 + 1)(jy + g +dyg + Jgq —Jpq + DIPrz 24 224 T V2e + 1 (- 1%
(]2"'.74"‘.724)I ¥

{é(]l +j3 +j12 +j34 _j24) %(—.71 _j3 +j12 +j34 +j24) .7
2Jy +J3+Jdp Yy —J12—J3a) ¥ $dy +ig ting)
% {%(]2 +j4 “j24) %(.72 +j4 +j24) j24

v 3(Jy +J3—Jp—Jg *J1a +J3q) 8y + 3 +I1p +iza — J24)
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%Uﬂjs"jz‘jq*j;z*jaa) 24 ¥

164, +igtigd g Tiatise) Jgig LChy+igigriqiiarisg)

Hence the introduction of this single degeneracy into (6)
causes the suppression of four of the seven internal in-
dices of summation.

The analytic continuation of the (9~7) symbol to the
Wigner coefficient of the Lorentz group SO(3, 1) in its
SO(3) basis is accomplished by the substitutions

jy +iz—>—1+ip,
jz +j4_’_1 +1ip’,
Jig tiga—2>—1+1ip", (19)

where p, p/, p” are all finite real numbers. We observe
that in the parametrization (6) the continuation is es-
pecially easy. The sums over ¥, ¥, ¥; become non-
terminating but convergent, and no continuation is neces-
sary for any of the parameters in the indicated Wigner
or Racah coefficients. It is tempting, then, to speculate
that (6) may provide a valid parametrization for the
analytic continuation to the Wigner coefficient of

SO(3, 1); but at present this remains a conjecture.
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%('fx“js“jz*jfsz*jsq) J127734 %(-j1+j,—j2+j4+j12-j34)'

i %(J'pis-rjzﬂ(jn-ju)

(18)
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In this paper it is shown that the moment equations associated with a partial differential equation
with polynomial coefficients possess formal power series solutions which are easily computed. An
application is made to an equation which arises in the quantum theory of the laser. A simple
example is given which illustrates the fact that although the original differential equation may not be
solvable by power series methods, the related moment equations are always solvable. i

1. INTRODUCTION

In 1967, Gordon derived an equation which describes the
time evolution of a fully quantal model laser in terms of
a phase space distribution function P(x, ¢) of six real
variables characterizing the atomic and field systems

of the laser.! The equation is of the form of the Fokker—
Plank equation familiar from the classical theory of
stochastic processes, i.e.,

%—? =LP,
(1.1)
= _Z) A (x) + E ox.ox. ax Dij(x)’ x = (xl, e 7x6)’

but has a nonpositive definite diffusion matrix D, (x)
This makes Eq. (1. 1) impossible to solve using sta.ndard
techniques.? The terminology pseudo-Fokker—Plank
(PFP) has been introduced to characterize equations of
this type.3 (For a discussion of the “physics” under-
lying the occurrence of PFP equations, see Ref,4). Al-
though the PFP equation characterizing a quantal model
of a lossless parametric amplifier has been solved,3:5
no solutions of Gordon's equation are presently known.
However, one may derive useful information, e.g., the
coherence properties of the laser field, from the moment
equations associated with (1. 1), and it is therefore of
interest to examine the question of existence of solutions
of these moment equations.

In the cases we wish to consider, the drift and diffusion
matrices, A,(x) and D ;;(x), are polynomials, and the as-
sociated moment equations form an infinite system of
first order ordinary differential equations with constant
coefficients. We show that all such systems have a
unique formal power series solution which can be ex-
plicitly computed. The possible convergence of the
formal power series is a difficult question® which we do
not attempt to answer in this paper. With special as-
sumptions about the form operator L in (1. 1), the related
moment equations have been studied previously.7-8 How-
ever, in many interesting cases the conditions needed to
apply the results of these investigations are not satis-
fied. A particular case in point is Gordon's equation,!
an equation to which our theory does apply.

In Sec. 2 we consider an equation of the form (1.1) where
L is an arbitrary differential operator in one variable
with polynomial coefficients. We show that the related
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moment equations are of strip type. We then proceed to
show that even more general infinite systems of ordi-
nary differential equations also have formal power series
solutions. In Sec.3 we generalize the resuilts of Sec. 2
to the case of # yariables, and then show how to solve
the moment equations associated to Gordon's equation.
In Sec. 4 we give an example of a differential equation
which does not possess an analytic solution but whose
moment equations are solvable. This indicates that it
is possible to solve the moment equations when the
original differential equatlons are not solvable.

2. THE MOMENT EQUATIONS

In this section we are going to show that the moment
equations associated with a differential equation, with
polynomial coefficients, are of a special type called strip
type. We then show how to solve even more general in-
finite systems of ordinary differential equations of
semilower diagonal type. Since the n variable case is a
straightforward geperalization of the one variable case,
we first discuss the latter. Let

a,B
L(x, &) = OZ} a;xigl (2.1)
=0,
be a polynomial in two variables, and then let
d Md\ .
L("’ﬂ) =§“ii"'(ﬁ> i, (2.2)

If we assume that v(x) is sufficiently nice (say integrable
with bounded support), then we define the nth moment
v, of v by

= @,xm = [ vlx)xndz. (2.3)
We also note that
G () mons) = om GRS ) 0

where we have integrated by parts. Now, if P(x, {) satis-
fies

P_L <x, j—x> P, P(x,0) = f(x) (2.5)
and
Pn(t) = <P(x9 t),x"), fn = <f(x)9 xn)’ (2'6)
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then P, (£) should satisfy the infinite system of ordinary
differential equations,

)
=D oy Wt Pl

PI(t) =
P,(0) =1,

where 0 <i=< a, 0= j=< min(n + {,8).

(2.7

Remark: This is a purely formal derivation. It is en-
tirely possible that the original equation may have a
solution which has no finite moments. It is also possible
that the moment equations possess a solution when the
original equation does not. We now try to solve the
moment equations, forgetting from whence they came.

We can write our Eq.(2.7) as

Bt) =22 AP (),  Pu0)=f,,
where w
( M
Amn = Zjo (—l)mn—natm -n+i 2 8l
1

n! ’

8 .
(mn—m + 4!

Z% (— 1)1 a,_ m+i,i

1

n!

(2.8)

n<=m,
(2.9)

, n=zm.

We now switch to vector notation:

P(t) = (Po(t), P1(8),""*)s
f=(f()9f1:‘.-), A=(A

(2.10)

)oo.oo
m, 0 n=0"

and then we can write our equations as

P'(t) = AP(t), P(0)= (2.11)

Note: A, ,=0 unless—B=m—n=a.
Such matrlces are called strip matrices.

Theovem 2.1: If f, and A, are complex numbers
such that
A =0 if n>m+a forsome «o=0, (2.12)

mn

then problem (2.7) has a solution where each P, (t)isa
formal power series in /.

Remark: By a formal power series we mean an ex-
pression of the form

00 gnt"

o0 =3 o (2.13)

£, a complex number,

3

where the series may or may not converge. Thus we
first show that we have a formal power series solution
and later remark on the problem of its convergence. A
matrix satisfying (2.12) is called semilower diagonal.

Lemma 2.1: Let A and B be infinite matrices, i.e.,

(Amn), =(B,, n),where A,,=0ifn>m+a,

B =0ifn>m + 8.
-]

C = AB = (Cy,), = kz=>0 Ak Brns
then e

C = A,.B

me k=max(n-8,0) ke

andC, . =0ifn>m+a +8.

mn
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Pyroof: Clear.

Proof of Theorem 2.1: From Lemma 2.1 we see
that A* = A*1A exists, and if A* = (A% ), then A% =0
if n>m + ka. Also, then

m+ko

o0
A = nz=)0 Aﬁrmfn = ”Z:(;) A’:rmfn
exists. The desired solution is then given by

o0 tk
Fit)= 25 B Akf = eAlf, (2.14)
2=0
Remark: For problems of convergence we refer the
reader to Ref. 6, where, in particular, it is shown that if

in =azd2 +bx£i'—+cx2 a, b, ¢ constants

' dx dx2 dx ’ o ’
then the formal series solution for problem (2. 5), in
fact, converges.

Remark: The moment equations are given by a strip
matrix, that is, A, , = 0 if {m —r| > 8. In this case,
the computatlon of Ak is greatly 51mp11f1ed Moreover,
if one wishes to compute the first {j — 1) terms of

P,(¢) exactly, one may truncate A to a square matrix
A, of (ja)2 elements. One can then truncate A* to a
square matrix A, of [(j — k)a]2, where

Ay = 4Ak~1’

where A has been truncated to [(j — & + 1)a]? elements
and (AA,_;) has been truncated to [(j — #)a]? elements.
Similar results hold for P, m = 0.

3. GORDON'S EQUATION
Consider an équation of the form

du

= Au, w(0) =u, A=L(xD),

where L(x, £) is a polynomial in 2y variables x =
(F1yeees®y)y E=1(&y,..., &,). We use the standard
multi- mdex notationn = (n4, .. Sy ),n; is a nonnega-
tive integer, x" = xt -+ -xJy, D" = (a/axl)"r . (a/axy)ny,
nl=(ng)!"(my)!, and 7] =ny +oo -+ m,y.

If in Sec. 2 we interpret n,m, &, 7, j as multi-indices,
then everything is correct; in particular,

Pt) = (u(t), xm)

= fu(xl, Tty Xy, xpa- - xPydxy--dxy.
A= (;4,,,,,), B = (B,,,) are infinite matrices (or ten-
sors), then

B= (?Am,,Bk'n)

o0
= A
(k: Ek7=0 (ml'""m7'k1""'k1)'B(k1r'---kyu"p'“-”-y))

and so forth.

We will not write out Gordon's equation here, but we
remark that is is given by a polynomial L(x, &) in 12
(y = 6) variables (8, 8*,M,M* N, Ny, &1, ..., £g) of
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degree 3. Hwewriten=smforn, =my,...,n
then

-7
y =My,

P(x) &)zz._‘laijxigj’ 3.5(1, 1) 1’1;1»1)7 lil = 2;
i

i=,15,4L4L11, i =2

In fact, in the moment equations

n,—m,|=1 or A,,=0,

m,n

so that the matrix 4, , is a strip matrix and, conse-
quently, the computations of the moments are relatively
easy.

The question of the convergence of the formal power
series solution to either the original equation or the
moment equations is still open and cannot be answered
by the results in Refs. 3 and 8.

4. A SIMPLE EXAMPLE

We present the following example to illustrate some of
the convergence problems that we have mentioned. The
equation we want to study is

op _ 22
at ~ dx3y

P(x,y,0) = flx,y).

If Gordon's equation is transformed by adiabatically
eliminating the atomic polarization variables, the off
diagonal diffusion terms of the resulting equation have
a form similar to the right hand side of Eq.(4.1) [see
Ref. 1, p. 755, Eq. (10).]

If we assume that f is analytic near zero, then

(xyP) = LP, P= P(x}y’ ),

(4.1}

fx,9) =25 a, 2™y, (4.2)
Now,
eltymyn = gmsl)(nsldbymyn (4.3)
and, consequently,
P(x,y,t) =2, amne(ml)(’"l)‘»‘xmyﬂ, (4.4)
If P is to be analytic for x,y, ¢ near 0, then
lamn] < Ce~ L) (nslt yr-mon ¥ small. (4. 5)
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This is a severe restriction on f(x, v}, in fact, if we try
to choose

— 1)i4 .
fo,y) =" =BT A, ()
then we have
a,, =0 ifnis odd @.7)

= (— 1m/n! if n is even.

In order to have the series (4. 4) converge, we must have
1/nl < Ce-tn)% p-2n (4.8)

which is clearly impossible. Thus, the power series

solution to (4. 1) with f given by (4. 6) does not converge,
although f does have finite moments.

On the other hand, the moment equations are given by
P};q(t) = pg qua qu(o) :"qu!
which is a diagonal system whose solution is given by

Pyo(t) = ebatf,,.

4.9)

This solution is clearly valid for any initial data f, , in
marked contrast to the severe restrictions we hatf ({o

place on the initial data to get analytic solutions of the
previous equation. More examples are given in Ref. 0.
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A method for deriving an approximation to the equation [Lo(r, ) + L (r, £, @)1 ¥ (r, 7, w) = g(r, ) is
discussed. Two criteria for the truncation of the series are shown. The nearest neighbor equation is
derived via a diagram method and the Kraichnan equation is derived.

1. INTRODUCTION

Many areas in mathematical and theoretical physiésl-4
have to deal with the solutions of linear stochastic equa-
tions. They appear in electromagnetic scattering in ran-
dom media, mass and heat transport in a turbuleht fluid,
in the area of solid state physics dealing with energy
levels of amorphous materials plus a host of other
phenomena.

The methods for solving such random equations have
dealt with approximations to the well-known Neurhann
series and the finite approximation (or closure) of the
hierarchy equations. In this paper we present a new
method for solving a céertain class of stochastic differ-
ential equations which is a telescoping of the first re-
normalization approximation. We derive two conditions
for the convergence of the series and demonstrate how
the nearest neighbor approximation along with the
Kraichnan equation evolves; and show in the limit how
these two equations approach the first renormalized
approximation. The use of a diagrammatic representa-
tion is invoked to show the particular form of the near-
est neighbor operator.

In Secs. 2 and 3 we briefly review the perturbation app-
roach and the hierarchy equations and in the fourth
section the renormalized projection operator technique
is developed.

2. PERTURBATION APPROACH

Let us consider that the linear opérator £ can be de-
composed into two parts, one of which is independent of
random variations but a function of space and time,i.e.,
a deterministic operator Lgy(r,?) and the other a random
operator L,(r,f,w) dependent not only on space and time
but on a parameter w which spans over a measure space
or set . The probability density defined over @ is de-
signated as P(w).. Consequently, £ = Ly(r,t) + Ly(r,¢, o)
is a stochastic operator and one is considering the
following stochastic equation:

[Lolr,t) + Ly(r,t, w)]¥(r,t,w) = g(r,t), (2.1)
where g(r,!) is considered to be a nonrandom element of
a linear space. g(r,t) physically has the meaning of
some source and/or sink terms and is assumed to be
statistically independent of the random variable w. If it
is dependent on w then the fluctuations in the convective
process in the transport was dependent on some source
and/or sink terms and vice versa. For mathematical
simplicity we shall assuine that this process is negligi-
ble and for a large class of physical problems this is a
good assumption. We shall also assume that for a par-
ticular w we have a unique solution of ¥(r,¢) which is
designated as ¥(r,#,w). Consequently ¥(r,f,w) is a
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random solution and P{w) determines the probability
density of ¥(r,?, w). The statistical measure of ¥(r,{,w),
which is of interest to us is specified to be the expecta-
tion (¥(r, 1)) = [o¥(r, ¢, w)P (w)dw

Equation (2.1) can be treated as a set of deterministic
equations,i.e., one solves for ¥(r,, w) for a given w and
thereby generates the set {¥(r, ¢, w): w}, thenin order to
obtain the expectation value of (¥(r,¢)) one needs to know
the probability density. However, such an approach is
highly impractical and nearly impossible to achieve due
to two reasons: (1) There is little knowledge about the
probability density P(w) and (2) it is highly unlikely to
analytically solve for ¥(r,?) for a given w because of
boundary and initial conditions. In many physical cases
this has to be done numerically; consequently, éh astro-
nomical amount of computation would have to be done to
generate the set {¥(r,f,w): w}.

The parameter € is-a. measure of departure of the oper-
ator from the deterministic operator L(r,t), when ¢ is

a small quantity perturbation techniques can be utilized
to their fullest extent.

Let us designate the solution of the deterministic part as

Lo(x, t)¥ J#)(x, ) = 0. (2.2)
The operator L,(r,?,w) shall be designated as a product
of two operators one stochastic and the other determini-
stic; namely, 6v(%, ¢, w)A(r, ). Suppose for simplicity that
(L,(r,#)) = 0 implies that (6v(r,t)) = 0,and if € = 0,the
solution of the resulting deterministic equation

Lf(r, t)\11§1)(r, t) = g(r,t) is ¥ {EXr, ) + Lyl(r, )g(r, 8).
Here ¥ {!(r, ) is the inhomogeneous solution. Assuming
that L'OP(r,' t) exists and using the Neuman series expan-
sion we have

U(r,t,w) = ¥ AN, ) + Lgl(r, t)g(r,?)

— eLgtr, L {r, ¢, w)¥(r, ¢, w). (2.3)

Now averaging to obtain (¥(r,?#)), the quantity (5v(r, ¢)
A(r, t)¥(r, ¢)) must be evaluated, and, if commutativity in
the operators 5v(r, #,w) and A(r, f) exist, then A(r,?)
®v(r, 1)¥(r,t)).

Expanding the series in terms of the unperturbed solu-
tion one arrives at

U(r, t,w) = [1 — eLgi(r, H)L(r,t,w)
+ €2Lgi(r, f)L, (r, ¢, w) Lgt(r, 1)Ly (1, ¢, )
+ 0(€d)- - - )[V(r,t) + Lgi(r,t)g(r, D)]. (2.4)
Taking the expectation values, and retaining terms to

O(€2) we have
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(¥(r,t)) = ¥f(r,t) + Ly(r,t)g(r,?)
+ e2Lgl(r, )Bu(r, t)A(r, t)

X Lgl(r, )ov(x, t)A(r, t))[¥E(x, )

+ LMr, Bglr, D). (2.5)
Equivalently, since
V(r,t) + Lgl(r,2)g(r,t) = (¥(r, 1)) + O(e2) (2.6)
we have
[Lo(x,t) — €2(bv(r,t)A(r, ) Lgt(x, t)
x 5v(r, t)A(r, )(E(r, 1)) = g(r,2). (2.7)

The question now arises, what is the inverse operator of
Ly(r, 1).

It is an n-order matrix which we shall represent as an
integral operator. Namely, consider the equation
Lo(r, )G(r,t1r’ 1) = 18(r — r")5(t — t'), (2.8)

where 1 is the unit matrix and 6 is the Dirac delta. Now
in general

Lo (v, Dov(r, t, w)A(r, t)

= [[drdt'G(r,tix’, t)ov(r’, ', w)A(r’, t). (2.9)
The kernel G(r,t|r’,t’) is the Green matrix and is de-
fined by Eq. (2. 8) utilizing the fact that the inverse oper-
ator has an integral operator representation. Equation
(2.7) becomes

Lo(r, tX¥(r, t)) — €2 ffdr’dt’A(r, (T, t)
x ov(x’, t"NG(r,tlr’,t7)

X A(r!, P)u(x’, ) = glx, §). (2.10)
Equation (2. 10) is a very well-known stochastic equa-
tion [cf. Adomian$;6 and Keller?]. In the case when
L4(r,?) is some differential operator, one has a linear
integrodifferential equation to solve. In the case when
the average (¥(r, t)) in the integrand is replaced by
vi(r,t) + [[dr"dt"G(r,t|r",t")g(x"t"), the equation be-
comes an inhomogeneous differential equation and is
equivalent to the first Born approximation.

A number of approximations are inherent in the integro-
differential equation; namely, (1) all the information con-
cerning the randomness is contained in the two point
correlation function, and (2) the operator

[Lo(x,2) + (L (x,£)L(r, £} Ly (r,2)}]"1

which is related to the stochastic Green function, can
easily be shown to be equivalent to the infinite series:

2;0(— DmLgi(r, tXLy (r, £) Lgt(r, £)L, (¥, £))]™Ly(r, 2).

Consequently this operator is a sum of a subset of in-
finite number of terms of the “averaged” perturbation
series.
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A third approximation is the effect that the boundary
conditions have on the fluctuations have been ignored.

Thus, one can see that when the fluctuations are small
one may only need calculate a few terms in the series in
order to approximate the true averate of (¥(r,?)). In the
above we summed an infinite number of terms in the
series. This is termed, “a renormalization technique’’;
and under some cases convergence can be guaranteed
and the problem of secularity can be avoided.

3. HIERARCHY EQUATIONS

In solving the stochastic Eq. (2. 1) the hierarchical
approach has received considerable attention in recent
years. The reader is referred to the notable works of
Kraichnan8-10 and Roberts.11,12 This procedure in-
volves the generation of a hierarchy of equations and
using some truncation process to determine the hier-
archy. Now if the averaging process is immediately
applied to equation (2. 1) we obtain

Lo(r, ) (r, 1)) + (Ly(r, )¥(x, t)) = g(r,?). 3.1
In the second term on the left-hand side, the operator
L,(r,t,w) and ¥(r, ¢, w) are not statistically independent
and cannot be separated for the evaluation of the expect-
ed value (¥(r,?)). Since we wish to determine (L, (r, ¢)
¥(r,t)), we multiply Eq.(2.1) by L,(r,¢,w) and perform
the averaging again, and obtain the term (L, (r,?)L,(r,¢)
¥(r, t)). However, we do not in general have commuta-
tivity between Ly(r,t) and Ly(r,t,w),i.e.,[Lyl(r,?),
L,(r,t,w)] = 0, but for the present we shall assume that
the condition [Ly(r, ?), 6v(r, ¢, w)] = 0; therefore, if we
multiply by L,(ry,¢,,w) and average we arrive at

Ly(r, t)XLy(ry, ty)¥(r, t) + (L]_(r, HLy(ry,¢,)¥(r, 1)

=(Ly(ry, ¢ )g(r,8).  (3.2)
If we could solve for the first term and evaluate the
results in the limit r; = r and #; — ¢ and upon substitu-
tion back, we would obtain the average value of the
average of the scalar function (¥(r,t)). Aside from the
generally ignored question of the validity of the above
limit, one observes that we now need a new moment
(L,(ry,¢;) L, (r, 2)¥(r, 2)); consequently, it is necessary to
repeat the procedure, and by multiplying we are led to
an infinite set of equations called the hierarchy equa-
tions for the hierarchy of moments. If we desire also
the higher moments of ¥(r, ), one proceeds in the same
manner multiplying by ¥(r,,,). Thus the solution which
has been justified only by its arbitrary assumption,

If, at any level in the hierarchical scheme, the closure
approximation can be made then the hierarchy can be
terminated. Thus, if

<L1(r1:t1)L1(r, ¥(r,t) = <L1(r1;t1)L1(1"t)>(‘I’(r: t) )
(3.3

in Eq.(3.2),we can solvefor the cross correlationfunction
atr, — rand#; -/ and substitute into Eq. 3. 1to solve for
(¥(r,?)). This is under the assumption that Ly(r,?) is a
known operator and the initial conditions are specified.
One other possibility exists, but appears to be of little
physical interest. If there exists a very small correla~-
tion length for L,(r,?) compared to ¥(r, ?),i.e., if

dv(r, t,w) is varying rapidly compared to ¥(r, {, w), the
truncation can be justified.
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The same method (hierarchical scheme) has been used
to obtain a correlation function for ¥(r,?,w) or its
higher moments, the general case gives an infinite set
of equations:

Lo(r, )W (r, )¥(ry, ¢,)" - (T, ¢5)

X L1<rj+1,tj+1)' ot Ll(rju; tj+1,)>

+ (L, (r, 8)¥(r, ¥ (r, t) - - 'Il(rj,tj)
Ll(rj,,,,,tﬁ,,))
5 76 0 IEED FY¢ JHE 0 )2

X Ly(Psuy5tq) "

= g(r, )¥(ry, ) (3.4)
Since the source term g(r,?) is assumed to be statisti-
cally independent of the fluctuations, we see that an in-
finite set of equations are needed to find all moments,
‘i.e.,any moment involves all the moments of higher
order and the closure procedure is necessary to obtain
a cutoff. Thus, in the kth member of the hierarchy we
set

(Ll(rl, tl)' ¢ Ly(Tpey sty ) Ly (r, £)¥(r, t)

= <L1(r1, £1) s LTy, tpg) Ly (T, t)X¥(r,t)). (3.5)

Adomian? showed the relationship between the hierar-
chical approach and the perturbation approach. Pre-
viously we have stated that the expectation of Eq. (3.1) is

Lo(r, t)(r, )} + e(L,(r,t)¥(r,?)) = g(r, ). (3.6)

Since (L, (r,¢)¥(r,#)) is unknown and cannot be separated

without perturbation theory, we solve Eq.(3.1) for

¥(r,t,w) by multiplying by Lg!(r,?) and obtain

U(r,t,w) + eLgl(r, )L, (r,t, w)¥(r, ¢, w) = Lgt(r,t)glr,t).
3.7

Now, if we multiply Eq. (3.7) by L,(r,{,w) and obtain the
average, we have

(Ly(r, )¥(x, 1)) + €(Ly(x, ) LGH(r, ) Ly (T, )¥(r, £)).  (3.8)

To avoid further complications, we assume “blindly” (the
closure approximation or the so-called local independ-
ence) that

(Ly(r, t) Lgt(r, )L, (x, £)¥(r, t))
> (L, (r, t) L5l (r, )L (r, )X E(r, £)).  (3.9)
Now,
(L, (r, )¥(r, 1)) = — e{L(r, ) Lgl(xr, ) L, (r, IX¥(r, 2)).
(3.10)

Substituting Eq. (3. 10) into Eq. (3. 6), we obtain

Lo(r, )¥(r, 1)) — €2{r, ) Lgl(r, 1) Ly (r, ¥ (x, 1)) = g(r, ).

(3.11)
This is the same result that was obtained from perturba-
tion theory, as Keller7 points out, when the randomness
is small,i.e., when the perturbatlon approach is useful,
the average (L (r t ) Lo(r, ) Ly (r, 1)¥(r, t)) can be
written (Ll(r,t)Lo (r L, (r, t))](\ll(r,t))

If L isa differential operator, it is obviously wrong to
assume statistical independence of £, and its operand
¥(r, ¢, w),although we have prev1ously said it is reason-
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able to assume statistical independence of £ and g(r, 1),

e, (L (r, 1)) = (& Nal(r, ).

The hierarchy method has had wide use in statistical
physics. In the theory of turbulence, the dynamical
equations lead to an infinite hierarchy of coupled equa-
tions where the given ensemble averages are related to
successively higher order terms. This difficulty occurs
in the linear case as well. The closure approximations
(a truncation and closure of the hierarchy) is always
assumed to find an approximation for the desired stati-
stical quantities, but the validity or error has not been
adequately discussed.

Turbulent convection which occurs in nature governs the
transport of heat and mass. A general feature of a theory
of turbulence is a infinite set of dynamical equations
which couple together all the moments of a statistical
distribution of the velocity field. The closure problem
associated with this problem as Kraichnan points out is:
How are they replaced by a finite set that yields the
limited statistical information of actual interest? In the
hierarchical approach to this problem closure becomes

a glaring problem,

4. THE RENORMALIZED-PROJECTED APPROACH

In the case of strong turbulent convective processes,
perturbation theory breaks down and the closure problem
becomes evident in the hierarchical scheme. In this
approach we utilize some projection operator that tele-
scopes a “low” order renormalization process, From
the derived equation we can show a strict condition for
convergence of the series which is related to the closure
approximation in the hierarchical scheme.

In this method the scalar or vector function ¥(r,t) can
be written as

VU(r, t,w) = [1—(Ly —(L; Lgt L)) K&(r, 1)) + 8¥(r, ¢, w),

4.1
where 6¥(r, ¢, w) is the random fluctuation in the field.
The expected 'value of the field is (¥(r,t) =1 — (Ly—
(L, Lgt L) 1P J(&(r, ¢)). [The expected value of the
operator {P(r, t)) will be shown to be any subset of strong-
ly connected graphs.] Also we assume that the average
of the fluctuations is zero. Again we are considering the
stochastic equation

[Lotr, £) + Ly(r, ¢, w)[¥(r,t,w) = glr,t). (4.2)

If we substitute Eq. (4. 1) into Eq. (4. 2) and average, we
obtain
Lo[1 — (Lo — (Ly LgL Ly " 1P Ko (x, 1))

= (L,6%(r,t)) + g(r,t); (4.3)

again we are confronted with evaluation of (L, 5 ¥ (r, ¢ )).

P(r,¢,w) is a projection of the average value for the
scalar or vector function

If we subtract Eqs. (4. 3) and (4. 2), we obtain
¥ (r,t,w) = L51(L16\Il(r,t w) — (L, 6¥(r, )
LgtLy[1 — (Lo — (L LGt Ly )72
x (P)](d>(r, .

Following along the lines of Tararski,!37 13 we shall

(4. 4)
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define the operator G to be

-G (4.5)
and the operator Q(r,¢) to be
Q¥(r,t,w) = Lg L¥(r, ¢, w) = Lg (L, ¥(r,t,w)
— (Ly¥(r,£))). (4.6)

Thus, we have

Q¥(r, 1) = Lz Ly[1 — (L — (L, LG Ly )" HP) Ko (x, 1))

and, also, 4.7

Q8% (r, t, w) = Lgl(L,8¥(r, ¢, w) — (L,;8¥(r,1))). (4.8)

This operator is employed because of its important
property: (Q*¥(r,¢)) = 0 for any function ¥(r, ¢, w) and
for any n. Indeed,
/\
QON1¥(r, 1)) = (L L, Q¥2%(r, 1)) = Lg1L,Q¥-1¥(r, )
— (L QN 1(r,8))) = 0. (4.9)

Utilizing the above equation, the cross correlation func-
tions become

(L,0¥(r, 1)) = (L, Q8%(r, )

+ (L)1 — (Lo — (Ly LG Ly )P Ko (r, 8)),  (4.10)
since
(Lo — (L @)(1 — (Ly — (L, LG Ly ) ()
=Ly — (L LG L) — (P). (4.11)

Consequently, the equation for the mean value of
{¢(r, £)) and the fluctuation 6¥(r, {, w) becomes

(¢(l‘, t)) = (LO - (Ll Lal L1> - (P))-l[g(r, t) -_ (LIQG‘I’(r,t»]

(4.12)
and
SV¥(r,t, w) = QO¥(r, t,w) + o(r,t))
- Q(Ly— (L, Lt L, )2
X (PX¢(r, 1)). (4.13)

This set of equations can be consecutively solved to
yield

(@(r, 1)) = (Lg — (L Lg' Ly) — (P)-Hg(r, 1)
— (L, 225%(r, t))
+ (L 92)[1 — (Lo — (L, Lg1 L, )"1(P)]
X [Lo — (L, Lg' L) — (P)]

X [gr,t) + (L Qs¥(r, )]+ -} (4.14)

S¥(r,t, w) = QO¥(r, ¢, w) + Q1 — (Ly — (L, L3I L, )-1(R)]
X [Lo — (L LgtLy) — (P glr, 2)

+ (L, Q6% (r, )] + * (4.15)

(@, 1) = [Lo — (L, L3l L) — (B)]4{glr, ) + (L,02)
X [1+ (Ly — (L, Lgt L,))"L(P)]
x [Ly — (L, LgtLy) — (P

X g(x,t) + -} (4.16)
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The interesting feature of this procedure is that, unlike
the “normal” perturbation series in Eq.(2.4), we have
generated a series in powers of the operator [L —

(L, Lz L,) — {P)]-1. This in itself can be expanded in an
mhmte series

[Lo— (L, L3 L) — (P]

=2 ( °Z°) (Lo{L, L51L1>)*L51<P>)

z2=0

o0
x 35 (Lol{L; Lo Ly ¥ Lgt. (4.17)
*=0
Thus, the above operator is a sum of. an infinite number
of terms and taking the limit as {P) > 0,Eq. (4.17)
approaches . (Ly{L, L5 L, )*L,.

Since we can write the kernel of the operator (L, —
(L, LgtLy) — (P))™1 in analytic form, each term of Eq.
(4.16) is already a sum of an infinite number of com-
ponents taken from the perturbation series or the first
approximation in the hierarchy equations.

If we consider the case when we have the following con-
ditions, (1) (Lo — (L, Lg! L)L 1, (2) (Lo —
(L, L3t L1> —«(P 3) -lg(r, t) is the leading term in the series
(4. 16) then (¥ (r,#)) =~ (¢(r, )}, and the solution is
(p(r, 1) ~ (Lo — (L, L3'L,) — (P>)‘1g(r t). It is very
interesting to note that if (F) = 0, we obtain the first
renormalized equation

(Lg — (Ly LG L)X¥(r, 1)) = g(r, ). (4.18)
Also, if the operator (P) = (L;LglL,) + (Ly{(Ly + L,y1)
Ll),we have the Kraichnan equation

[Lo - <L1((L0 + Ll)'l)L1>](\I’(l‘, 1)y = g(r, ). (4.19)
This equation is a nonlinear stochastic equation and has
been shown to be very successful in the turbulent prob-
lem connected with the Navier-Stokes equation along
with the turbulent diffusion equation. The operator (P} is
extremely crucial. We will show by using diagram tech-
niques how one can choose a certain (P) to represent a
given class of diagrams. As to the question of whether
this class of diagrams adequately represents the physi-
cal situation is another question. Plausibility arguments
can be given as with Kraichnan or, if possible, with the
help of experimental and computational means one could
show what terms of the n-point correlation functions are
pertinent. However, this is a very formidable task.

Another example of the operator (P) is (L, L3'L, Lzl L,
L3iLy).

This corresponds to the next nearest neighbor interac-
tion and has as its subject all graphs of the form

e
We shall show from a purely diagrammatical approach
one can deduce the equation

[Lo— (L LG L) —(L; L3t L L Ly LG L YK¥(r, 1)) = g(r, £).
(4.20)

Now from the diagram technique (LoData,3 Frish,16)
let us derive a particular form of the renormalized
operator (P). Consider a process whose major inter-



344 V. A, LoDato: The renormalized projection operator technique

actions are of the scale |r, —r, |, |7, —r,l, 6 —
¢, ,gnd tisp — t;.1. Hence, the major diagrams in the
series become

term 0: (4.21)
term 1: &y (4.22)
term 2: ——Llpdidon  + ot (4.28)
term 3: P U e + TN
+ NPT e T (4.24)
term 4 Pl G e SRV L G Lol O
+ P S e ot ST <ol O oo
JUEE SN0V 005 U YU YNOP 33 e, S
+ (4.25)
;atc.
For the kth term (2 = 3), we have Z)[,:/IZ] Te—1—id)y

(z + 1)1(k— 2 — 2{)! components, and for tota.l number of
terms T(N) we have

1 N=1
7 3 N=2
@ N3 W2y g i)y
N+1+ 32}
m=0 =0 G+ 1D)1m+1—26)1)
(4.26)
]
Bj

+ B%B, + B,B,B, + B,B%

+ B2B% + B,B2B, + B§B% + B,B,B,B, + B,B,B B,
+ ByBj§ + B,B3B,B3B} + B}B B,B, + B ,B,B B + B,B§B B, +

Again by summing down and summing across, the total
number of terms contributing to two B, diagrams is

(1 — By)"1B (1 — By)"1B (1 — By)™. (4.31)

Now, with the summing of the B, diagrams we have

[(1 — B,)™ + (1 — By)"1B (1 — By)™
+ (1 — By)"1B,(1 — B,)"1B (1 — By)"

-] = (1 — By)"1[1 — B,(1 — B,)]L. (4.32)

Therefore, the sum of all terms involving B, and B type
diagrams is {[1 — B,(1 — B,)"][1 — B,]} 1. *We shall
recall that B, and B, are strong diagrams, i.e.,they are
not factorable and that when B, is zero or nonexistent
we have the first bubble approximation

<

Hence, the operator representation of the sum of graphs
(1-B,)1is
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The terms corresponding to
LSl and &y

we shall represent as B, and B,, respectively. Con-
sidering the sum of the series of all these diagrams, we
shall proceed as follows: We consider the sum of the
diagram with the structure of one B, and we see

B,
+ BB, + B;B,

+ B,B% + B,B B, + B3B, (4.27)
+ B,B3 + B,B B3 + B3B,B, + B3B,
Summing down each column, we have
(4.28)

Now summing across, we see that the total number of
terms contain just one B, type diagram can be repre-
sented as

(1~ B,)1B,(1 — B,)1 (4.29)
For the case where there are no B, diagrams the sum

becomes (1 — B,)"1. For the case where there are two
B, diagrams we have the following:

(4. 30)

[Lo — (L Lt L] = (1 — By)L, (4.33)

and B, is a strong diagram in this particular case we
have chosen B4 to have the structure

e
. AT

However, it could have been this one

=~
- -

-

or any other one, hence we will define B, = (P). Thus

we have
W(r, 1) = {1 — (PLy — (L, Lg1L )]

x [Lo— (L Lg L] e(r, £) (4.34)
or

(Lo — (L, LG L,) — (PYK¥(r, 1)) = glr, ¢). (4.35)

In the particular case where the operation (P) has the
structure

" Tre T

PPN, SO
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The integro-differential equation (LoDato3) becomes

Lo(1)@(1)) — €2 [ d2(5u(1)60(2))A(1)G(1 ] 2)A(2)(¥(2))
— €4 [ff d2d3da(sv(1)6v(3))
x (5v(2)6v(4NA(1)G(2]| 2)a(2)

X G(2]3)a(3)G(3[4)a(4){w(4) = £(1). (4.36)
The third term on the right-hand side corresponds to a
next to nearest neighbor interaction term. To recapitu-
late what we said earlier: In order to choose the proper
diagrams to assure convergence of the perturbation
series, it has been based on physical intuition or numeri-
cal experimentation in calculating the n-point correlation
function. Let us now consider the solution of the
Kraichnan equation

[Lo - (L1<£-1>L1)]<£-1) =1.

The solution of such a nonlinear equation can be written
by means of a continuous fraction

(4.37)

(‘8_1> = [Lo - <L1<£_1>L1>]-1, (4. 38)
(€1) = [Ly — (Ly[Lg — (L€ HLP L], (4. 39a)
@) = [Lg — (L[l — (L4 [Lyg

—(Ly[Lg - L)L )DL (4. 39b)

From a diagram representation this corresponds to the
class of diagrams that are made of nonintersecting
dotted lines and only two point interconnections of dotted
lines. Consequently,the mean Green's function becomes

(4. 40)
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In the case when the perturbation is small it reduces to
the first order renormalization case, and, when the pro-
cess is highly turbulent, the covariance {(5v(r, #)ov(x’,t'))
can be replaced by a constant and can be solved by a
Fourier transformation.

*Present address: Xonics Inc., 6837 Hayvenhurst Ave., Van Nuys, Calif.
91406. .
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The Neumann series solution as well as practical solutions for the stationary integral Boltzmann
equation, which governs the flux distribution of monoenergetic neutrons in a three-dimensional
system made by an isotropically scattering and multiplying material, are built up by extensively using
the concept of double norm and the theory of bounded linear integral transformations in a Lebesgue
space L ,. The convergence in the mean as well as other basic properties of the proposed solutions
are studied for the cases of both distributed and isotropic deltalike sources.

1. INTRODUCTION

Methods based on either the singular eigenfunction or
the Fourier transform techniques have so far been pro-
posed for solving the steady-state linear integral and
integro-differential Boltzmann equations for monoener-
getic neutrons.

In a recent paper,! where comparison is made between
the singular eigenfunction and the Fourier transform
methods, Case and Hazeltine observe that “the Fourier
transform method seems in several ways more direct;
in particular it provides solutions directly in a form
suitable for evaluation.”

In this paper we propose an approach which seems to

be much more direct than either of the two methods
mentioned above. This approach, which particularly
refers to the constructive techniques of functional analy-
sis, allows us to build up, directly in their original do-
main of definition, very manageable solutions to the inte-
gral form of the monoenergetic neutron linear Boltz-
mann equation in the most general case of a spatially
distributed source as well as for the source-free con-
figuration of three-dimensional systems.

We consider in the three-dimensional Euclidean space
R,, a body surrounded by void and occupying a convex,
finite, closed, and measurable domain D of finite
measure V;let x be a point in the interior of D. A
source Q&) emitting monoenergetic neutrons at a con-
stant rate in time is distributed throughout the body:
according to any realistic situation @(x) is a bounded,
real, nonnegative, measurable function for ¥ € D. The
body is made of a material in which both scattering and
fission are taken to be spherically symmetric in the
laboratory system. For the sake of generality two
further options are actually incorporated in the theory.

The first concerns the nuclear properties of the mate-
rial of which the body is made: It may even be inhomo-
geneous, that is, its total, scattering, absorption, and
fission macroscopic cross sections (to be denoted in
the sequel as Z, 2, Z,, and Z,, respectively) can be
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functions of the point ¥’ € D at which neutrons are iso-
tropically produced by scattering and fission. We set

SG7) = 5,G) + 5,@) + 5,@),
Esf &) = Zs(f’) + V(’-‘-')zf x’),

v being the mean number of secondary neutrons per
fission.

We assume that both Z(x’) and Z, (x ) are bounded real
nonnegative measurable functlons for x’ € D though they
may exhibit a finite number of discontinuity surfaces
S*(i =1,2,...,n) of finite measure (for instance, they
may be the surfaces separating two or more different
media of which the body consists). In this connection
we recall that Z(x') = T, (*') = 0 when ' is a point in

a void.

(1)

The second option concerns, instead, the nature of the
surface S delimiting the body considered, which may
even be concave. In this case it can still be regarded
as occupying a convex domain D which includes the
body surrounded by voids.

Our task is then to evaluate the neutron total flux ¢, )
as defined at any ¥ € D by the stationary linear integral
Boltzmann equation, which for the physical situation
above illustrated reads as?

8off) = [ a5’ EET T (B, E 00 + QENL, (@)
where
@ = [ s (‘~ E=x )du 3)
0 Cx =)

is the optical distance between ¥ and x’.
For the kernel of Eq.(2) we set
K, (,%') = S, 6K, & %) = Ty @) e 7G5/ 4| X% — J?’l:)

and realize that K (¥,x’) is a measurable and positive
function on D X D, whereas Ks,(x,x ), which is also mea-
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surable on D X D, vanishes when Zsf()? ) =0.

By introducing now the transformation T*, generated by
the kernel K*(x,x’) and defined as

F*@) =T = | K*@,%')/G")d; %', (5)

where F*(x), T*, and K*(x,x’) stand for either F /(x)
or F, (), T, orT K x,%') or K (%,%'), respectively,
and f (x) is a function measurable on D, Eq. (2) can be
formally cast into the operational form

¢o(;‘) = Tsf¢o + TTQ = Tsf¢o + ¢Q, (6)

¢ ? denoting the free term contributed by the distributed
source Q.

The paper is organized along the following lines:

(i) In Sec.2, by resorting to the finite double norm
concept in a Lebesgue space LP(D)( p = 1), we study the
general properties of the transport kernels K (x,x’) and
K (¥,x'), Eq. (4), and of the corresponding transforma-
tions T, and T, Eq. (5.

(ii) In Sec.3, on the basis of the results of Sec. 2, taking
any three-dimensional finite geometry and referring to
the metrics of LP(D) with p > 3, we prove the conver-
gence in the mean of the Neumann series solution asso-
ciated with Eq. (2) and point out how the convergence
depends on both the dimension and the nuclear proper-
ties of the system considered.

(iii) In Sec.4 we list “practical” solutions to Eq. (2)
which can be obtained once the transport kernel is
approximated in the mean by a kernel of finite rank.

(iv) In Sec.5 we consider Eq. (2) in the case where the
source Q(x) is an isotropic deltalike one, and briefly
discuss how this case can be treated by means of a
Fourier transform technique.

2. GENERAL PROPERTIES OF THE TRANSPORT
KERNELS

A. Complete continuity of the transport kernels

We first notice that, in a system of the kind illustrated
in the Introduction, the optical distance 7(x,x’}, Eq. (3),
may be a discontinuous function with respect to both

x and x’. The continuity of 7(x,x’) should be guaranteed
by the additional assumptions:

(i) For any x, every discontinuity surface S* of the
macroscopic cross section may be described by the
polar equation

l’-csi - x| = g,',;(ﬁ) (1)

where & = vers(fsi —x)and %, € §*, and
1
(ii) the function

&,i(ﬁ)zgi';(e,(p) ()

is a continuous bounded function for every S* and any
fixed x.

For instance, let us refer to the case where S* is a
plane, cylindrical, or conical surface, as may occur in
the physical situation we are dealing with. The equa-
tion which represents a straight line on S* passing
through ¥ is @ = const, so that & z@), Egs. (7), is dis-
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continuous. It is then seen that 7(x,x’) is discontinuous
for every pair (x,x’) belonging to the straight line, @ =
const, on S¥.

Returning now to the general problem of the continuity
of 7(x,x’), it can easily be inferred that the set, 7, of the
points ¥ at which 7(x,x’), as a function of ¥’ alone, be-
comes discontinuous, is a subset of D having zero mea-
sure. It follows from the symmetry of 7(x,x’) that

e ™%.%") ig continuous almost everywhere in D X D,

As the discontinuity points of the bounded functions
Zsf(fc) and Z(x) constitute a set of zero measure, we con-
clude by formulating the following theorem which is a
generalization of a theorem quoted in Mikhlin3 and
guarantees the complete continuity of both the kernels

K (x,x’) and K_{x,%'), Eq. (4), for the present physical
situation:

Theorem: LetD be a closed and bounded domain
of R, 0 =< o < 3 a real number and f{x,x’) a measurable
nonnegative bounded function, which is continuous almost
everywhere in D X D. Then any kernel of the type

the,x') =flqx')/4m|x — x'|> (8
is completely continuous in the Mikhlin sense, that is,

lm [ |16, %') — 16y, %)% = 0 ©)
*\ 7%

uniformly for any pair ¥,,%, € D.

The proof of this theorem is given in Ref. 4.

B. The transport kernels, Eq. (4), as kernels of finite
double norm

Hereafter we refer to a complete and separable Lebes-
gue space L,(D) withp > 1.

Let {(x,x’) be a measurable function on D X D. Following
Ref. 5 we say that #(x,x’) is of finite double norm |[|¢|| on
D XD if, for every pair of real numbers p,q = 1 such
that

1/p +1/q =1, (10)
there results
) = le@ll, = [fD|t(q)(§)|pda,-c]1/p
= [lleGe, 2,1,
={ [ dx[ [ 116, %")|ad5"]p/a} Vb < oo, 1)

Then t(x,x’) is also said to belong to the Banach space
N,(D) with p > 1.

We pass now to show that both transport kernelsg Eq. (4),
are of finite double norm on D X D with 1 < ¢ < 3 and
P > 3. This is done by overestimating the kernels on
the basis of the inequalities

Tyl) = Zh%, SE)= %, >0, (12)
which are in order for the present physical situation and
hold for any X € D.

If A is the diameter of D defined as

A = sup
%,%'€D

lx— x|, (13)
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we have, for the case Z;, > 0,

K@ @) = | Ky @, %), < L%/ (4n) (- e

X[y(3 — 24,9 Z4108)/(4 Zp1n)3 291V = RS, (14)

which is recognized to converge for any real ¢ such that

1=g<3$, (14)

once we recall that, for Rea > 0, y(a,u) denotes the
incomplete gamma function.®
Introducing Eq. (14) into Eq. (11) yields

HEA <hSPr. vYP < w, (15)

which expresses that, for Z ;, > 0, K, f(x x') is of finite
double norm on D XD for any real P such that

>3 (15%)

as follows by combining Eqs. (10) and (14’).

The case Z ;, = 0, which occurs when D includes voids,
is treated in a similar way. Indeed, in the limit of
Z.in — 0 we get from Egs. (14) and (15)

ESr}ax A(3'241)/11

(4n)(a-Wa . (3 —

K& (%)= = niPo (16a)

2q)V
and

”|st|” < hsff‘l)o. yVe < 0, (16b)
respectively. Hence also for Z;, = 0 the kernel K (X,

x') is of finite double norm on D X D for the same range
of values of ¢,p = 1 quoted in Eqs. (14a) and (15a), res-
pectively.

Inspection of Eqgs. (14) and (16a) makes us aware of the
important result that for both %,,,> 0, K4 Sf (%) =
| kA%, %), is actually bounded in D,

The same procedure can now be applied to the kernel

K (¢,x'), which, like K {x, '), belongs to N, (D) withp > 3:
The norms K@ (%) andf li&, Il are, in fact, recogmzed to
admit bounds which c01nc1de with those of the corres-
ponding norms of K (x,%’) divided by ZJ2*.

C. Properties of the transformations generated by the

transport kernels
If in Eq. (5) f(x) is a measurable function belonging to
L,(D) with p > 3, by Holder’s inequality we deduce
J VK@, %) 7G| dy %

= K*@G) lIfl, < v* @11,

where K*(@(x) stands for either K{P(¥) or K{9(¥),and
n*(@ for h(") or K2,
Taking the norm of both sides of Eq. (17) yields

|F*(x)| = |T*| <
(1)

IF*ll, = IT¥ll, = [H&*I] 7], = h*@-v1/2|f],. (18)
which expresses the well-known property that if a kernel
belongs to N, (D) then the transformation generated by it
is a linear 1ntegra1 transformation of L, (D) into L,(D ).
Such a transformation, which is bounde(f is also compact

and continuous. Keeping in mind that K* @(x) is bounded
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for any ¥ € D, we may conclude that the transformations
Tyand T, generated by the transport kernels K, (x, )
and K (¥, % '), Eq. (4), are actually linear mtegral trans-
formations of the Lebesgue space L,(D), with p > 3, into
the space B (D) of the functions bounded onD. BeSIdes
the space B(D) we consider also the space B,(D)(p = 1)
of the functions which belong to L, (D) and whlch are
almost everywhere bounded on D

Now let k(%) be a function belonging to B, (D) (p >'1), that

is, |2 (x)| < b = constant almost everywhere. Then we

have

[H*(%,) — H*(x,)] <
X |hE')|dyx

S VB, %) — K+, 7))
< [ IRH G, B0) — K, 7)) dy

As K*(x,x’) is completely continucus (see Sec. 2A), from
Eq. (19) the uniform continuity of H*(x) on D follows.
Thus T, and T, can also be regarded as linear integral
transformations of B, (D) into C,(D),C,(D) being the
space of the functlons which are umformly continuous
onD. In C,(D) the norm is defined as in L, D) (p = 1).

(19)

3. THE NEUMANN SERIES SOLUTION
A. General properties of the solution of Eq. (2)

On the basis of Egs. (17) and (19) we first observe that
T.Q = ¢@[see Eq.(6)] belongs simultaneously to C,(D),
B, (D) and L, (D) with p =

Since the Fredholm alternative holds for any compact
linear transformation of a Banach space,’ in particular,
for T, and L (D) with p > 3 as in the present context,

we can state that if 1 is not an eigenvalue, a unique solu-
tion ¢y(x) € L, (D) with p > 3 exists for Eq. (6).

On the other hand, still resorting to Egs. (17) and (19),
we realize that T, ¢, belongs td B, (D) so that ¢, =

T o+ T,.Q €B (D) and thence T, f¢o € Cp(D}) w1thp
We can thus conclude that ¢y = T, ¢, + T,Q belongs
also to C, (D) withp > 1,

Therefore the solution ¢(X) of Eq. (2), if 1 is not an

eigenvalue, is unigue and is represented by a uniformly
continuous function on D belonging to all classes L,(D)
with p > 1 even if Kf(x x') belongs to N, (D) with p > 3.

When @ = $? = 0 and 1 is an eigenvalue of the problem,
the same considerations are in order: The solution
$o(¥) of the homogeneous form of Eq (2) belongs to
C,(D) and to B, (D)CL (D) withp =

B. Convergence in the mkan of the Neumann series solution

The Neumann series solution associated with Eq. (2) is
formally

bol) = S (T 99 (20)
whose convergence in the mean is guaranteed, according

to the Riesz—Fischer theorem, by the completeness of
the Lebesgue space L (D), once the Cauchy condition

Jdim 15 (T,)i¢0l, =0 (21)
is satisfied.
By using Minkowski’s inequality and the well-known
result

TP < 1Tyl = KL=, 2= =1,2,..., (22)
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Eq. (21) can be rewritten as

n
lim [ S
00  i=mt+l

m.n

n
< "¢Q"p ml.i{guo t=r§z

(Tsf)i¢Q ”1, = m],'}zllloo i=”51+1 fi (T, f)i(bQ Il

Ty li=lgel, um § ikl
(23)
where p > 3 as required in the present context.

From Eq. (23) we infer that the Cauchy condition, Eq.
(21), is satisfied if

T <1 (24a)
or, a fortiori, if
& < 1, (24b)

which thus represent the conditions sufficient for the
Neumann series, Eq. (20), to converge in the mean (of
index p > 3), to a function ¢0(x) e L (D), which is a solu-
tion of Eq. (2). In fact, by the contmulty of the transfor-

mation T, we get

oo -
Tydo =Ty 5 (T} dQ = S (TH™16Q = ¢y — 6.
(25)

That 50(;?) is, apart from a set of zero measure, the
unique solution of Eq. (2) follows from the Fredholm
alternative since 1, as expressed by Eqs. (24), is not an
eigenvalue of Eq. (2).

From Eqgs. (17) and (22) we notice also that
(T )"0% | < B IT N M09, < KUK N 6, (26)

from which, using Eqs. (24), it is possible to demonstrate
that the Neuman series, Eq. (20), is also absolutely and
uniformly convergent and represents the unique and
uniformly continuous solution of Egq. (2).

C. Explicit form for the sufficient conditions, Egs. (24)

The condition || 7,,|| < 1 cannot be easily handled as the
overestimation of T, !l implies the solution of a rather
difficult extremal problem. Hence we confine ourselves
to the more restrictive condition [IK Il < 1, Eq. (24b),
which, by Eqgs. (15) and (16b), reduces to

g (3 — 24, %)\
sf AY 4% 5n SV < 1, (27a)
(dm)ve (¢Z44n)3 29
when Z . > 0 and
Z:fax A3-2¢ Vg
. 747
@nr \3_2g Vier <1, (270)

when Z_ .. = 0, respectively.

In the limit of # = ¢Z ; A < 1, that is, for very small
systems, since y(a,u) =~ a~1.-u2 Eq.(27a) reduces to
Eq. (27b).

On the contrary, whenu = ¢qZ_. A > 1, that is, for very
large systems, in Eq. (27a), ynta u) can be replaced by
the gamma function F(a).6

Returning to Egs. (27), we now take p = «, hence g = 1.
This is meaningful as we have found that a unique solu-
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tion of Eq. (2) exists which is bounded on the closed
finite domain D.

The sufficient condition, Eq. (24b), then reads as

max max 5
STy (1, Siat) = - (1 — & mn®) <1, (28a)
min min
when Z . > 0 and
T A<, (28b)
when T, = 0. Both equations (28) coincide in the limit
of o .01,

The physical interpretation to be attached to the explicit
conditions above derived for the convergence of the
Neumann series, Eq. (20), follows immediately from a
comparison, for any fixed A, of the effects of the neutron
absorption and escape with the neutron production by
scattering and fission.

4. PRACTICAL SOLUTIONS FOR EQ. (2)
A. General remarks

Since the explicit evaluation of the general term of the
Neumann series, Eq. (20), is a very arduous task, we
pass now, as usual in many problems of mathematical
physics, to consider the problem of constructing a
“practical” solution for Eq. (2). We shall accomplish
this task by extending to the present three-dimensional
systems the procedure proposed in Ref.7 for the case
of a mono-dimensional infinite slab of finite thickness.
This procedure consists of approximating the kernel of
Eq. (2) in the mean by a kernel of finite rank.

For the sake of simplicity, we shall first refer to con-
vex finite bodies made of a homogeneous material, that
is,in Egs. (1), Z(¥') and =, (x ) are now independent of
pos1tion. Equation (2) then becomes

Polx)

whose Kernel

=3y [ KGEE) 9@V dsE" + 69), (29)

K(x,x') = e B15#1/4n|x — x7|2 (30)

is easily recognized as belonging to Np(D) with p > 3,
like the corresponding kernel of Eq. (2). In particular,
we shall exploit in the sequel the circumstance that, as
a function of X’ alone, the kernel K(x,x’), Eq. (30), is of
class L,(D), as follows from Eq. {14).

B. The approximation of the kernel, Eq. (30)

Letx/ € I, (a, ll,) (! =1,2,3) be the coordinate of the
general point x’ € D with respect to an arbitrary three-
dimensional reference system (g, b,) denoting a closed
finite interval.

As K(x,%’) is of class L, (D) it follows from Fubini's
theorem that, for any x € D, K(x,x’) is summable over
I, namely

x @, %) = [ 1K@, %")|dx; < oo,

i#j = 14,j,1=1,23) (31)
for almost every x/ € ] and x; € I.
Let us now take the infinite countable sequence
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Wl @)@ =1,2,3,7,=1,2,...) of polynomials of a
degree coincident with their index. This sequence is
then complete in ], and we suppose that it is also ortho-
normalized with respect to the weight function w, (x;),
that is,

VAN LA LT (32)

where 6”1,,,1 is the Kronecker index. For later reference

we recall that the linear manifold determined by
{\P,fl (x;)}, that is, the set of all finite linear combinations

?a"z z,l/,fl (x/), is everywhere dense in L,(1;}. By choosing
the a"z as rational complex numbers, we can recognize
that L, (I) is separable.

We then form the infinite countable sequence

_ 3
16y e G} =310 Vi, &)

) (33)

which, like the sequence {xl/”ll (x})}, is complete and can

determine a linear manifold, everywhere dense in L, (D).
The space L1(D) is thus separable as already stipulated
for the space L, (I).

As far as the orthonormality properties of the func-
tions G”l"z”a (x’) are concerned, we realize that, if the

general weight function w,(x;) is chosen so that d3:?’ =
N2, w/(x})dx}, we obtain

f

DG"1"2"3 @) G"‘l’"z"'s (x')d3x’ = 6"1"‘16"2"'26"3"‘3' (34)
In Table I we list the values of the three weight func-
tions w; (x;), wy(x,), w5 (x;) for the most common systems
of coordinates. We list also the corresponding varia-
tion range of the considered coordinate defining the
closed finite domain D,

TABLEI.

Coordinates w;(x;) wylxy) walxy) 4 L I

Cartesian

(g, %5, %5) 1 1 1 oy, 0) oy a5) (a0

cylindrical
& =pixp=x; P 1 1
%3 =2)

(OyR) (0: 2") (”_ H) H)

spherical
(o, =7;%,=0; v2 sing 1
x3 =

(O,R) 0,7 (0, 2m)

With all this information at hand let us now expand the
kernel K(x,x’), Eq. (30), regarded as a function of x’
alone, in terms of the functions G, , , (¥’), Eq. (33), by
writing 1278

— - b -’
K@, %) = nyngng=0 F”x”z"a mG"x”z”a &), (35)
where
Fopa, @ = [ K&,Z)G,, , F)d7’ (36)

is a sort of Fourier coefficient of K(¥,x’) With respect
to the assigned sequence, Eq. (33).

For any triplet Ny, N,, N, > 0 we now set
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K@,x') = Ly, 5, &,%°) + My np, &, %) (37
with . :

N N N. -
Lo @,5 = S, Sy, S Fumgng O Cnpym, € (39

=0 n,=0 n,=0

As the infinite countable sequence G, , , (*') is com-
plete in L, (D), we have ves

”K(’?,’—C') - LNlNzNa a,f')lll

1My, E )y = 0 (39)

lim

N1 .Nz .Na""o
= lim

Ny.Njy, Ng—oo

in agreement with the separability of L, (D).

Equation (39) expresses that, for any ¥ € D, the triple

series on the rhs of Eq. (35) is convergent in the mean
(of index p = 1) to the kernel, Eq. (30). We thus recog-
nize that, whereas LN1N2 ,%(9?, x’), Eq. (38), is a kernel of

finite rank, M N A, (r,x") is a kernel whose norm, accor-

ding to Eq. (39), can be made as small as desired. Hence
the approximation of setting, for any x < D,

K@, #) = Lyy o 5,5, (40)

is just the approximation of kernel K(x,x’), Eq. (30),
sought.

C. Practical solution of Eq. (29)

First we introduce Eq. (35) for K{x,x’) into Eq. (29).
Then by the convergence in the mean of the triple series
on the rhs of Eq. (35) and by the boundedness of ¢,(x)

we may exchange the order of integration and summa-
tion in the integral term of Eq. (29) (see Appendix), so
that we obtain

0@ =By S b B @)+ 9@, (41)

"1 .nz .n3=
where the coefficients

L Go . @@ dg% (42)

Ennn "3

17273 = D
are finite as G, , ,,_ (x’) and ¢y(x’) are bounded on D.
When the general , is restricted to some finite integer
N,[0=n,=< N, (I = 1,2,3)], Eq. (41) represents the sought

practical solution of Eq. (29) in terms of the known _
functions F, 3(:?), Eq. (36), and of the free term ¢?(x),

nlnzn
once the coefficients g"x"z”s are determined by resorting

to the orthonormality properties, Eq. (34), of the se-
quence {G, ,,2,,3(7?)}. In fact, multiplying throughout Eq.

(41) by Gml,nzmg(:?) and integrating over D, we are left
with the infinite algebraic system

mymasym.
g"'x”‘z"'s =3 A"x’l‘z’?s ’ £"1"2"3 + B’"l’hz"’s ’ (43)

where both the integrals

S
f nyinging=0

AR = [ Gy GV Fy . n ()3T (442)
and
Bmlmzma = fD G’”;”’z"’s(;w Q(f)da’? (44b)
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are easily recognized to be finite.
When Q(x) = ¢9(¥) = 0, we have B

m mzm

amy = 0 so that Egs.
(41) and (43) constitute an eigenvalue problem.

The polynomialsyZ (x,) tobe used in Eq. (33) are still to be
chosen. We shall confine our attention to the Legendre
polynomials whose argument will be specified in the
next paragraph for three typical convex finite geome-
tries.

D. Examples

The domain D is taken to be successively a parallele-
piped of dimension 2, along the coordinate axis Ox,( =
1, 2, 3), a cylinder of radius R and of height 2H,and a
sphere of radius R (compare Table I). The origin of
the corresponding coordinate system coincides with the
center of domain D. With a distributed source @ (x) hav-
ing the same symmetry as the coordinate system being
considered, the results of the application of the theory
illustrated in the two preceding paragraphs are the
following:

(i) parallelepiped
bo®) = Gol¥y, %y, %3),
3 /2
expi— = | S (x,— x/)2 1
I )
4 z§1 (v, — x/)2

. 3 f[2m + 1) V2 %/
G"l"z"s( )= 11;11( 2¢, > .P"l a, )’

(45a)

A7rams = 0 for my + 7, odd,
2
By m,my =0 form,odd (I =1,2,3).

(ii) cylinder
¢0(’?) = ¢o (pr X,Z) g ¢0(ps Z),

K@kx,%') > K({p,z;p",2") = foz'
5 EXPi—Z[p2 +p’2 — 2pp'cosl(x — x’) + (& — z’)z]Vz}d ,

4n[p? +p’'2 — 2pp’cos(y — x') + (z — 2')?] X
g ] 12 ’ [2(2” + 1)]1/2 p'2
Gn1n2n3(x ) —)G”p”z(p ,2 ) = R * P’lp 1 - 2—-&;

(45b)

2n, +1\V2 z'
X P (—]),
) ()

An’:,f:"' =0 form, +n,odd,

B"p"z =0 forn, odd.

(iii) sphere

¢oﬁ) = ¢0 (7’ 6 9‘P) _’7¢0(7),
K&_’E’) _)K(r,’r’) = %El(zlr - 'rl‘)’

- 2n, + 1\V/2 r’
G’H"a”s(xl) —)G"r(r’) = < 2R ) ) P"r(ﬁ > (45¢)

Extension of the results of this section to the general
case represented by Eq. (2) is immediate once the ker-
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nel K. (x,%’) of Eq.(2) is recalled to possess all the pro-
perties which have been already invoked for the kernel
K@#,x') of Eq.(29) in the limiting case of constant cross
sections.

The solution of Eq. (2) is still of the form of Eq. (41),
provided we replace EsfF";"z"a(x) by

o TEE)

Fipany® = [ B B ety G

ms (x')dsx’,

(454d)

which takes into account the inhomogeneity of cross
sections. In Eq. (45d) G"l”z"s (*) is still an element of

the infinite countable sequence, Eq. (33).
In turn the coefficients £,‘1,,2,,3 still satisfy the system
(43), in which E&,A,:’:{:j;“ is now replaced by

AXTimzms i
n,n

S -
1%2"3 D G”‘l”'z’”s(x)F"x"z”a(E)d:’x

withF‘l‘

nn

s ) given by Eq. (45d).
Of course the known terms B”'J'"z"'s’ Eq. (44b), of system

(43) must be evaluated by exploiting the appropriate
definition, Eq. (8), for the free term ¢ 9(x) of Eq. (2).

5. THE CASE OF AN ISOTROPIC DELTALIKE
SOURCE IN A HOMOGENEOUS SYSTEM

A. General remarks

When the neutron source @(¥) is no longer distributed
but is an isotropic deltalike one, namely

QK) = Q6(), (46a)
the free term of Eq. (29) becomes
¢9F) = QeTl*!/4n|% |2 = QY(x) (46b)

as follows from its general definition, Eqs. (5) and (6).

In this case, whereas the kernel K(x,x’) of Eq. (28) still
belongs to N, (D) with p > 3, the free term ¢?(x), Eq.
(46b), belongs instead to L, (D) (1 = ¢ < 3/2), which is
complementary to L, (D) (¢ > 3). Indeed, proceeding as
was done in the case of Eq. (14), we find that

Q ,<y<3 —2q,g28V0 o

losl, = (4m)a-We (@T)3-2¢

which in fact converges for 3 — 29 > 0.
Furthermore, we realize that

(1) the application of the transformation T with kernel
K(@,x') € N,(D) to the function $9 (%) € L (D) no longer
guarantees, in general, that the resulting ?unctlon will
still be of class Lq(D);

(11) the solution ¢qy(x) of Eq. (29) cannot be any longer
proved in general to be continuous and bounded on D.

This two-fold inconsistency, which as a consequence of
the choice of the source, Eq. (46a), emerges in the theory
so far developed, can be overcome, as shown hereunder,
once Eq. (29) is regularized through a technique based
on the Fourier transform.
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B. Fourier transform of Eq. (29)

By introducing the characteristic function p,(x) of
volume V of domain D, Eq. (29) can be rewritten as

Do) =By [ WE 2y E)6E ) + QUE),

where Y(x) is defined by Eq. (46b).

Taking a three-dimensional Fourier transform of both
sides of Eq. (48) and denoting by 2(B) (where B is the
vector associated to the transformation) the Fourier
transform of k(x), we obtain as a consequence of a two-
fold application of the convolution theorem

(48)

4;0@) = zsfﬂ;@) 1 st ZV(E - 3’)50(5’)613?’

(21[)3 R
+ Q¥ (B),

which is a linear integral equation in R4 = R, for the
Fourier transform ¢,(B) of the unknown ¢,(¥) and is of
the same form as Eq. (2.12) of Ref. 1.

That Eq. (49) is the sought regularized form of the ori-
ginal Equation (29) in the case of the source, Eq. (46a),
can be seen as follows.

We first notice that

(49)

I@) = BB/E oy 5

B (50)

where B = | B}, is a continuous bounded function for
0 < B < ® and is of class Lp(Rps) with p > 3. In fact
its norm

00 - v
10, =14, 19@ B = (15 [ B )

rp-2
(51)
clearly converges for p > 3.
On the other hand for the double norm of the kernel
K®B,B’) = (2ny3¥(B)p,(B — B (52)

of Eq. (49) we find, according to the definition of Eq. (11),
that

MW = @ma- 191, - [, 17, (B ")1edB 1i/a.  (53)

When the bracketed integral turns out to converge for
a,<q < 4, where a, = 1 is a real number depending

on geometry, we deduce, according to Eq. (10), that
K®B,B’) = Np(Rrs) with ag/ag — 1= p > 3. This occurs,
for instance, in the parallelepiped case witha, = 1. If
the bracketed integral on the rhs of Eq. (53) dgo not con-
verge fora, < ¢ <4, the regularization could be attained
by exploiting the symmetry of both geometry and source
through a reduction of the number of independent vari-
ables to be considered.

Once K(B,B’) is verified to belong to N, (Ry,) with p > 3,
the discussion of Eq. (49) is amenable fo that of the kind
developed for Eq. (2): among other things, in the case of
Eq. (49), the closed finite domain D is replaced by Rp3 =
Ry
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We recall that Eq. (49) has already been investigated by
a Fourier transform technique, more or less similar

to the one here illustrated, in Refs. 8~12 for the parallele-
piped, cylinder of finite height, sphere, mono-dimensional
slab of finite thickness and cylinder of infinite height,
respectively. It is interesting to remark that for the
first three of the geometries mentioned above the re-
sults, obtained by transforming back the practical solu-
tion of Eq. (49), once the Kernel K(B,B’), Eq. (52), is
expressed in Rp; X R, 5 as a bilinear series in terms of
Bessel functions, exactly coincide with those quoted in
Eqs. (45a)-(45c).

APPENDIX

The change of the order of integration and summation in
the integral term of Eq. (29) can be justified as follows.

By the boundedness of ¢y(¥) we first have
|, IKG7) = Ly 760G 57|

< ‘[1; IK&-’E')—LMNzNa(f’EI)I ld’o@’)ldzgfl
< M- |K@x,x') — LN‘NzNa(JF,i’) 1e (A1)

Then, on the basis of Eq. (39),

im | [ K@ %)~ Lyy 5 6, ) 6o@ ) daF' | = 0,

Ny, Ny Ny
(a2)

so that
fn Nxvlei-rll‘}a"wL"SNst(E’E,)‘PO(’?’)ds;’=fDK(;,x_')ibo(f’)dai’

= Nl.lei,rzl}s..oo fD Ll\pvzns(x,x')(bo(x’)d:;x’, (A3)

which precisely expresses the Lebesgue theorem for
term by term integration in the present case.

From Eq. (A3) one gets Eq. (41), once the position of
Eq. (42) is accounted for.
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This paper is a study of the representations of the current algebra for an infinite, free, Bose or Fermi system
at finite temperature. The state of the algebra is calculated for a finite system by use of the grand canonical
formalism of statistical physics, and the thermodynamic limit is used to get the representation of the infinite
case. An expression of the states is given in terms of determinants of one particle operators. In a second part,
the usual formulas for the occupation density, the condensation temperature for bosons, etc., are recovered.
It is also found that the canonical and grand canonical formalisms are equivalent when used to study Fermi
systems in the thermodynamic limit, but not so for the Bose systems. It is postulated that this has something
to do with the phase transition of Bose systems. Finally, the problem of the Hamiltonian is discussed in some
details. The states calculated previously are used to test a method for calculating expeciation values of the
Hamiltonian, given the states of the algebra; it yields the correct value for the case of the free system at

finite temperature.

INTRODUCTION

It is evident from a brief examination of the literature
on axiomatic physics that a strong emphasis has been
given to the algebrdic aspect of field theories. At the
same time, it has also been suggested that the ordinary
canonical formalism used to describe such theories
might be replaced by other coordinates, and especially
the so-called Current fields.1—6 It is the purpose of this
work to describe a simple physical system, a free gas at
finite temperature, in terms of such fields, and in the
context of the theory of representations of a C*-algebra.

The work is divided as follows. The general properties
of C*-algebras are reviewed, and the possible forms of
the Hamiltonian are discussed. In the second section,
symmetric functions are introduced, and expressed in
terms of traces of Hermitian operators; then, general
formulas are demonstrated that will be of use in subse-
quent chapters. In the third part, the state of the expo-
nentiated group of the current algebra is computed for a
free gas at finite temperature in a finité box Section IV
deals with the thermodynamic limit of the state by use of
the grand canonical formalism, and the questions of con-
vergence and Bose condensation are discussed. A
method for computing the Hamiltonian is also described
and applied to the free system.

I. ALGEBRA AND FIELD THEORIES

This section will deal mostly with two topics: the alge-
braic aspect of field theories, and the problem of the
Hamiltonian in current algebra.

A. C*-algebras

All the proofs of the properties of C*-algebras that
follow can be found in Dixmier.7 Let % denote an algebra
and * an involution over the field of complex numbers,
i.e.for A €%, A *< %, with the properties

(A*)* = A’
(A + aB)*=A* + aB*,
(AB*) = B*A*,

A B*-glgebra is an algebra ¥ over the field C of com-
plex numbers with norm ||A[| and involution * such that

1A*] = llAll,
41451 = A, ) A,
la*Al = |lAll2.
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C*-algebra: If we have a Hilbert space $ and B(9) =
the set of bounded linear operators on . If A € B(9),
and A* is the usual adjoint operator, |A|| is defined as

IAll = suplAel, ol = I

A subalgebra % of 8(9) which is self-adjoint, i.e.,

A€ = A* € ¥, and norm-closed, is a C*-algebra.
Any C*-algebra is a B*-algebra, and conversely, every
B*-algebra is isomorphic to a C*-algebra on some §.
In all the statements that will follow, we will assume
that the algebras have an identity I.

A representation of a B* algebra on a Hilbert space
is a map II: % — linear boundet or unbounded operators
on . This map must preserve the algebraic structure,
i.e,if Aand Be %

{A)II(B) = II(AB),
(A% = TI(A)*.

A representation is said to be cyclicif 3 Q€ 9
ANRS H. The vector Q is said to be a cyclic vector.

The states p on % are continuous linear functionals on
A, positive and normalized to 1;if A € %, A is said to be
positive if

A = B*B for some B

and we write A > 0.

A state p(A) is positive if for A > 0, p(A) > 0. The state
is normalized to unity if p(I) = 1.

The Gel'fand~Segal construction: There is an impor-
tant relation between states and representations of a
B*-algebra. If there exists a cyclic representation II of
the algebra % with a cyclic vector £, then p(A) =
(@, M(A)Q) defines a state on the algebra. The converse
also holds; namely that a state on the algebra defines a
cyclic representation up to a unitary equivalence. This
theorem is the basis upon which this work will rest; we
will compute a state for the current algebra, and be-
cause of the Gel'fand—-Segal construction, this state will
be sufficient to describe the physical system completely.

Equivalent vepresentations: Two representations II,
and II, in $, and $,, respectively, are said to be equiva-
lent if there exists an isometry V of $; onto $, such
that
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T4(4) = VI (A)V-1,

It is shown that two representations II; and II, in $,; and
9, respectively are equivalent if and only if there exists
a cyclic Q, € 9, such that

(24, I (0Q,) = (V,, T,(AN)Q,).

Irveducible vepresentations: A representation II of a
B*-algebra % is said to be irreducible if given C € 8(p)
and [C, TI{(A)] = O for all A € %, then C = al. In terms of
states, this condition for irreducibility is equivalent to
having a pure state. If p = Ap; + (1 —1)p, with p; and
p, states,and 0 < X = 1, p is pure if and only if the only
possible such decomposition is p = p; = p,.

B. Canonical and current fields

We see that the properties of reducibility and equiva-
lence of representations can be discussed entirely in
terms of states and that these states define a cyclic re-
presentation up to a unitary equivalence. We will now
give specific examples of C*-algebras used to describe
physical systems.

The C*-algebra usually encountered in physics is the
algebra of canonical fields. It can be characterized as
the algebra of all polynomials in the quantities ¢(x) and
II(y), subject to the conditions of commutation or anti-
commutation

[¢(x), D(y)], = 76(x —y)

with the + (—) sign referring to fermions (bosons).
There is, of course, one very well-known representation
for such an algebra, the Fock representation. The
Hilbert space for the representation is denoted &, 9,
where $, is the N-particle subspace and is the set of
square-integrable functions in N variables that obey
symmetric or antisymmetric statistics, with the con-
straint that, for all ¢ € 9,

S (W ) = @, ¥) <
N=0

and (Y, Yy) is the usual L2 inner product. We will give
the representation of the smeared fields

o) = [fox)dr, (g = [N(x)g(x)dx,

and f and g are either Schwartz functions or functions of
compact support in the box.

Define the auxiliary fields
a(f) = [o(f) + {MINVZ, a*(f) = [o(f) — (/2.

On the N-particle sector, for Bose statistics, the Fock
representation for the a's and a*'s is

(A Y. xy) =N + 1 fszﬂ(xlxz. o Xy, X)f (x)dx,
1 N _
(a*(f)w,v)(xr . -xN) = ﬁ ?1 f(xi)WN-1(x1x1- . -xN);

where %; means that the coordinate x; is to be omitted.

For the anticommutation relations, we get

(@ W) Kqe v xy) = VN F T [y g (ge . 2y, 20f (x)dx,
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(@™ ()xy. . xy)
1 X -
= ﬁ ;1 (— 1)’*1f(xi)¢/N_1(xl. . '2i' . .XN).

It is easy to check that these fields satisfy the expected
commutation or anticommutation relations,

[a(f),a*(g), = [ fx)gx)dx.

It is now appropriate to make some comments on the re-
presentations of the canonical fields, since it will indi-
cate some of the reasons for the procedure used later.

First, it is well known that although the Fock represen-
tation is bounded for Fermi fields, it is not so for the
Bose fields.

Mathematical properties of unbounded representations
of canonical fields have been investigated, 8 but the usual
procedure is to consider representations of the group of
exponentiated operators, the Weyl group. Once this group
is known, it is possible to recover the infinitesimal
generators on a common dense domain, and the exponen-
tiated fields have the advantage of being bounded. A
more important difficulty arises from Haag's theorem.
Although it is known that all representations of the cano-
nical fields with a finite number of degrees of freedom
are equivalent to the Fock representation, it is not so in
the case of an infinite number of degrees of freedom,
where there is an infinite number of inequivalent repre-
sentations. Haag's theorem states that in a theory that
has a space invariant vacuum, any representation that is
equivalent to the Fock representation cannot describe
anything but a free system. One is then faced with the
choice of working with a representation that one does
not know, or use a theory that is not space invariant.

It is this second procedure that will be used here. The
system is taken to have a finite number of particles N in
a box of finite volume V. The calculations are made in
the Fock representation, and at the end N and V go to in-
finity, with the ratiop = N /V a fixed constant. This pro-
cedure is called the thermodynamic limit, and its exis-
tence has been extensively studied by Ruelle? in the case
of interacting many-body systems. An important exam-
ple of this method for the description of a free Bose gas
at finite temperature in terms of exponentiated canonical
fields can be found in Araki and Woods.10

It has been suggested by some authors1l that physical
theories might be expressed in terms of coordinates
other than the canonical fields, and that by such substi-
tution, one might be able to describe phenomena not pre-
viously covered by the canonical formalism.

One such set of coordinates are the so-called current
fields, defined in terms of the canonical fields by

p(x) = a*(x)a(x),

I(x) = (1/2)){a*(x)Va(x) — [Va*(x)]a(x)}.
In all that will follow, we will assume all masses to be 1.
The smeared form of the operators is

p(f) = [ px)f (x)dx,

J(g) = [I) - glx)dx,

and the a's are either Fermi or Bose fields for spinless
neutral particles. Since we know the Fock representation
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for the canonical fields, we can write it for the currents.

On 9y, the N-particle sector of Fock space,

N
BN = I 6 W @)
T@Uy = 55 2 gk - ¥, + V- gx,) r.2)

The Fock representation for the currents is the same
whether one starts with Fermi or Bose fields. From the
commutation relations of the canonical fields, it is pos-
sible to compute the commutation relations of the cur-
rents,

(), n(g)] =0, (1.3)
[p(f), J()] = ip(g - Vf), (L.4)
[J(g),JM)] = iJ(h - Vg — g + Vh), (1.5)

irrespective of the statistics of the initial canonical
fields. To stay in the spirit suggested by algebraic con-
siderations, one then forgets about the existence of cano-
nical fields, and considers only the polynomial algebra in
p and J, subject to (1. 3) to (I.5). It is then easy to see
that Egs. (I. 1) and (I. 2) define a representation of this
algebra, which we will call the Fock representation of
the current fields.

The same comments can be made about this representa-
tion that were made about the Fock representation of the
canonical fields; it can describe fields that have only a
finite number of degrees of freedom, whereas represen-
tations of physical interest are expected to have an infi-
nite number of degrees of freedom, and the thermodyna-
mic limit of the Fock representation can again be used
to avoid this difficulty. On an N-particle sector of Fock
space, the density operators are obviously bounded, but
the currents J are not. Fortunately, a procedure analo-
gous to the exponentiation of the canonical fields to ob-
tain the Weyl groups is also available in the case of
currents. Goldinl? has shown that it is possible to con-
sider the group of operators eiP(f) ¢iJ (&) and that a
knowledge of (e¢i?(/)) alone is sufficient, coupled with an
equation of continuity, to contain all the physical informa-
tion of the system, and it is possible to recover the in-
finitesimal generators on a common dense domain in a
Hilbert space. A convenient way to do this for the expo-
nentiate values of the density operator is by functional
differentiation:

L) = (@), G = g A s T.6)
. 52
ZpWP() = 55757 € | -0 @7

It is also to be noted that other representations are
known, espectially the functional representation of
Grodnick and Sharpll which describes both Fermi and
Bose statistics, and can be shown to be equivalent to or-
dinary Schrodinger quantum mechanics when applied to
ordinary Fock space.

C. The Hamiltonian

It is in the functional representation that one of the prob-
lems of current theory is most evident. Written in
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terms of canonical fields, the Hamiltonian is a polyno-
mial of the fields; expressed in terms of currents, it is
a more complex expression given by

) = § K@) 505K @dx + [[ () V(s — yp(y)axdy @.8)

and
K(x) = vp(x) + 2{ J(x) (see Ref. 11).

The free Hamiltonian density contains a term 1/p(x),
which at first sight, is not an operator-valued distribu-
tion. Grodnick and Sharp, however, are able to show that,
although 1/p(x) is meaningless, the expression K(x)*
1/p(x)K(x) is a bona fide operator-valued distribution and
that the Hamiltonian is well defined. We will take a dif-
ferent approach and consider the Hamiltonian defined
through its commutation relation with the density opera-
tor. We will then see that, up to a point, it is possible to
determine its form in the Fock representation.

To the algebra defined by (L. 3) to (I. 5) is added an opera-
tor H that defines the time translations as follows:

[H,A]= —iA, v Aecu.

It is to be noted that H € %, i.e., is not a polynomial of
p's and J's, as can be seen from the functional represen-
tation. In particular, if A = p(f),

[, p(/)] = — i 2L

We now assume that an equation of continuity analogous
to the equation satisfied in ordinary quantum mechanics
is to hold between the p's and the J's,

aLa(t’L) +V-Jx)=0

or in smeared form,

Lo(f) = J(v1). (L.9)
Substituting in (I. 9) we have
(H, p(f)] = — id(¥1), (1. 10)

and this equation gives a constraint on the Hamiltonian.
The Hamiltonian in the Fock representation must have
the form

N
H=—%Z}1V,.2 + H,

and whatever H, may be, it commutes with the p's. In
the Fock representation, the interaction Hamiltonian can
at most be a polynomial in the density operators.

In this work, we will take the free Hamiltonian to be
N
H=—3%7, V2
=1

Il. SYMMETRIC FUNCTIONS

This section is divided into two main parts. In the first
one, we review, after MacMahon, 13 some of the principal
functions one can construct that will be symmetric un-
der any interchange of their arguments. The second
part will deal with ways to compute powers of the trace
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of an operator raised to some power, when this operator
is not in diagonal form.

A. The s, a and A functions

Consider the M quantities aa,. .., . We wish to con-
struct functions of these quantities that will remain in~
variant under any permutation of the o's. The simplest
case one can write are the one-part symmetric func-
tions, defined as
M :
= E(a]-)’. (II. 1)
Fi1
The next most complicated form is the symmetric func-
tion

(I, 2)

and the sums run from 1 to M for each index, subject to
the conditions ¢, <i, <...<1i,.

One can easily see that the generating function for the
a's is the polynomial

M

2 x{—1)la,.
=1

(1 —ax)(1 —ayx)...{1 —ayx)=

Finally, define the homogeneous product sums % by

E(a s+ e ta; + L) 2a? +

i<j i<j

+ E(a )s3a,a, + oo (IL3)

i<j<l

From now on, we will take M to be infinite. All equations
will be purely formal, and the important question of con-

vergence will be discussed in detail at the end, in Sec.1V.

We now give some properties of the symmetric functions
defined above.

Z}hix" = 1. - = 1 ,
i 2(=1)ia; x (1—a;x)(1 —azx):--
! (IL. 4)
S (—1)ia, xi = exp <— ﬁl s”_’”), (I1. 5)
i =1 1
Z}h xt = exp(f)1 siixl) , (L. 6)
p »
s;yt 1 spy 72 1
=3 (=] — (&) — -, m.7
(L?) <1> pql <2> pa! @.7)

where E means to sum over all values of the p's, sub-
ject to the condition

i+ 2ppt et np, =

Similarly, we find

= 2(_1)i*2i1’i 51 Pl_l_ S2 pz_l__
{2} 1 bt \2 P!

We can also express these functions in terms of an
Hermitian operator A with eigenvalues a. We get

(II. 8)
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s; = 2(a;)t = Tr(Al) = 5,(A).
J
Equations (II.7) and (II. 8) can be written as
TrA\2 1 [Tr(42))*:
h A) = _— _ e n.
J(4) {ZP}<1> p1!<—i—lz > pol Tt @9
TrA\% 1 (Tr(42) 1
a, (A) = — 1)y (2] = — e,
- 5 e (154) 1, (g )
(IL. 10)
From Eq. (II. 6), we get
20k (A)xt = det[I/(I — Ax)]. (IL. 11)
i
The generating function of #(A) is then det(l — A x)-1,
From Eq. (1. 5),
(IL. 12)

S (=1ia;(A)(—x)¢ = det(I + Ax),

which is the generating function of a(4).

It may be appropriate at this time to note that the condi-
tion for det(Z + Ax) to exist is that Ax be of trace class,
which is precisely the condition for the a's to be well
defined. The same is also true for the #'s. This in

turn means that Z} a,; x < o, where the a are the eigen-
values of A, and that we have a; x < 1, But this is also
the condition for the expansion of 1/(1 — a, x) in powers
of x to be valid. When we discuss convergence then, it
will be sufficient to restrict ourselves to the final
determinant, since its convergence insures the conver-
gence of the other series used to obtain it.

For completeness, we include a property of the 2 func-
tions that if we have two operators A and Band A = xB
for some scalar x, then

hy(A) = 2% y(B), ay(A) = x¥ay(B). (I1. 13)
Finally, we note that if Ax is of trace class, det(/ + Ax)
is finite. This implies

Jim ax) =0

because
o0
det(J + Ax) = 23 (—1)a, (A)xt. (I1. 14)
=0
Similarly,

AR = oy W

and if x is not the inverse of one of the eigenvalues of A,
this determinant is finite. In that case,

lim #,(4)=0.
N-oo N()

B. Non-diagonal forms for 4 and a functions

As we have seen above, the 2 and a functions are rela-
tively easy to compute when the eigenvalues of the opera-
tor are known. If this is not the case, Eq. (I. 9) expres-
sing % as a sum of powers of the trace of different
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powers of A is still true, but Eq. (II. 7) no longer holds; it
has to be replaced by a sum over numbers with two in-
dices, i.e., the matrix elements themselves.

Assume then that we have a quantity f(¢,---Z,) that de-
pends on s indices all running from 1 to infinity. We are
given 2"1---"sf(i1' ..i,) to evaluate. We seek to find an

expression for this sum in terms of what will be called

“restr1cted sums.” A restricted sum over i4,75,%3,%4,...,

¢ 18 a sum over these 1nd1ces where a condition like
zl<12 Lig<eer < “no two ¢'s are equal” is im-
posed. We will find formulas when there are two and
three indices. These will then be applied to the compu-
tation of some of the terms that appear in the expression
for hy(A), h3(A), ag(A), and az(4).

For two indices, we have to evaluate

2 fG,5).
ij
The relative values of the indices can only be
i <j,

i=7, ori>j.

Then,

2fG,5) = Ef(z )+ 25 fG,5) + 25 f6,9),
ij

i<j i>j

(II. 15)

which is equivalent to

Z)f(l i)+ 2 f,5).

=]

By similar arguments, we find the following results for
three indices:

216,50 = T 1) + T feD + T f6)
ij i i=j

+ 23 fED + 2 FEd).

i=j=] i=j

(II. 16)

The same procedure can be extended to any number of
indices; since we will only consider symmetric functions
up to index three, it is enough to give the restricted
sums up to three indices.

These two equations can be used to compute traces of
powers of an operator not in diagonal form, or different
powers of these traces.

We give some results that will be of use later:

TrA = Ea” , (I 17)

Tr(A2) = 3] a%, + Z} a,

1

i %5 (II. 18)

Tr(A3) =3 a3, + 32 aj;a5a; + 25 aga;a;,, (1L 19)
i i=fel

+ ZEa i@5,0,; + Z} a;;a “

Tr(A)Tr(A2) = 3] a3,
i

+ 23 aa 5195, (1L 20)
imje]
(TrA)2 = 35 a? + Z} a;a;;, (IL. 21)
and
(TrA)3 = ?a?i +i§;{ a% a;; +”=Z]) aa;a;,. (122
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Since we will have to use Fourier transforms later, we
will give here the convention that we will use for norma-
lization. In a-three—dimensional box of volume V, a
complete orthonormal set of plane waves is

ANV )e-ik-x
The Fourier transform of the function f(x) is given by

F) = [, e ™= fx)ax,

and the inverse Fourier transform, if it exists, by

Fw) = /N T e @),

This definition insures that if the volume of the box be-
comes infinite, and f(x) is of sufficiently fast decrease
at inifnity, both the Fourier transform and its inverse
will exist. The completeness of this set of plane waves
is expressed as usual by

G(X —-x') = ‘—llsz eﬂ:.(x—x’)’

which goes to (2H)"3fd keik. (x-x') when the volume of
the box becomes infinite:

Ok K = %fvdxeix.(k-k’) ,

which becomes 6(k — k') in the infinite volume case,

If K(x,y) is the kernel of an integral transform of func-
tions in the box, its Fourier transform will be given by
Kk k')

= [, e®-xe ¥y K(x, y)dxdy (IL. 23)

and the inverse Fourier transform by

1

K(x,y) = —‘/—2 kz; e_ikl.xeikz.yk(kl,kz),

K,
which will go to

1 ik).x _ik,.y
ﬂWfdkﬂikzel ! xe' 2 yK(kl,kz)

in the limit of infinite volume.

Il. FREE SYSTEMS IN THE BOX

We now turn to the task of computing the state of the ex-
ponentiated group of the current algebra describing a
free system, first with Bose, then with Fermi statistics,
for N particles in a box of finite volume V.

This state is obtained by taking a canonical average
over a complete orthonormal basis spanning the vector
space describing the N-particle system. This state will
be referred to in what follows as the canonical state of
the system.

A. The free Bose gas

We follow Messiahl4 and define a complete set of vec~
tors in the occupation representation by |nq,7n2,---)
withnl + n2 + +-+ = N. This vector describes a system
of N particles,n; of which are in level 24,7, in level k,,
etc. The statistics of the system are specified by a pro-
jection operator E_,, for Fermi (Bose) statistics on the
antisymmetric (symmetric) subspace of the space
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spanned by |ny,n,, *++). Such a vector will be denoted by
E, (N, V) in this first section that deals with bosons.
It can be written

E.QIN, V)
_ N1 E*e“[kl(xl i, )+ ky(x, ﬂ,...)+...]z
nl !nz! s VN
Such vectors form a complete orthonormal basis for all
wave functions in the box, and
k,=Tn;/L

where L is the side of the box and z; are integers.
The symmetric projection operator can be written as

= 1/N1},,
o

1 2...N
where 7 =
(H(2). .. 0A)
and the sum is carried over the N| permutations of the
N coordinates.

The Fock representation for the density operator p(f) in
the box is

N
p(f) = Ef(xi)’

=1

which implies

[P(f),E+] =0

and
exp(ip(f)) = exp{i [f(x,) + flxg) + « =+ + Flx )]}

In the canonical formalism, we have

(e® Iy () =

This quantity is a linear, continuous, positive functional
normalized to unity on the algebra of the exponentiated
operators, i.e., it is a state on that algebra. From

Sec. 1, we know that it containg all the physical informa-
tion on the system, and it is the quantity that we will
compute in this chapter. Here, H is the N-particle
Hamiltonian defined in Sec.l, i.e.,

N
1 w2
— 2 v

=

Tre iP(f)e (—BHN)/TX‘Q(—BHN).

We must first calculate Trle'**’ e “##~’], since the
Q(N, V) form a complete set, we will use them for that
purpose, having in mind that Hy is diagonal in that re-
presentation, and commutes with E,:

Tr[eip(f)e(—ﬂHN)] - (Z;) (E*Q(V, N), eiP(f)e("BHN)
n

X E,Q(V,N)),
where 2, indicates a sum over all the indices n; sub-
ject to the condmon

N = E n;.
i

Next, use the fact that

E2=E, =E], [E.p())=0= (E., Hy],
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to get

Tr[e” e 84)] fdxl vodi y F(xy). .. Flxy)

x e-ﬂ(nlkf+nlk§+~--)/2 1 »

nylnyl-- V¥ Q1
x expi{k,[(x,
+ (Jc”l
+ (xn2

—Xpp) t g —xp@) oo
= Fnep)] * Ra[(x, 11 ¥ Xpg ) ¥
— X)) + kgl ]+ oo}, o 1)
where

F(x) = eif®),

We will now give the value of this sum when N = 1, 2,
and 3:

ie(f) -BH F(x
N=1: Tr[e" 7 gte 1)] = fV J‘;l dxzk) e-8%/2);
= 9 10(f) , -8Hy)
N=2 Tr[ee %] = fvdxldxz
o Py Fxg) (2

CBRD) | 3N -BGkFrRf)/2

V2 i<j
% {1 + e[i(ki'kj)(xl-xg)]}).
h ’
N=3: Tr[eip(f)e('ws)]
= dxydxydxg
= v ——V—a— F(xl)F(xz)F(xa)

[Ee(-3ﬁki/2) + 3 o -B(2k] £ k3)/2)

i
x{1+e [iCk;- B;) (xy-%,)]
eV B ol Bk +af+k})/2]
igj<i
X (1+ e[i(k -k? )(x.‘,-xl)] [i(kj—kl)(xz—xs)]

elt(ki- k) () -%3)) + e( ik =2 )t ky (x5 - xg)+ By (xg -2 ) 1}
e( SLR Gy ~xgd+ Ry (xy -2 ) Iy (“3"‘2)])].

If we now define the Fourier transform of F(x) as

= -ikx
Fik) = [, Fx)et= dx (I1L. 2)
and the matrix elements a; as
_ap2
= (1/V)F(k, —k;)e P42, (. 3)
we get
Tr[eip(f)e('ﬂﬂl)]—_:za“, (111.4)
Tr[eip(f) (-ﬁHz)] _Zaﬁ +E(au ]] + auajt’ (IH- 5)

i - BH.
Trle PI) E 3)] Ea” + E(a”a”+ a;a;;a;,

+aga5a,)+ i<§z (a“ajja” + ayaa; + aga,ay,

+aga;a,; +a;;a5a,; + a“aua”). (I11. 6)

Consider next the operator A = exp[if(x)] exp(— BH) on
one-particle space, where H is the usual one-particle
free Hamiltonian,
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Using the results of Sec.Il whenever necessary, we see
that

Tr[e® e840 ] = p(a),
Tr[eip(f)e(‘BHz)] = hz(A),
Trie? e8] = hy(A).

The generalization of these results is then obvious, and
for N particles in the box,

Tr(e ™) = (4),
where A = /@ ¢ o one-particle wave functions in
the box. From this, the expectation value for e¢*® ob-
tained by the canonical procedure, the canonical state, is
(¥ CE) = b (A(f))/h MAO)). (I 7)
This is the state for the representation of the exponen-
tiated group of the current algebra corresponding to a

free gas of N bosons in a box of volume V at tempera-
ture 8 = 1/RT.

This method is applied with the necessary modifications
to the case of the Fermi system. The operator A is de-
fined as in the case of bosons, and the state is found to
be

(@70 o CBHY _ i #90S) o €BHY) iy By
= ay(A(f))/ay(A(0)

for N fermions in a box of volume V at temperature
T = 1/8k.

IV. THE THERMODYNAMIC LIMIT

The states obtained in Sec.III by the use of the canonical
ensemble are not suitable for our purpose, which is to
get the thermodynamic limit for the system. That this is
S0 can be seen if one expands % ,(A) in terms of traces
of the operator A = e$/(x) g-8H,

In the box, we have
Treife 84 = % > [ dxei*xeif® exp(— pk2/2)e e
7

- % [ eif®dx 3 exp(— pr2/2)
k

and is well-defined. lim.th. TrA, however, is seen to
diverge like

1
TrA » —— [dket8%) [ ¢ifgx - v,
(2m)3 Voo

which diverges because of the space integral. It might
be argued that even though % ,(A) diverges, the state is
given by the ratio of two such functions, and might re-
main finite in the limit. This is partially true, but
nevertheless leaves the canonical formalism somewhat
incomplete in the limit. If we expand the state for the
Bose system, for example (and the argument is the same
in the Fermi case), in terms of traces, we have

i(£) _ TrA(f) p‘_l_ Tr(A2(f)) P”i
(e )N(B)—(Ep) <——~—-1 ) P — PR

o )
F\ 1 py! 2 by!
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where E( p) Tuns over all p's subject to the condition

N=p,+2py+ -+ +Npy.

One might then argue that dividing both the numerator
and the denominator by

vV — b y2ea . 3k L. yNPN

would change the operator A into A/V, and that the state
would become

(eH0) y( ) = hN@;(f))/hN(% (0)) :

The trace
1 _ 1 .
Tr(A/V) = Vzk; e -Bk%) v fvezf(x)dx

would remain finite in the thermodynamic limit.

This line of reasoning, although perfectly correct, does
not bring us any closer to the value of the thermodyna-
mic limit of the state, however, because of Eq. (II. 4),
which tells us that

Lim hy(A) =0,

and instead of having an indetermination of the type
®/w, we have one of the type 0/0, which at this time, can-
not be determined.

A. Grand canonical state for Bose and Fermi systems

The solution to this problem lies in the usual method of
applying the grand canonical formalism. We will follow
the procedure given in Reif.15 Let (eir(/)) (B, 1) denote
the state for N particles in thebox of volume V at temp-

erature T = ki and chemical potential u, where u < 0in
all that will follow. We know that

) A . S (_aH
<etp(f)>N(B,u) = Tref"V it/ o6 BHN)/TreBuNe( BHy)

where N is the total number of particle operator. In the
occupation number representation, N is diagonal and has
eigenvalues N, and commute with o and H,. We have:

Tr[eip(f)e(-aHN)eapﬁ] — f; Ity
N=0

X 3 (B, W, V), e e CEN E o, vy),
{m}

where Q(N, V) and Z){") have the same signification as
before. The upper (lower) sign refers to Bose(Fermi)
statistics.

For Bose statistics, the sum Z}w has already been cal-
culated in Sec.III and found to be equal to %z (A). We
have then

N =)
Tre'#t/) g 88N BuN = NE=0 e®* M (4).

From Eq. (II. 18), this last sum is det[I/(I — e i/®)g8W&H-1)],
The grand canonical state for the free Bose gas at
temperature T = 1/kB is then

(eirl)y(8, 1) = det[] — (eift0 — 1)/(e8f-b) — )1,
(Iv.1)
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For Fermi statistics, we get

(etr0)(B, 1) = det[I + (eifW—1)/(eBH) + )] (IV. 2)

Let

(eirtN) = exp{— [Tr log(l — K]}
with

K(x,y) = (et — 1)% Zk) e kG- 1/(elBW2W] — 1)
and

Gk) = eiftd —1,

Expanding the logarithm in power series, we take the
functional derivative 6/6f of each term, and then let
f = 0. Only the first term survives and gives

p=pl0) = %ﬂp(y))dy-
But
p(0) = (1/V) Zk,"(e[B(kz—p)] —1)1=N/V

SN=Y (elB®*p] — 1)1 =N pkE). (IV.3)
% k

At this stage, a few comments are in order.

(1) This equation is taken as the defining equation for
1 in terms of the average density p and the tempera-
ture. The relation between u and these variables is
seen to be the same we would get for the ordinary
chemical potential of statistical mechanics,

(2) The constraint equation will obviously be the same
for the Fermi gas, with the — sign of the denominator
replaced by a + sign.

(3) In statistical mechanics, the average number of
particles in level k at temperature T is given by n(k) =
1/{exp[B(k2 — u)] * 1} and we have the condition that
Ek n(k) = N. It is evident that this interpretation arises
naturally here, and we will take this function n(k) to be
the average occupation number,

(4) In the Bose system, as T decreases, 8 increases
and so must u in order that the number of particles in
the 2 = 0 state be small enough for the condition (IV.3)
to hold. When the temperature becomes low enough, u
becomes equal to 0, and a phase transition occurs. The
calculation of the critical temperature is more easily
done in the thermodynamic limit, and will be given in
the section dealing with the condensed Bose system.

B. Convergence of the states in the box

It is now time to turn to the important question of the
convergence of the sums we have used so far, in parti-
cular the final expressions for the states in the canoni-
cal and grand canonical formalisms.

In the canonical formalism in the box, the state is ex-
pressed as a finite sum of different powers of the trace
of ei/&*eBU-1), This trace is

e-ikx

1
TrA = dx —= eitx gif®) o -8k%)
? I, Vv

b e(—skz)fv eif dx.
k

<=
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Since f(x) is well behaved in the box, the trace of A is
finite, and for finite N and V, the canonical states are
well defined for both the Bose and Fermi systems.

The states obtained from the grand canonical formalism
can be expressed in Fredholm power series:

dot(r — k) = 3% fvdxl...dle<x1”.xl>’

=0 1!

where K(x, y) is the kernel for the transformation,

K(xlxl) K(xv xz)‘ . ‘K(xp xl)

K(x'zyxl) K(xz, x2)~ * 'K(ng x;)

K.(x, s %1) K(x,%5) - < K(x;x;)

If the integration domain V is finite, if K(x, y) is finite
in V, and i, K(x, x)dx < o, then the series is absolutely
convergent, In our case, we have

IK(x, 9)| = plei/® —1),
and since the integration domain V is finite, the Fred-

holm series is absolutely convergent.

In the case of the Bose system, however, the state is
(i) (B, p) = I/det{l — (/) —1)/(eBW-0) —1)],

and we must investigate the possibility that the denomi-
nator vanishes. We write the state

£(f) = det(J — e BYH1)/det(I — e i/ g-B 1)),
and check that det(l — e/(? g-8W-) = 0, i.e., that /)
e-B@-1 hag no eigenvalue equal to 1.

It is well known that a Hermitian operator is positive if
and only if all its eigenvalues are positive, This implies
that e-8#-» > 0 and also ] — e 8E-1 > 0 for u < 0. We
also note that the operator ei/¢*) is unitary. Then,

| eif®) g-8UE-w|| < |lgifD| |le-BE-W|} < 1.
But if A is an eigenvalue of the operator A, we have

lApll < Ayl for all ¥ €9,

and in particular, if  is an eigenvector,
lagll = x2lwl = Al = 212 = Al

i.e., all the eigenvalues are bounded by the norm.

In our case, the norm of ¢ifiX) e-BU- ig strictly less
than one, and all the eigenvalues are also strictly less
than 1, The determinant det(l — e /() ¢-8(&-1)) does not
vanish, and the Bose state is not infinite in the box.

The grand canonical state in the box is given by an abso-
lutely convergent series whose general term g, is given

by
Xy &,
(— l)lfvdxl"'dxl K

Xyt K,
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and

I
<=

Xyt
K = detK,;, K
PIES

We note that g, has an upper bound that is independent of
V. In fact, from Hadamard's theorem,

xl-..xl
K
xl'.‘xl

with M = K(0).

F(x)Zk) e FE gy,

= (v,

Then

a, = [(— D/UPM)H(1)1/2,
with

P“_“fv|F(x)ldx5fv_,oolF(x)|dx=P’
= a, = [(— D)/UN(P'M)1)/2.

Because this upper bound is independent of V, we can
take the term by term limit of the series in the box when
V becomes infinite, and this will give the state in the
thermodynamic limit w,

where w = det( + K, )*1,

with
K(x,9) = F(x) [, e*&Dn, (k)dk

n,(B) = 1/(e8®*m 4 1),
and where the + (—) sign refers to the Fermi (Bose) case.

C. The condensed Bose system

The range of temperatures for which Eq. (IV. 1) anhd (IV. 2)
are valid has not been discussed so far; now that the
states have been computed in the thermodynamic limit,
we will see that such a discussion is necessary, and in
the case of the Bose system, gives a criterion for the
phase transition,

The criterion of validity of the states is
N = Zk> 1/(el8 ®*W] 4 1),

which becomes in the thermodynamic limit,
p = [1/(2M)3] [ dk{e8¢*mi 1 1}-1,

For the Fermi system, this does not cause any problem,
since the integrand can vary only between zero and one,
as expected from the Pauli exclusion principle.

In the case of Bose statistics, however, the situation is
quite different. As T decreases, i.e.,as g increases, u
increases by becoming closer to zero. It will reach
this value at a temperature T given by

1 1 1
Jax

dk
(2m3 cl8GZwl —1  (2m)3 /

ek _1°

b=
This last equation can be solvedl6 for 8 and the p func-
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tion. The temperature T, below which the condition
i < 0 is not possible any more is
Ty = (3. 317 /mk)(p)2/3 (IV.4)

where m is the mass of the particle and £ Boltzman's
constant. The state (IV.1) that describe the Bose sys-
tem is then valid only for T > T,.

The reason why the equation cannot be satisfied for
T < T, is,of course, because particles crowd in the
E = 0 ground level in such large number that the con-
straint imposed on the physical system by (Eq. (IV. 3) can
no longer be satisfied. One way out of this problem is
the procedure used by Araki and Woods19 to take into
account this macroscopic occupation of the ground state.
The occupation density n(k) = [e#**) — 11 in the con-
densed state is replaced by
n(k) > nqy(k) + Nyb, o (Iv.5)
in the box, where n4(k) is a smooth function at 2 = 0 and
No/N is a finite fraction. We will show that if one
makes such a transformation, the new state one obtains
is well defined both in the box and in the thermodynamic
limit. We will also see that if we let Ny = N,i.e.,take a
pure condensate at 7 = 0, the state one gets is identical
to the state that can be computed directly from a modi-
fied grand canonical formalism. We will also see that
the thermodynamic limit of such a state is different from
the thermodynamic limit of the state one can compute
directly at T = 0 in the case of the Bose system, but that
they are equal for the Fermi system at zero degree.

For bosons,
(et ) (B, u) = det[I — K(x, y)| 1,
K(x,y) = G(x)(l/V)}kj n(k)e kG-
n(k) = {el8®?*-p — 1}-1,

If p=0,let n(k) >n, (k) + Ngb, g and N — N, =) nq(k)

so that the condition (1/V) [,{p(x)) dx = N is still valid.
Then,

K(x,y) = Gx)pgy + i‘f) 3 1y (k) e ik
P2
and
N
ﬁO = _‘70,
det(I — K) = zi:%) (74 fVG(xﬂG(xz)' -~ G(x,)

xl...xlk
X p dxyc e dx,,
xllnuxl
P1xy —%1) + Do e Py —x,) + Py

P1(Xy —X1) + By e -pyxy —x,) + By |,

Pl(xl _xl) + ﬁo"'pl(xl _xl) + F_’o

pilx —y) = %? nq (k) ethl-3),
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As before, we see that the elements of the determinants
are bounded by / and the Fredholm series converges in
the box. In the thermodynamic limit, the same argument
used before will also apply here, and so will Hadamard's
inequality. The series will also be uniformly convergent,
and the substitution (IV.5) in no way modifies the con-
vergence properties of the series. The state will then
still be given by Eq. (IV. 1), with the occupation density
changed according to (IV.5).

Next, we investigate the behavior of the state at T = 0,
when all the particles are in the ground state. The occu-
pation density then becomes

n(k) = Nﬁklo,
K(x,y) = G(x)p,

det(I — K) = ?é) (;l_!ﬁfdxl---dxl G(x1) ** G(x,)
X

p...[)

=1 —Efvde(x),

all the other terms of the Fredholm series will vanish
because they contain determinants with identical rows.
The state is then

(et (T=0,p=0=[1—p fV(effw —1)dx)1 (IV.6)
lim.th. —» (1 —5 [ (e/® — 1)dx)-1.

Next, we show that this answer is

(1) equal to the one we get from a direct computation of
the state at T = 0 by use of the grand canonical formal-
ism,

(2) is different from the state we get from use of the
canonical formalism at 7 = 0.

Assume that the system of bosons is in contact with a
reservoir with which it can exchange particles, but not
energy, the temperature of the system and the reservoir
being fixed at zero degree. We wish to compute the pro-
bability that the system will be in a quantum state speci-
fied by the set of quantum numbers 7. In our case, this
set is simply N, since the wave function of the ground
state is

v =1,V¥.
Following Reif,15 we have
Py« e b,

(Iv.mn

The parameter a is a characteristic of the reservoir, but
it can also be defined by the condition

N= f} NPN/ﬁ P, (Iv.8)
N=0 N=0

when there is no reservoir and the system has N parti-
cles. We can compute {e#(/))z(a) at chemical potential
o and for number of particle N in the usual way, i.e.,

(e (a) = i PN(e"P(f))N/f) Py
N=0 N=0
= (1 ——5fv(eif(") - l)dx)-ly
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which is exactly the result of Eq. (IV. 6). Note that even
in the thermodynamic limit, this state is different from
the state one gets from a direct calculation; in the box,
the canonical state at zero degree can be computed
directly, and we have

_ . eif(xl) eif(xN)
L) = [ dngeedny S on G
= vaeif(x)dx)N
and

lim. th, £(f)

N
= lim.th <1 + % fv (e?/&®) — 1)dx

7] N
lim. th. (1 + 1% (et — 1)dx>

= expp [ (eif® — 1)dx

with the integral over all space. This state is obviously
different from the grand canonical state at T = 0, except
at low p where they coincide.

It is knownl7 that the most general form for £(f) at
zero degree is

£(f) = [exp(p [(ei/® — 1)dx)du(p).

In our case, du(x) = (1/p)e~*/? dx.

We see that it is necessary that p be positive for this
measure to be well defined.

For physical reasons, we expect the thermodynamic
limit of canonical states and grand canonical states to be
equal. Since they are obviously not for the Bose system
at zero degree, we may suspect that this anomaly is in
some way connected to the presence of the condensate,

If this assumption is correct, the Fermi system, which
has no phase transition at low temperature, should have
its canonical and grand canonical states converge to
each other in the thermodynamic limit. This is what we
proceed to show.

In the grand canonical formalism,

£(f) = det( + K),

K(x, y) = G(x) % 3 e n(e)

n(k) = 1/{exp[B(k2 — u)] + 1} in the box.
From Eq. (II. 23), we write the Fourier transform of K
K(ky, k) = [dxjdxge1%e “#*2? g(x, y)

= [~ kon/V] Glky — k)

with G(k) = [ G(x)dre~#*+.

The determinant is then expressed in the momentum re-
presentation as

det(I + K) = 3° L 2

1
— n(k )n(k )...
NI L (e

ey ook,
X n(k)G
By ok,
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with the usual notation, and in the thermodynamic limit,
it equals

© 1 . dk, *-dk kyo:ky
Y = [ nlky) e nk1) G .
=0 1! (2m) By,

At T = 0, for fermions,

nk) =1 if k<kg
=0 if kDkp,
x 1 dky-dk, (k1 kR
t(I+K) =2 — ———1 G , (IV.9)
det(Z + K) zz=2) Al fki"%‘ (2m)3! <k1"'kz ¢

where k is the Fermi level.

We will now use a direct method of computation without
using the grand canonical formalism. Take a state vec-
tor at T = 0 to be

W - /E exp[i(kl:cl+ koxg +e-ethyxp))
VN

The state
<eip(f)>N(T = 0) = (E_W’ eiP(f)E_w)

1
=7y Jaxy e dxy Flxy) - Fx )

x T o(m)e Hh& - n@* k2 o sng)* - Ry 2m o)t
n

with F(x) = i/,

This is precisely equal to the determinant of a matrix
whose elements

ay = Fle,—k;) = [ e E P,

(e )y = det[I+ Gk, — k). (IV.10)
The state computed from the grand canonical formal-
ism (IV,9) has the same form, but is of infinite dimen-
sion, Here, however, the determinant in the box is of
finite size, of dimension m X m where m is the number
of states below the Fermi level. If we take the thermo-
dynamic limit, the size of the cells in k-space goes like
1/V, and the determinant becomes of infinite dimension.
We will follow the standard procedure outlined in Riesz
and Nagy. Let & be the size of the unit cell in k-space,
and m the size of the determinant. Then

A2h2

m
det(I+ AKh) =1+ ah 2, Ky + 57—
=1 :
m KiiKij AMmp™
+ m!

i,j=1

4 oeee 4

K;i Kjj
m

x 2

TS |

PR A

K 'K"m-"m

im'il " .

is a series expansion for a finite determinant. In the
thermodynamic limit, 2 — 0, and the series converges to
the ordinary Fredholm series, the sums go into integrals
over momenta, up to the Fermi level, and the state be-
comes equal to-the state (IV.9).
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This result, then, seems to support the idea that the con-
densation is responsible for the fact that the canonical
and grand canonical states of condensed Bose systems
differ even in the thermodynamic limit. The rigorous
proof that these two states should differ for any sys-
tem that exhibit a phase transition is outside the scope
of this work and of course a major problem in itself.

D. The Hamiltonian

In this section, we will show how the results obtained be-
fore can be used for practical calculations. A method
for calculating the Hamiltonian density will be explained,
and the calculation will be carried through for the grand
canonical state of the Bose gas at finite temperature.
From that point, the equations of ordinary thermodyna-
mics could be derived, with all other equations of physi-
cal interest.

First, it is necessary to have an expression for func-
tionals of the exponentiated current fields. We will pro-
ceed as in the case of the density fields. Let j(g) be the
current operator on one-particle Fock space. We can
write

N

J(g) = ZZZ i@ xy),

. 1

i) = % V: - glx;) +g- Vilx;)]
on the N-particle sector of Fock space. When we com-
pute the state in the box, we will have to evaluate

Tr o /®, (-8 U]

On N-particle space, this trace for the Bose gas will be
Tr(QW, V), e "® e *W £ o, v))
= {Z)n) [dny... e, eT®®  H@GY]

x e[—B(nlk12+m2k§+---)/2]

X7 e{i[kl(‘l"‘ﬂ(l)”z 2 (G N '*xnl"‘l'l(nl))*kz(- LD ‘]}’
I

where e ® @ jg not a simple function of x, as was the
case for the density operator, but is an operator acting
only on the x, coordinate. The important point to note
here is that the N-particle operator separates into the
product of N one-particle operators. With this fact in
mind, it is evident that the computation can be carried
through exactly as in the case of the densities, and in the
thermodynamic limit, the state will be

(e"®) (B, u) = det[1 — B* " — D111,
B=elil@—],

In fact, the state for any N-particle operator that will
separate into a product will be expressible in this
manner, Take, for example, and since it will be needed
later, the operator

(e"J(B)eip(f)e"J(h)>.
On the N-particle sector, we can write it as
(eid @ gir(fgidh)y = det[] — C(eBHFm—T)1}1,
C = eii®@gir(flgii(h) —,
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As a last remark, note that any system where the wave-
function y/(x4* -+ x,) can be decomposed into the product
of N one-particle wave functions will yield a state of -
the form - '

det( + A)*1
when we use this procedure, A being equal to (e — I)

e 84 with H the one~particle Hamiltonian,

As we have seen in the first chapter, the Hamiltonian is
not a simple expression of the fields, For the free sys-
tem,

H=1%[deK* (%) - [1/pWK (%), K(x) = Vo(x) + 23 3(x).

The problem, of course, is the 1/p(x). Since we are in-
terested in the expectation values of H, we have to calcu-
late the matrix elements of K*(x)[1/p{x)]K(x). We fol-
low (Ref. 17) for this calculation. Let

R (f, % 9) = (K] (x)e?? VK ,;(y)).
Formally, we have

; 1 . .
PRS2 R fooezp(fﬂté,)dt’
plx) 70

where 6, 18 a delta function at x so that p(5,) = p(x).
Define
Ny(F,0) = [PRy(f +ito,, x,2)dt.

Then, we have

H= Z;Nii(fyx)lf=o-

If we were to use delta functions for smearing, we would
encounter terms like e?%*) which are not well defined. We
can avoid this problem by smearing with

ns x —yl=1/2ms
5m,x(y)={ ’ ’

0, otherwise,

where s is the dimensionality of the space, then evaluate
all distributions, and at the end let # go to infinity.

There is no rigorous justification for this procedure ex-
cept the fact that it will give the correct answer when
applied to the free system at finite temperature.

We want to compute:
(K*(ge P VK (@) = e {p(V- g)p(V-g)

+ 20(g - V(V - @) + 2ip(g - VAPV g} (IV.11)
+ 4(J (gletr(/)J (g)).

If we are to test with 6,“,0 (z), we might expect terms

like 6(z — %y + 1/279) to appear in the final result.
Consider the operator K(f) on one-particle space. It is

Kf)=2f-V.
When the test function is 5, , , this operator will not
produce any delta functions at x, + 1/27s. But the expec-
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tation value we have to calculate is
(K*(gle* I K(g)
= TrK*(g)er(K(g)e 8 (5w /Tr g8 a1,
TrK*g)eir N K(g)e-B(H-1
= ;(wi,K*(g)eip(/)K(g)e-ﬂ(H—p)wi)
= Z (K@, e* N K@e P 0y,

where the y, are a suitable set of vectors in the Hilbert
space.

The final expectation value cannot contain any terms of
the form 8(z — x + 1/2#5); this fact will allow us to
neglect such terms when they arise in the calculation of
the matrix element, since we know that they have to
cancel out in the end. We are left with

(K*(@)e? K@) = KJ(@e? I (g),

where the 6-like terms are to be neglected.
We know that
2

1
ip(f) =
(Jx)e P DI(y) 12 2gmoh)

£(f, 8, 1) )
&=h=0

L(f, g, 1) = (e ® girt 1) gid)
= det(l — A)1,
A= (e (®¢ir(fgiih) — 1)(e8(H-1) — 1)1,
Taking the required functional derivatives, evaluating

them at g = £ = 0, and smearing twice with the same
function I/, we have

52
52(x)6h( y) — AU y)dxdyz, 2’
I og(x)0h(y) det(f — Ay H(x) U y)dxdy(z, ')

= £(f,0,0) (Tr(I —A)1fax o4 I(x)Tr(I — A)1
: ‘ of (x)

5A
— — -1
x [dy ) I(y)dy + Tr({I — A)
SA 6A
— (] — A)1 (X)) (y)dydx + T — A)-1
x fog(x)(z ) a0 () y)dydx + Tr(I — A)
524 )
e dxd IvV.12
* S gty [y (.12

with

f E?(A;) Ux)dx(z,2’) = [Uz)V, + V, U2)]e /D

X (e (E-0) — 1)1z, 2") [ dxdy
524

x ————

6g(x)6h(y)

= [lz)V, + V, I(2)]e /D [I(z)V, + V,I(z)]

Ux) U y)z,2’)

x (e8(HFW — 1)y 1(z 2%).
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We will now evaluate each term of Eq. (IV. 12) when
Iz) = an'xo(z),then let f - f+ itén.xo, integrate over ¢

from zero to infinity,and let » goto infinity,in that order.
But first we show that when we make the substitution
f-f+ itﬁn,xo the operators [I — A(f)]-! that appear in

the three terms of Eq. (IV. 12) can be assumed to be
changed by this substitution by at most a factor of order
1/n.

Consider then

D=A(f +itb, ) ~A(f)

and let
1, |y~x0|51/2n,
By x,(9) =
0, otherwise.
We have

Dx,x1) = (e — DK, , (K)ei/0 (e (&1 — 1)1(x,x1),
and acting on some function #, we have
[Dhx)] = (e7t7 * — DK, (x)e (=) [ (e (-1 — 1)-1

X (x, y)h(y)dy.

We see then that as n goes to infinity, D has an upper
bound that will go to zero. It is important to remark
here that the convergence of D to zero is uniform in ¢,
i.e., that the upper bound on D is independent of t. This
in turn will permit us to consider (I — A)-1 to remain
unchanged under the transformation f - f + ¢ 5n.x0"

The third term of Eq.(IV.12) is
;f(l——A)‘l(z z'}2n- V,,ei/(z")2n - V,,
(2i)2 y z z

x (e8{d-0) — 1)1z’ 7)dzdz’,

where the smearing has been carried out as before, and
the contribution from the end points of the test function
have been neglected. We now let f - f + it 65, , and do
the ¢ integral, We have e

1(4)

— [ ctn?)p6 ’
Him 202 fo dt exp©iniin fdzf, dz

2-x41=1/(2 s
X (I—-Ay1l(z,z) - V,,ei/ (2, (eB H-W — 1) 1(z’, 2).

The integration interval is of order 1/23, and will can-
cel out one n3. After taking f = 0, then A = 0, we have
that it equals

—~ V2(eB(F0) — Iy 1(x(, x,).
A similar procedure applied to the other terms of
Eq. (IV. 12) will show them to be of order 1/%3, and we
have in the end,

H = Tr[— $v2(es (50 — 1)-1],

which is the answer one would expect for the Hamiltonian

J. Math. Phys., Vol. 14, No. 3, March 1973

365

of a free Bose gas at finite temperature.

One final remark is in order here. The operator
K*(x)[1/p(x)JK(x) is well defined on a vector when K is
“related” to p.11

In particular, K is related to p on Bose vectors, but not
on Fermi vectors. This calculation, however, could have
been done starting with the Fermi state, and we would
obviously have arrived at the correct answer. It seems
then that the relatedness of K to p is not such a neces-
sary feature, and that the method exposed here could
allow us to compute the Hamiltonian even for vector on
which K is not related to p.

CONCLUSION

As a conclusion, we might note two facts. First, the
method used here is sucessful mainly because we al-
ready know what the wavefunction for the N-particle
system is, and that it separates into products of one-
particle wavefunctions. We can therefore proceed in the
same manner for any problem with these properties; in
particular, the infinite system in an external field is
simply given by the same expressions, with the operator
H being the one particle Hamiltonian of the free particle
in the external field.

The second remark stems from the first; we still have no
indication as to how to treat a fully interacting system,
where the N-particle wave-function will not have the
simplifying properties of the free case. If, however, a
series or iterative calculation can be devised, the states
calculated here will be of use as a check of the zeroth
order term of these new and so far use known methods.
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A realization of the Lie algebra of the unitary symplectic group is proposed in terms of boson operators. The
existence of a noncompact orthogonal group, complementary to the symplectic one, is shown. The highest
weight polynomial of an irreducible representation of the latter group is constructed with the help of the

former.

1. INTRODUCTION

Since the pioneering work of Schwinger! on the SU(2)
group, it has proved very useful to realize the Lie alge-
bras of the unitary group and of its subgroups in terms
of boson creation and annihilation operators and their
representation spaces as homogeneous polynomials in
the creation operators. The advantage of such a picture
is that the generators of the Lie algebras act as differ-
ential operators on the vectors of the representation
spaces.

The unitary group?-3 and its orthogonal subgroup? have
been thoroughly analyzed along these lines. This re-
sulted in applications to the evaluation of Wigner coef-
ficients, fractional parentage coefficients, matrix ele-
ments of operators, etc, 2.5:6

In this paper, we are concerned with the symplectic sub-
group of the unitary group of even dimension, which is
connected with the seniority classification of atomic and
nuclear states.? In Sec.2, we recall the group structure
which underlies the boson realizations of the unitary and
orthogonal groups. The extension to the symplectic
group is straightforward and is given in Sec.3. This
enables us to prove in Sec.4 some results on the irre-
ducible representations (IR) and the Casimir operator
of the symplectic group. Finally, we show in Sec.5 how
to build the highest weight polynomial (hwp) of an IR of
the symplectic group.

2. BOSON REALIZATION OF THE UNITARY AND
ORTHOGONAL GROUPS

Letn,, i=1,...,N,be N independent boson creation
operators and £;, i = 1,...,N,the corresponding annihi-
lation operators. They satisfy the commutation relations
[m,’?;]= [Eis&j] = 0, (2- 1)
The problem amounts to writing the generators of the
Lie algebra of the group under consideration, in terms
of these operators, and then finding the sets of linearly
independent polynomials in the creation operators

[:,m;] = 8y

P(n,-)=P(T71,172,-~-,17N) (2.2)
forming bases for the IR of the group. From (2. 1), we
see that when applied to the polynomials (2. 2), the anni-
hilation operators can be interpreted as differential
operators,i.e.,

9
L= 2.3
f=g (2.9)
We consider the N(2N + 1) bilinear operators
Hi=%(ni§i+gini)gcﬂ+§, i=1,...,N, (2.4a)
ntEjECij, i;‘j’ i’j =1""’N’ (2'4b)
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nym; =Dy, i<j=1,...,N, (2. 4c)

§:£;, =Dy, isj=1,...,N. (2.4d)
From (2. 1), they close under commutation. It is well
known®.9 that they are the generators of a (noncompact)
symplectic group in 2N dimensions, Sp(2N) (the dynami-
cal group of the N-dimensional harmonic oscillator).
The operators C;;,%,j = 1,...,N, which form a close set
under commutation, are the generators of the subgroup
U(N) of the group Sp(2N).

In what follows, it is useful to replace the ¢ index by a
pair of indices u, s, which take the values u = 1,...,q
and s = 1,...,n, respectively, with N = nq. With this
change, we are able to find subgroups of the group U(ng).
Contracting the operators Cus.u . with respect to index
s, we obtain the operators

n

eyu = sgl;. Cps,us 9
which are the generators of a subgroup U(q) of the
group U(nq). We can also contract the operators C
with respect to index y, obtaining the operators

q

Cu=2 C

p=1

us,uts

Ly =1,...,q, (2.5)

us,vt

s,t=1,...,n, (2.6)

which are the generators of a subgroup U(n) of the group
U(nq). Moreover the operators (2. 5) and (2. 6) commute
with one another, so that we can form the direct product
of the groups U(g) and U{r). Thus we have the following
chain of groups:

Sp(2n4q) > Ung) O U(g) X Un).

The operators (2. 5), with definitions (2. 4a) and (2. 4b),
constitute a boson realization of the Lie algebra of the
unitary group U(g). The operators with pu=v, u < v,
and u > v are the weight, raising and lowering genera-
tors of the group U(g), respectively. The usefulness of
the group chain (2. 7) appears when one looks for poly-
nomial bases of the IR of the group U(g).

(2.7

The set of all polynomials in the creation operators (2. 2)
belong to one of two (infinite-dimensional) IR of the
group Sp(2nq).9 The polynomials of even (odd) degree
form an IR characterized by the eigenvalues of the ng
weight generators (2. 4a) corresponding to the minimum
weight polynomial 1(n,,), i.e.,

(33-+-3]=[()] or [33---33]=[(G)"12].(2.8)

When restricted to the group U(nq), each IR of the group
Sp(2nq) decomposes into IR of the subgroup character-
ized by the partitions

[vOm1] v=0,2,4,--+ or 1,8,5,...,

(2.9)

according as the degree is even or odd. The hwp of
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these IR's are given by 177,.

As they are completely symmetrical, the IR (2. 9) of the
group U(nq) decompose into direct products of IR of the
groups U(g) and U{z) characterized by the same parti-
tion of v:

»

Aargoe ALl “Z=)1 A, =, (2.10)
into p parts, p being given by

p = min(q,n). (2.11)

Thus there is a one-to-one correspondence between the
IR of the subgroups U(g) and U(n) contained in a given
IR of Sp(2ng) or U(rq). Following Ref. 10, both subgroups
are said to be complementary within the IR of the larger
group Sp(2nq) or U(ng).

The complementarity of the groups U(g) and U(z) leads
to the following important property, first noted by
Moshinsky:2 The linearly independent polynomials in
the creation operators of the type (2. 2) that satisfy the
equations
CP=A,P,

s=1,...,n, (2.12a)

C,P=0, s<t=2,...,n, (2.12p)
form a basis for an IR of U(g) characterized by the par-
tition A2y --- 2, ] (and A,y = - =2, =01ifn> g).
Note that the operators C., and C,, (s < #) are the weight
and raising generators of the complementary group
Un), respectively. The hwp P of the IR of U(g) is given
by the simultaneous solution of Egs. (2.12) and

e, ,P=0, pu<v=2...,q (2.13)
In order to get all possible g-row IR of the group U(g),
it is necessary by (2.11) that n = ¢. By takingn = ¢,
the group chain (2, 7) becomes

Sp(2¢2) > U(q2) > U(g) X
[(3)4?]
[(pe*-13] (]

where we show under each group the IR to which it
corresponds.

Ulq),

(2.14)
[}‘17‘2 cre )\q] [)\1;\2 e ;\q],

The solution of Egs. (2. 12), with n = ¢, can be given2 in
terms of the determinants

$18p re Sy _ \
A“i“: “: - %; =D (pn“lsln”zsz e T’”r‘r]’

r=1,...,q, (2.15)
where @ stands for a permutation of s;,s,,...,s,,as
TyA Az (4 12y Ap-A 2eeg-1yAg-1-A
P=(apM P 2(a1d)te s L (a2 M1y
1,12 12¢.¢-1
A Aja...
x(agtez| b, 2L 22 (2.16)
21 A1 Al2.eeq-1

where Z is an arbitrary polynomial in the ratios indi-
cated, subject only to the condition that P should be a
polynomial in 7, .. The hwp P corresponds to

zZ=1. (2.17)
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We turn now to the boson realization of the orthogonal
group O(q). To write it easily, let us first change index
pu(p =1,...,q) into a new index m, which takes the
values

m=—1-1+1,...,—1,0,1,,,,,1—1,1 (2.18a)
for ¢ = 21 + 1 odd, and
m=—1[—-1+1,,..,—1,1,...,1— 1,1 (2.18b)

for ¢ = 21 even (I is here any integer I =1,2,--:). A
subset of the generators C,,,,, of the group U(g), given

by

A (2.19)

mml = emml - ('—" l)m-‘.mle-ml,-m’

is closed under commutation:

[Amml, mm’l’ - Ommlll Amllml

Ao o] = O A
+ - )mm” G p_ — (1) A e s

(2.20)

and is the set of generators of the subgroup ©(q) of the
group U(g).6 The weight, raising, and lowering genera-
tors are the operators withm = w',m >m’ > — m, and
m’'> m > — m', respectively.

It is possible to build, within the group Sp(2ng), a group
which plays the same role with respect to 9(g) as the
group U(n) with respect to U(g). Indeed the operators

Hs = E Bms.ms = Css + %q = %,; MmsEms + %q’
m

s=1,...,n, (2.21a)

Coy =20 Mpsbmes S=L st=1,...,nm, (2. 21b)
m

D;t = Z; (_ l)l-m D;ns,-mt = E (_ l)l-m nmsn-mt’
(2. 21c¢)

s<st=1,...,n,
D, =E (—1)-m D,s-ms = E — 1)l-m£ms Eomes
m m

sst=1,.,..,n, (2.21d)
are closed under commutation and are the generators of
a (noncompact) subgroup Sp(2n) of Sp(2ng).° Moreover
they commute with the generators (2. 19) of 9(g). We
have, therefore, instead of (2, 7), the following chain of
groups:?

Sp(2ng) O 0(q) X Sp(2n),

where 0(g) C U(g) and Sp(2n) D U(n).

As was shown by Chacdn,4 the IR of the groups ©(¢q) and
Sp(2n) contained in an IR (2. 8) of Sp(2nq) are charac-
terized by the same partition

(2.22)

[#_1“_2 “ o0 ’Jr] (2. 23)
into » parts,» being given by
¥ = min(l,n). (2.24)

Thus the groups 9(¢q) and Sp(2n) are complementary
within a given IR of Sp(2%¢q).
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The complementarity of ©(g) and Sp(2#n) leads to the
following property, which was proved by Chacén:4 The
linearly independent polynomials in the creation opera-
tors of the type (2. 2) that satisfy the equations

C,P=u,P, s=1,...,n, (2. 25a)
C,P=0, s<t=2,...,n, (2. 25b)
D, P=0, sst=1,...,n, (2. 25¢)

form a basis for an IR of 0(g) characterized by the par-
tition [pqpgeee ] (And y oy ==, ifn>1).
Note that they are those polynomials which are of high-
est weight with respect to the subgroup U(n) of Sp(2n)
and at the same time contain the minimum possible
number of creation operators. The hwp P of the IR of
O(q) is given by the simultaneous solution of Eqgs. (2. 25)
and

Ay P=0, m>m'> —m, (2.26)
In order to get all possible I-row IR of the group 9(g), it
is necessary by (2.24) thatz > [. By takingn = [, the
group chain (2. 22) becomes

Sp(21(21 + 1)) D (21 + 1) X Sp(2D),

[(3)izpD] 2,272
[(p)i2rD-13) PR TF Y [P PR TP B

or

Sp(412) > 0(2]) X Sp(2),

e (2.27b)

ey Bkt bl [hama o w0)

following g i8 odd or even. Under each group we show
the IR to which it corresponds.

The solution of Eqgs. (2. 25) and (2. 26), withn = [, is4
P = (ajfrt(ag T a] By

12+l

x (a7 7700, (2.28)

where the determinants Afnllsmzz','_',s},;. are defined as in
(2.15). "

We proceed now to extend the analysis developed in this
section to the symplectic subgroup of the unitary group.

3. THE SYMPLECTIC GROUP AND ITS ORTHOGONAL
COMPLEMENTARY GROUP

For g even, the unitary group U(q) has the symplectic
group Sp(g) among its subgroups. To get a boson reali-
zation of the latter, it is useful to introduce new notations
as follows: q is set equal to 2j + 1, where j is any half-
integer (j=%,%,---),and index p(p = 1,2,...,2f + 1)
is changed into a new index m, which takes the values

1 1

m=—j,—j+ 1, ..., = F,5,0.0,0— 1,4 (3.1)

Let us consider the subset of the generators € ,,,. of the
group U(q), given by

Ay =€ + (= )mmi@_ L (3.2)
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They satisfy the relations
Am =Aoms (3.3)
Ay p=E=1m"A ., (3.4)

and are closed under commutation, the commutation re-
lations being identical to Eqgs, (2. 20).

From (3. 4),the operators A, ., (m,m’ =—j,...,j) are
not independent. We can take as independent operators

Ay, m>0, (3.5a)
Nppe MM 2 —m, (3.5b)
Ay mO>m 2 —m, (3. 5¢)

From (2. 20), it is easy to see that they are the weight,
raising, and lowering generators of the subgroup Sp(g) of
U(g), respectively. The different elements of (3. 5b)
correspond to the following root vectors:

Apw m>m >0, €1 — €j-mre1s
Apw m>0>m'> —m, €home1 T €oimia1s  (3.6)
Apry m>0, 3€; o1,

and those of (3.5c¢) to

A, m>m'>0, — €yt Cjprery
Ay m>0>m'>—m, — €jme1 — €jmimr1415(3: D)
A,m m>0, — 2e

j~m+l°
Within the group Sp(2ng), it is possible to find a group
which plays the same role with respect to $p(g) as the
groups U(n) and Sp(2n) with respect to U(g) and 6(q),
respectively. By analogy with Eqgs. (2. 21), we build the
operators
Hs = ; H,sms = Css + %q = E NmsEms T %q’
m
s=1,...,n, (3.83)

Co = % Noms Emes
D;t = Z; ('_ l)j-m D+ms.-mt = E (_ l)j-m nmsn—mt’

m m

s< t=2,...n,

Dst= Z; (_ 1)]_m Dms,—mt = Z; (_' 1)]'7’! Emsg-mtﬂ

m m

s<t=2,...,n,

s=t, s,t=1,...,n, (3.8b)

(3. 8¢)

(3.8d)

where the summations are taken over the values (3.1).
The operators D}, and D, are antisymmetrical with
respect to s and £, so that the restriction of s and ¢ to
the values shown in (3. 8¢) and (3. 8d) ensures the linear
independence of the corresponding operators.

The operators (3, 8) are closed under commutation and
are the generators of a (noncompact) orthogonal group
0(2n). The weight generators are the operators (3. 8a).
The raising and lowering generators with their corres-
ponding root vectors are

Cst
D;t s<t=2,...,n,

s<t=2,...,n, e;—e, (3.9)
e, +e,,
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and
C,, s<it=2,...,n, —e,+e, 5.10)
D, s<t=2,...,n, —e,—¢, :

respectively. Moreover all the operators (3. 8) commute
with the generators (3. 2) of Sp(q), so that we can form
the direct product of the groups Sp(g) and O(NZn). We
get, therefore, the following chain of groups:

Sp(2ng) D Sp(q) X 0(2n), q=2j+1. (3.11)
We are now going to show that the IR of the groups
8p(q) and O(2n) contained in an IR (2. 8) of Sp(2nq) are
characterized by the same partition

[Hlﬂ-z"‘uu] (3.12)
into » parts, u being given by
u = min(j + 3,n). (3.13)

The groups Sp(q) and O(2n) are thus complementary
within a given IR of Sp(2#4).

More precisely, we are going to prove the following
property: The linearly independent polynomials in the
creation operators of the type (2.2) that satisfy the
equations ’

(3. 14a)

C, P=u,P, s=1,...,n,
c,P=0, s<t=2,...,n, (3. 14b)
D,P=0, s<t=2,...,n, (3.14c)

form a basis for an IR of S8p(g) characterized by the par-
tition [uypg--- p J@nd p g = =p,=0ifn>j +3).
Note that they are those polynomials which are of high-
est weight with respect to the subgroup U(z) of O(2x)
and at the same time contain the minimum possible num-
ber of creation operators.

In order to get all possible (j + 3) — row IR of the group
$p(q), it is necessary by (3.13) thatn > j + 3. Taking
n = j + 3, the group chain (3. 11) becomes

Sp((2j + 1)?) O 8p(2j + 1) X 0(2j + 1),
[(%)(2]“1)?2] ' (3.15)
[y Dy2113) [Bapz Bjara]lBakz *** Bya],

2

where we show under each group the IR to which it cor-
responds.

The proof of the complementarity is delayed until Sec. 5.
In the next section we proceed to show a few properties
of the IR of the symplectic group and derive 3 useful ex-
pression of its Casimir operator, which we are going to
need afterwards.

4. IRREDUCIBLE REPRESENTATIONS AND CASIMIR
OPERATOR OF THE UNITARY SYMPLECTIC
GROUP

The hwp P of an IR [uy o+ * i ;u1/2)] Of the group

Sp(2j + 1) satisfies the system of equations

AmmP = IJ’j‘m*IP’

m> 0, (4.1a)

A, P=0, m>m' =z —m, (4. 1b)
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1t is straightforward to show the well-known property,
according to which [m LR #,-+(1/2)] is a partition, i.e.,
BisMgseen; b p) are integers and

By 2 Hg 2 ece 2l 2 0. (4.2)
First of all, from (3.2) the operators A, of Eq. (4. 1a)
are given by

Amm=@mm_e (4'3)

e
When applied to P, the operators €, and C_, _
sure its degree in the creation operators 7, .,
s=1,...,n,andn_,,5=1,...,n, respectively. Thus
their eigenvalues are positive or zero integers, so that
those of A, , are integers too.

mea-

We apply now the lowering generators (3. 5c) of $p(2j+1)
to P and calculate the norm of the resulting polynomial.
We have

(O1(A pmP) (AP 0) 20, m>m'>—m, (4.4)
where |0} is the vacuum state of the boson operators.

Transforming the inequalities (4.4) with the help of Eqgs.
(3.3) and (4. 1b), we get the relations «

<0|P+[Amm’7Am’m]P|O,>20’ m>m' = —m,

(4.5)
From (2. 20) and (4. 1a), these reduce to
Bjmme1 = Mjopprey = 0 if m>m’'>0,
Bjemr1 T By im0 >0 Hm>0>m" > —m, (4.6)

4 = 0 it m'=—m,

completing thus the proof of (4. 2).
The Casimir operator of the symplectic group is given
by

P = Z)l Amml Am’m' (4. 7)
mm

Its eigenvalue in an IR [ gy -~ uj+(]/2)] can be found

by applying the operator to the hwp of the IR. With the

help of the commutation relations (2. 20), the expression

(4.7) can be transformed into

@=22 A, +2m+ 1A, +4 2

m>0 m>0
m-1
X 22 ANt 2 2 A, A . (4.8)
m'==~m+1 m>0 ’
From Eqgs. (4. 1), we get
P = ¢P, 4.9)
wherje
P=2 2 Pipgeg (Bjopey +2m + 1), (4.10a)
or m>0
j*1/2
e=2 27 p(u;,+2j—2i+3). (4.10b)
i=1

We are now going to derive an alternative expression
for the Casimir operator &, in terms of the generators
of the group O(2%), which we shall use in the next sec-
tion, From (3.2), (2.5) and (2. 4a), (2. 4b), Eq. (4.7) can
be transformed into
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=2+ 20 (1™ D0, b oy by (4.11)
mm st
where
T = E, @,mm,@m,m (4. 12)
mm

is the Casimir operator of the group U(2j + 1). It is
straightforward to show that this operator is connected
with the Casimir operator of the subgroup U(r) of O(2n),

= § Cst Cts ’ (4~ 13)
by the relation
'=I"+(2j+1—mn)N, (4.14)
where
N = Z; Cms.ms = E @’mm = Z) Css (4‘ 15)
ms m s

is the number operator. We substitute now Eq. (4. 14)
for the first term of Eq. (4. 11), and put the second term
of this equation in normal form. The result is

=2I" +2(2/+2—n)N—2 2;, DD, (4.16)
The operator I’ can be further transsformed into
= 2;3 (C,s tn+1—25)C,  + 2 th C,.C,, (4.17)
so that finally )
®=22;(C,, +2+3—2sC,,
s
+4 Z} C,Cy,—2 %} DD, . (4.18)

At thig point, it is worth wh11e to note that the possibility
of writing the Casimir operator of $p(2j + 1) in terms
of the generators of O(2x) is directly connected to the
complementarity of the two groups, More precisely, it
is shown in the Appendix that the sum of the Casimir
operators of both groups is equal to a constant.

We proceed now to prove the property stated at the end
of Sec. 3.

5. BASIS FOR IRREDUCIBLE REPRESENTATIONS OF
THE UNITARY SYMPLECTIC GROUP

We want to show that the linearly independent polyno-

mial solutions of Egs. (3. 14) form a basis for an IR of
8p(2j + 1) characterized by the partition [ py--- 1 ],
“=min(j + 3,n),and p .y = o+ =p, =0ifn > '+%.

As the operators C,, and D, are invariant under the
transformations of Sp(2j + 1), it is clear that the set of
all linearly independent polynomial solutions of Egs.
(3.14) form a basis for a representation of $p(2j + 1).
Let us assume that this representation is reducible.
We can then choose linear combinations of these poly-
nomials so that in the new basis the representation is
explicitly reduced. Owing to a well-known theorem of
Cartan,1? each subset of polynomials that is a basis for
an IR has a unique term of highest weight. It can be
found by solving Egs. (3. 14) and

ApmP = )P, m>0, (5.1a)

meP=10, m>m'z2 —m (5.1b)

simultaneously. Our theorem will thus be proved if we
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show that the polynomial satisfying both Egs. (3.14) and
(5.1) for a given [[.Ll' ++u,] is unique and corresponds
to g =iy, s biva/a) = Bjqyp n 27+ zand

py = Higeoos Wy, = yn,pnd =0,...,b5q,=01if

n < j + z. As the proof is quite similar t {hat used for
the corresponding theorem for the orthogonal group,4
we shall only give the main steps.

From (2.16), the general solution of Egs. (3. 142) and
(3. 14b) is given by

1y~ 12 - 12
P = (4; Yz (a5 j_l)uz B3, (a7 2. ARy o
1 12 12 --on
AL A; 2 A; ,--1---m
xXZ DN T AR ’ (5-2)
IS alz -
j j i1 .7]1 'n*l
withp,t,,‘3 gy = =y, = 0 in the casen>j + 3. We

may,tl’nerefore restrict ourselves to the casen < j + 3
The arbitrary polynomial Z has now to be chosen so
that P satisfies Eqs. (3.14c¢) and (5.1).

It is straightforward to show that, instead of the ratios
appearing in (5. 2), Z can be written equally well in terms
of

Xpq
, q<p=2,...,n, (5.3a)
AlZop  al2c
j 1. jmp*1 =G §-1 "Q*l
and
A12 . le r
1 ~r+2 m
VI , T=1,...,m,
AJ Jo1 oo jmr+2 jerel
m=—j+r—1,...,j—7, (5. 3b)
where the 3 (n — 1)n new variables X, are defined by
e p-1 p 12 ¢-1
E( VLN S-S A SRS S I P
a< p=2,...,n. (5.4)

With this change, conditions (5. 1b) can be easily imposed.
By noting that for any X

Amm'XPq =0, m>m' > — m, (5. 5)
the raising generators of Sp(2j + 1), when applied to the
polynomial (5. 2), only act on the ratios (5. 3b).

Let us consider first Egs. (5. 1b) with 2 = j. From defi-
nition (3. 2) and the fact that the index — j only appears
in (5. 3b) for » = 1, the equation corresponding to

m' = — j is equivalent to
2@, ,P=0 (5. 6)
or 8Z
— =0, 5.7
2% /aT) (5.1

Therefore, Z does not depend on Al /A},and — j does
not appear in the variables (5. 3b). Consequently the
equations corresponding tom’ =—j +1,...,j— 1 are
equivalent to
e, P=0 (5.8)

7
or

_0z  _,. (5.9)
(A /83)
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Thus Z does not depend on AL ,I/A yeees Al_l/ either,
and the ratios with» = 1 d1sappear from the lis{ (5. 3b).

Let us consider now Eqgs. (5.1b) with m = j — 1. As the
index — j + 1 only appears in (5. 3b) for » = 2, the equa-
tion corresponding to m’ = — j + 1 is equivalent to
2C; 4, juP=0 (5.10)

or
ez

a(Al -]+1/A1 1)

Therefore, Z does not depend on A} _J+1/A, 2 ,,and
—j+1 does not appear in the variables (5 3b) Conse-

(5.11)

quently the equations corresponding tom’'=—j+2,...,
j — 2 are equivalent to

Cjmg,mP=0 (5.12)
or

oz
(5.13)

a6}z /A}Z,)
Thus Z does not depend on A} _]+2 /8} %, .., ]22/ 24
and the ratios with » = 2 dlsappear from the hst (5. 3b)
Going on like this for the other values of m, we arrive
finally at the equations correspondingtom =j—n + 1,
which are satisfied if Z does not depend on the ratios
(5.3b) with » =n. The equations withm =j—=n,...,3,
are then automatically satisfied.
The polynomial satisfying Eqs. (3. 14a), (3. 14b), and
(5. 1b) is thus given by (5. 2) with Z depending only on
the variables (5.3a). It can be written as

&

P= kZ)) {A(k )Xz VX 3xkE ..

X X:{ﬂ ‘e X""»:g-l (Ajl)ﬂl’l‘z‘kzl"'m' Tt Tkpy

X (A1 ?_1)“2'“3"?21"‘32' Tt Tkaz .,

x (A] i ]:"" -n#l)un_knl_klz_‘ -kﬂ n_l}; (5' 14)
where %, , are nonnegative integers and A(k ! are (as

yet) arbitrary constants.

Let us now impose conditions (5. 1a) on this polynomial.
It is easily seen that

Aj"s*l,j-s*lqu = €quy s=1,...,j+ %; (5.15)
where
€= if s<qg-1,
=1 if gsss<p-1, (5.186)
=0 if s=z=p,
and
12 - p 12 :.--p
Aj's*l.j-s’l AJ— j1---j-p+1 =€ A]' J=lesej-p+l>
s=1,...,5+%, (5.17
where
€=1 if s<p,
=0 if s> p. (5.18)

Equations (5. 1a) are, therefore, equivalent to the set of
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j + % conditions
Py =ty kyy — kg — e —kyy,
By =g —kyy —kzp— -2 — k5,
“;;=’J'n-kn1_kn2_“._knﬂ"1’ (5.19)
oy =0

B2y = 0.

Ask ba
that

are nonnegative integers, we deduce from (5. 19)

pe=pl, s=1,...,n. (5.20)
Equations (5. 19) also allow us to express » summation
indices k,, in terms of the others; but it is not neces-
sary to do it in detail as we are going to show now that

all the kp ¢ are zero.

It only remains now to impose conditions (3. 14c). They
lead to the relation

2; DDy P=0, (5.21)
8§
which, from (4. 8) and (4. 18), can be rewritten as
{ZC,+2z+3-29C, +2 > c,c,
s<t
_m2>0 Apm +2m+ 1A, —2 m?O (5.22)
m-1
E A ’mAmm’—' E A—mm m, m}P_O
n =—m+l

Taking into account that P already satisfies Egs. (3. 14a),
(3.14b), and (5. 1), we find the condition

f) (Mg —
s=1

From (4. 2) and (5. 20), we know that all the terms of this
relation are nonnegative. Thus it can be only satisfied if

p)(pg+pl +2j+3—25)=0. (5. 23)

e —pnf)(ug +p/,+2/+3—-2s)=0, s=1,2,...,n.

(5.24)
The second factor is positive definite (asn < j + 3),
consequently Egs. (5. 24) imply that
ui=p,, s=1,2,...,n, (5. 25)

The proof of the theorem stated at the end of Sec.3 is
thus complete.

Finally as Egs. (5.19) and (5. 25) lead to k,, = 0 for any
?» and g, we have also shown that the hwp of the IR of
8p(2] + 1), characterized by the partition [ py--- p,]
n <j + 3,is given, apart from a normalization factor by

P - (A_l)uruz (A}]?_l)ﬂz'ﬂa e (A] 2 1 ‘n _]:n+2)ﬂn—1'ﬂn
1 e
(A] i- 1- j-n+1) Ha . (5. 26)
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From this, the whole basis of the IR can be found by
applying the lowering generators (3. 5¢) of $p(2j + 1).

APPENDIX: RELATION BETWEEN THE CASIMIR
OPERATORS OF THE GROUPS Sp(2j+ 1) AND O (2n)

We want to derive the precise. relationship between the
Casimir operator ¢ of the group $p(2j + 1), defined by
(4. 7), and that of the group O(2r), defined by

&' =2 (DD, +DuDy)—2(23 H)2 + 25 C,C,).

st s s*¢ (Al)
Equation (A1) looks like the expression (4. 16) of the
operator &. In order to be able to compare them, it is
necessary to transform the second and third terms of
Eq.(Al). We obtain straightforwardly that

®'=2 § D;tDst— 2 ? [Hs —(n— 1)]Hs -2 SZ)'} CstCtsl

A2
and from (3. 8a) (a2)

' =2 2;D,D,— 2T" — 2(2j + 2—n)N

* +n@+ D (n—j—1), (A3
with I and N defined by (4. 13) and (4. 15), respectively.
Equations (4. 16) and (A3) imply that

2+e =n@+1)(n—7F—3). (A4)
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In particular, for n = j + 3, we find that

&+ &' =—3(2 +1)2, (A5)
Note that the fact that the sum of the Casimir operators
of the groups Sp(2j + 1) and O(2n) is equal to a constant
is not sufficient to prove the complementarity of the

two groups, because it may happen that two IR of one or
both groups, characterized by different partitions, cor-
respond to the same eigenvalue of the Casimir operator.
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We obtain theorems on the convergence of separable approximations for ¢ matrices which derive
from local potentials. We prove that convergence is impossible in the operator norm and the
Hilbert-Schmidt norm. This result is universal and independent of the particular method used to

construct the separable approximation.

I. INTRODUCTION

This paper studies the convergence of separable expan-
sions for the off-shell two-body { matrix, Numerous
authors! have constructed different schemes for obtain-
ing specific finite rank approximations for the { matrix
and have studied their convergence in differing model
problems. The general aim of all these works is to
obtain an accurate expansion of the { matrix which will
be suitable for solving Faddeev's equations for the three-
body scattering problem. Here we study the convergence
of separable { matrix expansions in an abstract format
and obtain a theorem which states that convergence in
the operator norm is impossible. We prove this general
result for any { matrix which is derived from a potential
that has some local part.

1l. THE NONCOMPACTNESS OF THE t MATRIX

In this section we shall prove that a ¢ matrix derived
from a local potential is noncompact. It is this non-
compact property that makes the convergence of finite-
rank approximations difficult, Here the { matrix we
examine is the solution of the Lippmann—=Schwinger equa~
tion

Hz) = v — vgy(2)t(z) ®

for a two-body interaction v, a complex energy variable
z,and a resolvent g,(z) = (k, — 2)"! expressed in terms
of the free Hamiltonian 2,. The nature of the solutions
of this equation expressed in momentum space have been
studied in detail by Faddeev.2 The conditions imposed
by Faddeev on the local potential in Eq. (1) are that it
satisfies a boundedness property A, in momentum space:
A: up—p)=C/1+ |p—p|)t+e, 0> 3, (2a)
where C is a constant. The potential is also assumed to
satisfy a smoothness property B,defined by the Holder
condition,

B: ju(p—p') —v( + ap)| = Clap|¥/(1 + |p —p’[)1+®
(2b)

for all |Ap| < 1,u > 0. When Eq.(1) is written as an in-

tegral equation in momentum space, it takes the form

—p")¢t " /.Z)d3 "
Hp,p'iz) = v(p —p’) — [WR=P)Hp",p’;2)d%p"
P,D’; p—p)—f e )
The results of Faddeev that we need in this work are that
when the conditions A and B are satisfied then Eq. (3) has
a unique solution for all z not at the bound-state energies
of o = hy + v. In this case the solution to Eq. (3) satisfies
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the estimate
[t(p,p’52)| = C,/(1 + |p—p’[)1+8, (4)

In what follows we shall analyze £(z) as a linear operator
on the Hilbert space 3 of square integrable functions in
the three-dimensional momentum variables, i.e., the
norm of f€ X is

Ifll, = (f tf(p)izaap)lfz. (5)

We now want to show that #(z) is noncompact in . This
result is the content of the following two propositions,

Proposition 1: Let condition A be satisfied by the
potential v and Imz = 0;then {(z) is noncompact in JC.

Proof: We first note that A implies vg,(z) is com~
pact. In fact vgo(z) is a Hilbert~Schmidt operator. This
follows by direct calculation., The Hilbert-Schmidt
operator norm is defined as

lgozolly s, =ff vp—p) 2 @3p d3p’
p'?~z (6)
72

=

243

The last integral on the right exists if 6 > 3. So gy(z)v
is compact.

Now let us demonstrate that {(z) is noncompact. First,
we note that the condition that v is local means that v is
a multiplication operator when expressed in coordinate
space. Thus it is noncompact. Since the Fourier trans-
formation from coordinate space to momentum space is
a unitary transformation, v is noncompact in 3¢. Now we
suppose £(z) is compact. We know vg(z) is compact, and
s0 will be the product vg(z)¢(z). Equation (1) tells us
that v is the sum of two compact operators. Thus v must
be compact, This is a contradiction. So we have shown
that (2} is noncompact. This establishes Proposition 1.

We extend the domain of validity of Proposition 1 to in-
clude the entire z plane, excepting a small neighborhood
around the bound-state poles of {(z). This extension
follows at once from the following lemma.

Lemma L: Let conditions A and B be satisfied; then
the difference #(z,) — #(z,) is compact for all z, and z,
in the upper (or lower) half z-plane which excludes the
discrete spectra of 2, + v.

Proof: This result is easily established by direct
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calculation, We use the well-known identity3 which con-
tains the full off-shell unitarity in the two-body scatter-
ing problem, viz,

Hzy) — tHzy) = (zz "zl)t(zl)go(z1 )go(zz)t(zz)- ()

The right-hand side of Eq.(7) can be proven Hilbert~
Schmidt by using the left to obtain a finite bound on the
norm:

ltzy) — tep)iEs, = S |t 075 2,) — 10,7 2) | 2 ddpap’
Hp,p”,2,)Hp",p’; 2,)d3p" | 2
= — 2 ,
Izz le ff,f (puz _zl)(p,,z —Zz) | d3pd3p
Ip”2 —z [p"2 — z,|

X d3pd3p’, (8)

For Imz =0 and employing Faddeev's estimate Eq. (4),
we can change the order of integration to obtain

Itzy) — )3 5. =< 12 — 2, |2

9 ‘ d3p"
Ipuz _zlnpnz __zzl

2 2

3

f Cd3p
(1 + |pl)2+20

with
3n”
|Z2—z1|2’f “p

|p"2 —2y lp”2 — zgl

2
= 4n4| V5 — V5 |2,

which is valid for z, and z; in the same half plane, and

lf———cv——-d3p =C, <o for 6>4%.

(1 +|p|)2+20

We have for all Imz # 0
lt(z)) — el 2 5 = 4m4C2 | Vo, — V7 12, (9)

But the bound on the right may be continued on to the
real axis. So the lemma is proved.

We can establish the generalization of Proposition 1.

Proposition 2: Let v satisfy conditions A and B then
t(z) is noncompact for all z not belonging to the discrete
spectraof 2 = hy + v.

Proof: This follows trivally from the above lemma
and Proposition 1. Let 2; lie along the upper portion of
the cut along the positive real axis in the complex z
plane,i.e.,z; = s + io where s is positive. Let Imz, > 0.
Now suppose #(z;) compact. Then

Hzg) = t(zy) + [t(zg) — H(z1)] (10)

implies t(2,) is compact since it is the sum of two com-
pact operators. This contradicts Proposition 1 so (z,)
must be noncompact,

Itl. THE CONVERGENCE OF SEPARABLE
EXPANSIONS

We now turn to the implications of Proposition 2 for the
convergence of finite rank approximations to {(z). All
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separable approximations take the form

H(p,p’;2) ~ tY(p,p’;2),

N N (1)
tM(p,p'52) =25 23 c45(2)f; (p;2)gi(p'; 2),

1717-1

where f; and gj are square integrable and c;;(z) are con~
stants and N is the order of the finite rank approxima-
tion t¥(z), We summarize our conclusion in two propo-
sitions.

Proposition 3: Let t¥(z) be any finite rank approxi-
mation described above; then the Hilbert—Schmidt norm
of the difference £(z) — ¥(z) is infinity.

Proof: Assume [[t(z)lly 5. = B < ,for some t¥(z).
Thus £(z) — t¥(z) is compact. The operator ¢¥(z) is finite
rank, so {(z) must be compact., This is a contradiction,
so we must have

lt(z) — t(z) g g, = forall ¢¥z). (12)
A somewhat less demanding norm for convergence than
the Hilbert=Schmidt is the operator norm. For any
linear operator A on JC, this norm is defined by

lAl = inf (IAfll,/1Iflg). (13)
fex

Our last proposition states that convergence in the
operator norm is impossible.

Proposition 4: There does not exist any sequence of
separable approximations {#¥(z); N = 1, o} such that

lim [|t(z) — £¢¥z)] = 0. (14)

N—ocOo

Proof: Assume that Eq. (14) is true for some se-
quence {#¥(z)}; then ¢ (z) is the limit in the operator
norm of a sequence of compact operators and is there-
fore compact.4 This contradicts the noncompactness of
t(z), so Eq. (14) cannot be true.

The results we obtain above, of course, do not preclude
a weaker type of convergence. For example, it would be
possible

I(te) — t¥=))fl, > 0 as N-
for a fixed f in 3. What our results do provide is a uni-
versal upper bound on the type of convergence possible

for a separable expansions, regardless of the method
which is used to construct the expansion,

In the results stated above we have assumed the potential
is a purely local one. However, the only important aspect
of the potential our proofs required is that the potential
was noncompact. If we add to any noncompact operator a
compact operator the sum remains noncompact. Thus
our results extend to potential which are a sum of a local
part and a compact part, provided that conditions A and B
are satisfied. In order to place these results in the prop-
er perspective, the reader should note that in many ap-
plications in scattering theory the operator which ap-
pears is the combination gy(z)¢(z) rather than {(z). In
general the operator g,(z){(z) shares the compactness
that g4(z)v possesses.
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Completeness of the wave operators is proved for N equal mass quantum mechanical particles
interacting by repulsive forces given by pair potentials ¥y (1x;-x;1) = 0( bx;-x; 17 1= €3, >0, which also
satisfy certain regularity conditions. In a previous paper an incorrect derivation of this result for the
two-body problem was given, which we correct and adapt to the N-body situation,

1. INTRODUCTION

The quantum mechanical motion of N equal mass par-
ticles which interact by means of pair potentials Vi is
described by the unitary group ¢ #% geting on X =
£2(R3%¥), where the Hamiltonian operator H is the self-
adjoint realization of the differential operator

— A+ Ty micjenVigle; — X,

where ¥, € R3 is the position of the kth particle, We
shall consider only repulsive Kato potentials which are
continuously differentiable in R3 — {0}:

r)=x-vvw =0, «xer2—{0. (1.1

Two such groups e ! and 7! may be asymptotically

related by the wave operators

. int -{H t
R (Hy, Hy) = Him e e ™.

(1.2)
(All operator limits we consider will be in the strong
sense.) The wave operators , (H, Ho}(Hgy = — A) are
known to exist if each potential V;; is short range,?
IVij(x)l = c(1 + 7)1, 1. 3)
but the completeness of &, (H, H), which is equivalent
to existence of £, (H,, H) is more difficult to prove. This
has been done for V(x) = 0{r~3-<) in a previous article,?
hereafter referred to as I. Here we shall prove com-
pleteness for repulsive radial potentials with the decay
rate (1. 3), but with some additional regularity conditions
on their first and second derivatives.

The two-body problem is equivalent to the problem of
one body with an external potential. Herenoregularity con-
ditions are necessary3 for completeness, even without
repulsivity, if one uses estimates on H, the fact that H
is a short-range perturbation of H,, and a time indepen~
dent perturbation argument. In I, Theorem 4. 1, a direct
time-dependent argument for this result was given (in
the repulsive case), but the proof is in error because it
depends on I, Theorem 3. 3, (b), (c), which are incorrectly
demonstrated. The same applies to I, Theorem 3. 6, (b),
(c), but these were never used. (We are indebted to
William Faris for pointing out this error.) In Sec. 2, we
give a corrected proof for the one-body problem using
similar ideas. This motivates our proof in Sec.3 for the
N-body case.

Let H be a self-adjoint operator on a Hilbert space X
and let 7' be a bounded operator from X to X', T is
called H-smooth if
oo 2
I ITesig)2at = ¢ lgl?,

¢ e XK. (1. 4)
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I T;: X — X' is H;-smooth for j = 1, 2 then the time
integral of ¢ “¥) 73 T, ¢ “*%2" from 0 to » converges
strongly.2:4 Let us call the collection of linear combina~
tions of such products §(H,, H,).

Theovem 1.1:2 U H1A— AH, € 9(Hy, H,) then

lim,,  e%® geGt) oyigts,
Thus, if H — Hy = V € 9(H,, H), then Q, (H,, H) exists
and the completeness problem is solved. (Take A = 1.)
In the case under consideration it was shown in I that
certain operators essentially belong to 9(H,, H). Among
these are multiplication by flx; — x;) if f= Of-3-<) at
© (¢ > 0), which gives the result cited above. But the
only operators shown to be in 9(H, H) with Ofr-1-¢) de~-
cay at © were of the form hH g,

hix) = (1 +r2)-Q+e)d 1.5)
and (1 + #)-179V/3r. The latter tends to decay faster
than the potential itself, and the former contains differ-
ential operators which do not occur in V. However, con-
vergence of the expressions in Theorem 1.1 does follow
for certain choices of A, and from this the wave opera-
tors can be obtained.

In addition to the fundamental imperative of mathema-
tical scattering theory (prove completeness with the
weakest possible decay at infinity), we have an ulterior
motive, namely, to demonstrate the relevance of our
generalized scattering condition (1. 6) below to the standard
theory. To deal with long-range potentials where (1.3)
fails, we showed? the existence of
W, (A) = Jim eifltAg-idt (1.6)
where A is a continuous function of momentum, i.e., the
Fourier transform of multiplication by a continuous fune~
tion approaching zero at infinity. The existence of this
limit is a weaker version of completeness since it states
that every solution e~ ##% ¢ of the Schrddinger equation
i9¢ /3t = Hp resembles a solution of id¢/3t = Hyo (in
some weak sense) at large times.2 In spite of this, no
conclusions about completeness of the wave operators
have been shown to follow from the existence of w, in
those cases where both exist, e.g., the N~body repulsive
case with Of(r-2) potentials, 1 < a < 3,2 However, in
this paper the existence of w, seems to play an essential
role,

2. THE ONE-BODY PROBLEM

We shall treat the operator H=Hy + Vix)on X =
£2(R"), n = 3, where V is a Kato potential, i.e., | Vol =
allHooll + cll oll, a <1, so that H is self-adjoint on the
domain of H,. We also assume V is continuously dif-
ferentiable on R® — {0}. Throughout this section # will
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represent the function on R” given by k(r) =
(1 +72)-1+e)/4 0< e = 1, = |x]| (and the operator
multiplication by this function).

Lemma 2.1: Let H = Hy + V,where V = 0 satisfies
the above conditions and the repulsivity condition
r3V/ar < 0. Then the following operators are H-smooth;

(a) r~h(H + 1)1,
(b) RV(H + 1)1: X > X ®Cn,

(c) (—-rS—L’) Y2 (14 vy e +

Proof: H-smoothness of (a) and (c) were proved in
Theorem 3.3 of I. For (b) we note that

[2vell? = [Vhell2 + (R(AR)@, ¢)

= [|vael2 + cllr-lrel2. (2.1)
The first step is a straightforward computation and the
second follows from |Az| < ¢ |71k |, H-smoothness of
Vv o h(H + 1)1 was established in the proof of Theorem
3.3 of I. This, together with (a) and (2. 1), gives the de-
sired result.

Remark 2.2: Suppose T: X — X' is H~smooth. If
S: X' X" is bounded, then ST is H-smooth. If U:
X — X is bounded and commutes with e-i:# for all ¢, then
TU is H-smooth. (The error in I mentioned above was
to call a product TU smooth where U does not commute
with H.)

Lemma 2.3: 1f Hy and H, satisfy the conditions im-
posed on H in Lemma 2. 1, then the following operators
belong to 9(H,, H,):

(@) (Hy + 1)"Yfr-2p2(H, + 1)-1,  f bounded
(b) (Hy + 1)"1Hfh2(H, + 1)1,  fbounded,
(Vf] = c/r.

Proof: By Lemma 2, 1(a) the expression (a) is a pro-
duct T{ T, with T; H;-smooth. For (b) observe

Hofh2¢ = —V *V(fh2¢) = — V *fh2Ve — V - V(fh2)¢
= (hV)*{(fhV) + (V)k + 2f(Vh)} o.

By Lemma 2.1(b) AV(H, + 1)-1 is Hy-smooth and
SRV(H, + 1)1 is also H,-smooth by Remark 2. 2; Since
IVfl <c/r, |VR| =71k, and f is bounded, {(Vf)r +
2f(Vh)} (Hy + 1)1 is H,-smooth by Lemma 2, 1(a) and
Remark 2. 2.

Using Lemma 2.3 and Theorem 1. 1, it is possible to
prove the existence of certain strong limits. The next
lemma allows us to relate these to the wave operators.
It will also be used in Sec.3. The proof is straightfor-
ward and we omit it,

Lemma 2.4: Let H, and H, be self-adjoint operators,

and 4, B bounded operators, all acting on X. Suppose
lim,_,, e #2" 4¢P = 4, . Then

lim e't! "t
t—=to0

-iHt . iH ¢
BAe™"2 = lim """ Be "2 A,
t—=to0

(existence of one side implies existence of the other).
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If ¢ ¥1°A¢" 2" and its adjoint converge as { = + ®,
lim,,, o e GHR p* g CHHE) AL, lim,, o P Ae(.‘
= A,, and A,, has null space {0}, then Q,(H,, H;) exists
and its range is the orthocomplement of the null space of
Aj, .

iHyt)

Theorem 2.5: Let H=Hy+ Von X = £3(R"),
where V satisfies the conditions of Lemma 2.1, V =
[+ 72 @reV2 + fy-2(1 + 72)-(A+e)/2 f, and f, are
bounded, and |Vf; | = C»-1. Then the wave operators
Q.(H, H) exist, and their range is X.

Proof: We shall prove that e “Zo? Hy + 1)-2
Hy(H + 1) 1e-#t and its adjoint converge as £ = + .
By Theorem 1.1 it is enough to show that Ho{(HO + 1)-2
Ho(H + 1)1} —{(Hy + 1) 2Hy(H + 1)1} H = (H, + 1)2
HoV(H + 1)1 € 9(H,, H). This follows from Lemma
2. 3, using Remark 2.2. The last statement of Lemma
2.4 applies because

N iH,t _ _o -iHt
Jim e (H + 1) 1Ho(Hg + 1)72e77°

. iH, -iHt -
= — ,lim e (H + 1)1 Ve o Hy(Hy + 1)

+ Ho(Hg + 1)3 = Hy(Hy + 1)78,

which has trivial null space. The last limit is Zero be-
cause (H + 1)1V is a compact operator and ¢ o
converges weakly to zero as { > + .

Thus Lemma 2.4 implies that ©,(H, H,) exists and has
range equal to the orthocomplement of the null space of

tymoeiH‘(Ho + 1y 2H (H + 1)-1le-it = H(H + 1)°3,

This limit is obtained using weak convergence of e~ ! to
zero, which is true because H is absolutely continuous
(I, Corollary 3.5.). The null space of H(H + 1)-3 is {0}
because H=Hy + V= H,,.

3. THE N-BODY PROBLEM

In this section, X = £2(R3¥), H, is still the self-adjoint
Laplacian on X and

H=Hy+V,V=

1=ig= .
and each Vj; is continuously differentiable on R3. Recall
that x, € R3 is the position of the kth particle. For re-
pulsive pair potentials, results similar to Lemmas 2.1
and 2.3 will be proved below. Let P;; = P, — P;, where
P, = — 1V, is the three-dimensional gradient operator
with respect to x,, acting on X. P2 =P,; * P,; will play
the role of H; similarly 7 ;; = |x, — x| will replace 7.

. Villx, —x;1) (3.1)

Lemma 3.1: I H is given by (3.1) and V,; satisfies

the repulsivity condition (1. 1) for each 1 =i <j <N,
then the following operators are H-smooth:
(a) ri}hlr ;) (H + 1)1,
(b) h(r 1) Py (H + 1)1: X > X @ C3,
avy; 1/2
(c) —rija— (1+ rgj)-l/‘l(H + 1)-1,
ij

Proof: The proof is the same as for Lemma 2. 1, re-
placing — iV by P;,v by r ;;, and h(r) by k@ ;;); and re-
ferring to I, Theorem 3. 6 instead of 3. 3.
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Lemma 3.2: If Hy and H, satisfy the conditions im-
posed on H in Lemma 3. 1, then the following operators
belong to 9(Hq, Hy),

(@) (Hy + 1y 1f(x, —x;)r3hr ;) (Hy + 1)1,
f bounded

(b) (Hy + 1)—1Pi2jf(xi _xj)hz('rij)(Hz + 1)1,
f bounded, |vf| = ¢/r.

Proof: This follows from Lemma 3.1 as Lemma
2,3 follows from Lemma 2.1,

Completeness of the wave operators in the N-body situa-
tion would follow from (Hy + 1)1, V., (H + 1) 1leg
(Ho,H). But if V,;(r) = Or-1-¢), Lemma 2.2 gives only
(Ho + 1)WPEV,;(H + 1)1 € 9(H, H). This was handled
in the one-body case by considering e*# Ae” "% A =
Hy(Hy + 1)-1. Here one would need to take for 4 a
product of operators, one factor PZ(PZ + 1)1 for each
V;;. By Lemma 2, 4 this would imply that the range of
Q(H, H,) contains the orthocomplement of the null space
of the product of all w, (Pizj + 1)-1, Since none of these
factors is as simple as H(H + 1)-1, this null space is not
obviously {0} as in the one-body problem.

Instead, we consider, in place of H, operators H,
corresponding to a decomposition a of {1, ..., N} into
clusters, where all potentials connecting different clus-
ters are omitted. Write ¢ ~j if 7 and j belong to the
same cluster, and 7 #j if not:

H, =H,+ > Vije

ij, i

3.2

The convergence of e 2 4 ¢ 2% i5 needed to apply
Lemma 2.4. For Theorem 2,5, where A = (Hy + 1)-2
Hy(H + 1)1, this followed by relative compactness of V.
In the N-body case, the operators A will be more compli-
cated, but always functions of momentum, Thus we can
employ a result proved in I, Theorem 5. 3.

Lemma 3.3. If H=H, + V,where V satisfies (3.1)
and each V;; satisfies the repulsivity condition (1. 1), then
the limits (1. 6) exist.

Clearly the map T — w, (T) is a homomorphism of the
algebra of momentum operators T into operators com-
muting with ¢4t for all £.

In Theorem 2, 5, the fact that ¢t (H, + 1)-1e ! con-
verges to (H + 1)"! was used. We shall need an analo-
gous fact.

Lemma 3.4. ¥ H=H,+ ) V,; satisfies the condi-
tions of Lemma 3.1 and H' = H — 2, ;5 V;; for some
subset S of the pairs 4, j( < j), then

(i) tyirgo Vij(H+ 1)le#t =0 for any ¢ <j

and
(i) Lim e{(H' + 1)l it = (H + 1)L

Proof: In1, Lemma 3.7, (i} is shown. By the resol-
vent equation

{(H' + 1)1 — (H + 1)1} e it = (B’ + 1)1
x Zi,jeSVij (H + 1) le it

so (ii) follows.
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- Theorem 3.5: Let H=H, + V, where V is given by
(3.1). Suppose that each pair potential V,; satisfies the
repulsivity condition (1. 1), the short range condition
(1. 3), and finally for 0 < ¢,

[VV,0) = fi;0)2(1 + v%)-1-9/2,

where | ;| =C, |f;| = C(1+ 7)1, Then Q.(H, Hy)
exists and is complete, i.e., its range is X.

Proof: Induction on the number of particles. The
assertion for the 2-body problem is implied by Theorem
2.5. Suppose that it is true for the K-body problem for
all 2 = K <N. Then Q,(H , H,) exists and has range X
for every nontrivial partition a. We shall prove:

Lemma 3.6. If a is a partition of {1,..., N} then
Qg(H,Ha) exists, and its range is the closure of the
range of

o, (ig, (P2 (Hq + 1)-2]) .

It will follow by the chain rule that ,(H, H o) exists and
its range contains the orthocomplement of the null space
of w, (I, ;[PZ(H, + 1)-2]) for every partition a. It is
sufficient to show that no nonzero vector can belong to
this subspace. In fact, if ¢, = 0 is such a vector, we
claim that

((ZPu? ®o+ 0% 0100 )= 0. 3.3)

i<j

Now

(H(H+ 1)2¢,,0,) = (v, (Ho(Hy + 1)2)e,, ¢,)

by Lemma 3.4. NH, = (XP;)2 + 20, P;;2,80

since (20P;)2 commutes with H, by (3. 3)

(wt(HO(HQ + 1)—2)¢¢,‘Pt) = I/N((Z)Pi)zwi ((Ho + 1)-2)
©.50.) <(Ho(H+ D)o, (H+ 1)1e,) = (H(H + 1)-2
¢.,¢.),a contradiction.

Now we must justify (3.3). For some ¢ = j
0= (“"1 (P,z] (Ho + 1)'2)(P*, (px) = ” W, (Pij (Ho + 1)—1)(10: II 2,

If E is the set of indices k such that w, (P, (H, + 1)°1)
¢, = 0,then for all k,m € E, w,(P,, (Hy + 1)1)p, =0,
because P,,, = P;, —P;,. If E were not equal to
{1,...,N}, we could divide {1, ...,N} into two clusters:
E and its complement E’. For some k € Eand k' € E’,
Wy (Pp(Hg + 1)"Y) @, = 0, contradicting the definition
of E. Therefore, w,(P;; (Hy + 1) 1), = 0 for all i <j
and (3. 3) follows:

0= "w*<§P”(H° + 1)'1) @y
= (w*<zpi2j (Hy + 1)_1> (7% ‘P:) .

i<j

2

Thus the proof of the theorem reduces to:

Proof of Lemma 3.6: By Lemmas 2,4 and 3.3, it is
enough to show convergence of

el 11 [PE(Hy + 1)2]e ™
iej
and its adjoint, because

. iH,t . -iH ¢
t}gnwel * il;lj [Pizj(HO +1) 2]e He

= Q,(H,,HW,,;P%(Hy + 1)2Q, (H , Hp)*
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has trivial null space.
. GH _¢) 2 _gq -t . -
The expression e« I, ;[P&(Hy + 1)-2)¢ " is a pro
duct of factors e “F¥) 4, e et p 1 M —1,
where Hy =H ,Hy=H,andfor 1 <=k <M —1,H, 4 —
H, =V, A,,=P,J£jl(Ho + 1)-2 for some 1 # j. Therefore
it is enough to show that

eiH,, tPizj(HO + 1)_26—in+1: 3.4)
and its adjoint converges for each k. We will not write
down the argument for the adjoint since it is the same
as that for (3.4) itself. Convergence of (3. 4) follows
from convergence of

b (B, + 172PE (H,,y + 172 0, ®.5)

For the latter implies that e 1) (Hp+ 1)2PZ (Hy + 1)2

e Hent) converges by Lemma 3. 4; this gives conver-
gence of e('Hkt)(Hk + 1)-2e(”'H’“‘1')cut (PZ (Hy + 1)°2) by
Lemmas 2.4 and 3. 3; convergence of e “##" o€ #Hknt)
(P3(Hy + 1)-?)(H,,y + 1)°2 follows by Lemma 3.4;
finally e('H"”PE,- (Ho + 1)'2e("””"’”(H,H1 + 1)-2 con-
verges by Lemmas 2.4 and 3. 3, which gives convergence
for (3.4) because (H,,, + 1)-2 has range X.

To prove that (3. 5) has strong limits, it is enough by
Theorem 1.1 to show that 9(H,, H,,,) contains

(Hk + 1)_2[Hkpi2j _Pz% le+1](Hk+1 + 1)-2
= (Hy + 12{[H, ,P2] —P3V,}(H, + 1)2,

By Lemma 3.2 (and Remark 2.2) (H, + 1)-2PZV,,

(H,,, + 1y2 € 9(H, ,H, ), s0 it remains to consider the
other term. (No such term appears in the one-body argu-
ment; it is here we need the extra regularity.) The only
nonzero contributions to [H,,PZ ] come from terms
[Vas,P%] where a or B =i or j,but &, 8 = 7,j. In this
case
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[V, Pij ] = iVV,, = iflx, — X )7 o121 + 72,)1-9/2,

[-1. ]

Write g2 = (1 +"r§B yi-€/2 f = Saprv=(,— xB)/r Y
Then
[Veps P31 =Pi; " [Vag, Pij ] + [Vags Pis 1~ Pij

=1iP; " vf2g2 + if2g%v ' P

=ifglv " Py + Py " vifag.
(The last step results from a fortunate cancellation of
commutators.) T = v " P;; + P;; * v is not bounded, but
its product with (H, + 1)"1/2 is bounded; therefore we
write
(1/24)(H, + 1)1V, 4, PR = fe(H, + 1)1 Tfg

— (Hy + 1)7X[H,,fgl(H, + 1)"V2[(H, + 1)V2T]fg.

Since fg = |8V,,/07 [1/2, it follows from Lemma 3. 1(c)

and (a) that fg(H; + 1)1 is H;-smooth (j =k, + 1) and
(H, + 1)1fg(H, + 1) 1Tfg(Hy,q + 1)°2 is in 5(H,, H,.,).

We are left with showing the adjoint of (H, + 1)-1
[H,,fgl(H, + 1)1/2 is H,-smooth.

i [Hy, fg] = Py * V(f2) + V(f2)" Py

For the first term this result follows by Lemma 3. 1(b)
because [V(fg)| = ch,and for the second term it is a
consequence of Lemma 3. 1(a), |V(fg)l = |7-1k|, and
boundedness of P_4(H, + 1)-1/2,
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Office of Aerospace Research, under AFSOR Grant 70-1866A.

'W. Hunziker, J. Math. Phys. 6, 6 (1965).

R. B. Lavine, Commun. Math. Phys. 20, 301 (1971).

3T. Kato, Proceedings of the International Conference on Functional
Analysis and Related Topics, Tokyo, April 1969 (University of
Tokyo Press, Tokyo, 1970), p.206.

*T. Kato, Math. Ann. 162, 258 (1966).

*Here we take H = Hy ., in the definition (1.6) of w,.



Motion of a charged lightlike particle in an external

field

Robert G. Cawley

Naval Ordnance Laboratory, Silver Spring, Maryland 20910
(Received 25 July 1972)

We investigate the behavior of a charged photon in an external field, discussing the general theory
and working out some examples. The mathematical basis for the equations of motion is a
Stueckelberg action principle combined with a treatment which parallels that of Jacobi’s principle.

1. INTRODUCTION

In particle mechanics Hamilton's principle gives the
equations of the particle coordinates x%,i = 1 to 3, as
functions of the time ¢; Jacobi's principle gives the equa-
tions of the particle's trajectory, e.g., two of the x% as
functions of the third. In the mechanics of Stueckelbergl
the space and time coordinates x#, u = 0 to 3, are ex-
pressed as functions of an independent variable A, and
the corresponding space-time curve is the solution to
Euler-Lagrange equations of a Stueckelberg action
principle. By applying the method of Jacobi it is possi-
ble to generate equations of the space~time trajectory
of the curve x# = x#(\), where three of the coordinates
are expressed as functions of the fourth.2 In particular,
if the history is that of a particle or photon on Min-
kowski space-time, then the space—time trajectory
Lagrangian, with x0 = ¢ as the independent variable,
generates equations of motion of the spatial coordinates
which corresponds to the observer's representations

of the curve x#(A). In the case of (everywhere) null
space—time curves the passage to the equations of the
trajectory requires special treatment, namely the in-
troduction of an additional coordinate w, whose domain
is the positive numbers. We wish to exhibit those equa-
tions in a few applications for the case of a charged pho-
ton3 in an external field, with the Stueckelberg Lagran-
gian defined to be4

2
Ls<xu,%5> = %(%) + Q(Z—;f)-A(x), (1.1)
and the integration constant,
dxi 8L 1 [fdx 2 1.2)
—p, =)~ Ls=5{—] , .
=\ a@miany) ~ T T\

to vanish.

The sign function €0 = €(dx%/d)) = #1 is constant along
the curves generated by (1.1) for p, = 0 if the x*(A) are
infinitely differentiable functions. If €0 = + 1 is assigned
to photon histories, € = — 1 labels the antiphoton his-
tories. € is not constant if p, < 0 because the resulting
curves are everywhere spacelike.

In Sec.2 we review the general properties of the space~
time trajectory equations for a charged photon in an
external field; in Sec. 3 we work out examples; in Sec. 4
we summarize our results; and in Sec.5 we offer a con-
cluding remark about charged lightlike particles in
general, referring to other work that has appeared. We
attach an appendix to the end on the Hamilton—Dirac
canonical formalism for the photon.

2. GENERAL THEORY
The observer's Lagrangians corresponding to the photon
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curves from (1.1) are2

L(x) w, X, t)= %w(x'Z —-1)+ q[x 'A(xr t)~A°(x, t)], @. 1)
where ¢ = €°Q is the charge seen on the photon3 and w
is a coordinate which is required to be positive and
whose physical significance appears below$; the dots
denote differentiation by . The equations of motion of
the photon are the Euler-Lagrange equations for the
variation condition,

t .
GA:Gftzdi‘L(x,w,i,t)zo, 2.2)
1

the variations being generated by independent fixed end-
point variations of x and w, with 6% = (d/dt)sx(t). These
are

dlwx)/dt = q[E(x, 1) + % x B(x, )], (2.3a)

%2 -1=0, (2. 3b)
where

E(x;t) = — VA®(x,t) — ig;l)_, (2. 4a)

B(x,t) =V X A(x, t). (2.4b)
We also may write Eqgs. (2. 3) in the form

wk = ¢g[E,(x, %, 1) + £ X B(x, t], (2. 5a)

) =qx"E(x’ t); (2. 5b)
in which

E,(x, % t) = E(x,t) — X[ E(x, #)]. (2.6) .

For the physical significance of w we integrate Eq.
(2. 5b) getting
2
w0y — w, = ¢f dx(t) E&x(t), ), @.7)
which gives the change in w as the work done on the
photon by the field. So w is the photon's kinetic energy.

We can see the photon theory from another viewpoint
and gain further insight by looking at the Hamiltonian
formulation. This is complicated by the presence of
constraints, which are vanishing functions of the canon-
ical variables, e.g.,

oL
pwz——Tz

ow

(2.8)

is one. These can be handled by the methods of Hamil-
ton-Dirac theory,? and we work this out in the Appen-
dix. The Hamiltonian is

Copyright © 1973 by the American Institute of Physics 380



381 Robert G. Cawley: Motion of a charged lightlike particle in an external field

Hp=H/x,p,t) =+ Ip—qAlx,t)| +gA°(x,t), (2.9)
and has no w,p, dependence because the (two) constraints,
Eq. (2.8) and

w— |p—qAx, )| =0, (2.10)
have been used to eliminate this pair. The elimination
may be understood in the sense that the phase space is
“reduced in size”, points being identified by only six
coordinates instead of eight. Equations (2.8) and (2. 9)
are regarded as definitions of p, and w. An additional
restriction on the space is that the entire surface

Z@®): lp—qAkx,t)| =0 (2.11)
has been removed, i.e., for no point (x, p) is Eq. (2.11)
satisfied. So in fact there is an infinite set of phase
spaces, one for each value of the time {. This feature
guarantees the physical features embodied in the con-
dition w> 0.

Equations (2. 10) and (2. 14) below give w as the mag-
nitude of the photon's momentum, which, therefore, is
the same as its kinetic energy by Eq. (2.7). The canoni-
cal equations are

R
x =5 =@ —qA)lp—qAl, (2.12)
B=——x = —qVA° +q[(p—gA) VA
+(p—qA) X (Vx A)]lp—qAl-l, (2.13)
whence
;—t(p —gA) = g(E + x X B). (2.14)

Equations (2. 12) and (2. 14) agree with Egs. (2. 3) when
account is taken of Eq. (2. 10).

The present methods also give the usual equations for
particles, the mass m > 0 being identified with + (2p,)1/2,
The configuration equations for the particle case trans-
form into Eqgs. (2. 3a) and (2. 5b) under the substitution

of w for m(1 — %2)-1/2, suggesting m — 0 and |X| > 1
jointly, with finite ratio. The particle Hamiltonian with

m set equal to zero is the same function as Hy, and the
condition

Ip —gAl =0, (2.15)
required by removal of Z(¢) in the photon case, is un-
necessary in the particle case because the kinetic term
of the Hamiltonian,

[{p — qA)2 + m2]1/2, (2.16)
cannot vanish. Finally, there are two general note-
worthy homologous features of the single particle and
single photon theories: (1) m > 0 and w > 0; and (2)
|%] < 1 and w = 0. The positivity of » and that of w are
conventions, made possible by the constancy of €(dx%/dx),
which guarantees that the curves given by (1.1) break
up into two kinds for specified values of p,. In the case
of (2), the inequalities reflect the absence of limiting
procedures (keeping L s free of explicit A-dependence)
which could generate cusps in the curve x# = x¢(2), e.g.,
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corresponding to the joining from the past of photon and
anti-photon, or particle and anti-particle histories.

Next we look at some examples.

3. EXAMPLES
A. Motion in a uniform constant magnetic field

From Egs. (2.5) with B = B, = const and independent of
x,and E =0,

(b = 0, (3. 1a)

dx qBo) .

d—t = (- T X X, (3. lb)
and the path is a helix. The cyclotron frequency is

Q= IqlBo/w, (3.23)

which can be compared with the case of a charged par-
ticle of mass m with energy E = m(1 — %2)-1/2,
Q(m) = lg|By/E. (3.2Db)

For circular orbits the radius is given by Eq. (2. 3b)

r =w/lqlB,, (3.3a)
while for particles
rim) = lal/lq|B,, (3.3b)
where 7 = VE is the particle's momentum.
B. Motion in a uniform constant electric field
From Eq. (2. 3a) we have
4 (wk — gEt) = 0 (3.4)
dt ’
wX = wyvy + gEt, (3.5)

where w, = w(0) and vy = %(0), The simplest case has
Ell+ vy, for which

w(t) = wgy * gEL, 3.7

where E = |E|. Evidently the solution allows w(?) to
vanish, and to see what that means we go back to the
Stueckelberg equations for this example.

For the variation condition based on (1.1),

Px_ op &

QE T (3. 83)
dr? dx
d2x0 dx
=QE-%, (3.8b)
dr2 ? dx

which have the solution
g—i = E[E - C(coshQEx — 1) + C° sinh@QEX] + C,(3.9a)

dx0

= E . C sinhQEX + C° coshQEx,

(3. 9b)
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where C# = (d/dA)x#(0) and £ = |E|-1E. For all A,

dx 9
(&) - e 510
with C2 = 0 for photons; also
(c)-1c = (£ x0(0) Td (0) = (3.11)
= \ax a XV = Vo .

which exists since C# = 0 is the uninteresting trivial
case, x*(A) = x#(0) = const.8 Using (3.11), we have

dx0

Ve C°[E ¥, SinhQEX + coshgEA],

(3.12)

which has the constant sign of C°, If £ = v, then

dx0

0
D = C0 explx QEX)),

(3.13)

dxo .

|CO1 exp(x QEN), (3.14)

which does not vanish for any value of A. Choosing
x0(0) = 0 and integrating Eq. (3. 9b), we have

x0(\) = (QE)-1CO[£ + v,(coshQEA — 1) + sinhQEA] (3.15)

= + (QE)-1Cexp(+ QEX) — 1], (3.16)
As QA — + w0, Eq. (3. 14) gives w — 0 if £ = — v, but
xO0(\) > (QE)"1C ,, which is finite, and equal to (7£)1w,.
For g > 0 this is the time given by Eq.(3.7) for w to
drop to zero.

Thus, while A ranges over all values, x%(1) is bounded.
The observer's representation of this is that at the time
t for which the solution w(t) vanishes, the photon dis-
appears (or appears, depending on the signs)! This
cannot happen for a particle because of

2
%,)i_o' =m[1 +m'2(g—:> ]1/22m,

which means the range of x0 is infinite if that of A is,

(3.17)

We give the solution for the case of arbitrary initial
angle 6, between v, and E,

w(t) = [w§ + 2wqqEt cosb, + (gEt)2}1/2, (3.18)
with %(¢) given by Eq. (3.5). For 0< 6, < 7, w(t) cannot
vanish, and it tends to infinity with ¢. Equatlon (2. 5b)
gives

gx(t) - E = &(t) = wwoqE cosfy + (gE)%t], (3,19)
whose magnitude is smaller than that of ¢E, so the angle
6 remains between 0 and 7. The component of photon

momentum transverse to E is conserved by Eg. (2.3a),
so the transverse velocity

x,(t) = x(t) — [£-%(t)]E (3. 20)
is given by
x,(t) ={{w®))/ wo}v,), (3.21)
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g.nd it goes to zero when { — . In the same limit,

x(t) — €(g)E, so a uniform constant electric field is a
phot)on wind (positive or negative, according to the sign
of g).

C. Motion in the field of a uniformly moving point
charge

We choose space—time coordinates so the source of the
field is at rest, and we assume it to be so massive that
its rest frame may be treated as inertial. Then, we
may take A = 0,A0 = ¢'r-1 and get the Lagrangian in
plane polar coordinates as

L=30w02 + 7202 —1)—qq'r 1, (3.22)
so that the Hamiltonian is
Hyp=+[p,2 +72(py)2]1/2 + qq'r-1, (3.23)
The solution to the Hamilton—-Jacobi equation,
3s _ ., [(as\? 3s\2]1/2 -
—5?_+[(a_r) + - <86>] + qq'r-1, (3.24)
namely,
S=80,6,t;J,E)=—Et +J8
+ fr[ (E —qq'r1)2 — J2y-2]1/24y, (3.25)

where E and J are integration constants® and the sign
in front of the integral is that of p,. provides all the
information about the photon's motion. In particular,
we get the orbits from

g‘—*j = const. (3.26)
The answer, for oE = 0, is
Ir-i=1+ncosg(6—6,), lal<1, (3.272)

Ir't=—1+ncoshg(6 —6,), lal>1, (3.27b)

where
a=—gqq'dl, (3.28a)
7= lal-le()e(l + a), (3. 28b)
g=I1—a2|lr2 (3.28¢)
I = g2J(aE); (3. 284)

and if |a| = 1, then

Ir-1=—1+(6—6,)2, (3.27¢)
with
I =2J|E|-le(aE). (3. 28e)

If o = 0,then £ = w > 0 and the orbit is a straight line;
and if E = 0, the answer is
r=roexp[t (06— 6y)], a=1, (3.27d)
with the sign in the argument of the exponential that of
p,. There is no solution for the E =0 case if a < + 1.
Finally 6y is g “variable constant”, certain angular
regions being forbidden [for the forms used in (3. 27)]
for some of the sign combinations for o, @ + 1, and E.
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For the repulsive case, o < 0 and the energy E is posi-
tive, so that [ < 0 (also I < 0) and 1 has the opposite
sign to 1 + a (for @ = — 1); the orbits are open and un-
bounded, as in the particle case.10 The strong attractive
case, @ > 1, exhibits fall to » = 0 for both signs of the
energy, again the same as the particle case. In the weak
attractive case, 0 < a =< 1, all the orbits are open and
unbounded, except for the £ = 0 case of ¢ = 1, which
gives circles, This is quite different from the particle
case, where orbits having E < m are bounded open
rosettes and, in the @2 < 1 regime, precessing ellipses.
But the particle boundedness condition, transposed for-
mally to the photon problem by setting m = 0, would
give E < 0 and that cannot be satisfied when J > — gq’
since, by Eq. (3. 24),

_
at

T [(E) ¥ (J’"l)z] V2 + qq'r?

or

E =

v

Jl—a)yr1=0.

The E = m particle case gives unbounded orbits for
a=1,

There is only one combination of conditions that yield
a bound photon orbit not involving fall to the origin,
namely, that of total energy £ = 0 and angular momen-
tum J = — gq’ (for which o = + 1),

D. Motion in the field of an electromagnetic plane wave

Let the direction of the propagation be the positive z axis:
the equations of motion admit the solution w = wg =
const and X = z, with z a unit vector along the z axis.

We assume the wave is linearly polarized and that the
fields are

E = XE, cosfu, (3.29a)
B =yE, cosfu, (3. 29Db)
u=st—z, (3. 29¢)

where f is the circular frequency of the wave, The equa-
tions of motion are

d . .

21 @% = qE i cosfu, (3.30a)

d .

7w =0, (3. 30b)

d . .

a-t-w(l —u) = gEyX cosfu, (3.30¢)

v = gE X cosfu, (3.30d)
and

2u = %2 + y2 + 42, (3.31)
Equations (3. 30) can be integrated once; they give

ki = vy, + V, sinfu, (3. 32a)

kj) = vOy’ (3. 32b)

J. Math. Phys., Vol. 14, No. 3, March 1973

Robert G. Cawley: Motion of a charged lightlike particle in an external field

383

ki = 1, (3.32¢)
f~Y%k = &V, cosfu, (3. 32d)
where
k= wplw, (3.33a)
Vo = (wof)1gE, (3.33b)
wo = w(0), (3.33c)
Vo, = £(0), (3.33d)
Vo, =$(0), (3. 33¢)
o = u(0). (3.331)

Adding the squares of (3.32a)-(3. 32¢) and using Egs.
(3.31) and (3. 32¢), we find

B =1+ uaglv,,V, sinfu + (2t,)1V§ sin?fu, uy = 0,
(3.34)

which1! is positive (and bounded) and so, by (3. 33a),

w(?) never vanishes. The primary reason for this is

Eq. (3. 32c). Multiplying Eq. (3. 34) by 4, using Eq. (3. 32¢)

again, and integrating, we get a transcendental equation

for u(?),

fu= (1 + (40,/V3)-2[(4ug/VE) ft + sinfu cosfu

— 4(vy,/ Vo)1 — cosfu)], (3.35)

where we have chosen z(0) = 0. Similarly, with x(0) =
v(0) = 0, Eqs (3. 32a), (3. 32b) give

x = f-1(Vp/do)] fulvg,/ Vo) + 1 — cosfu],
y = g,/ tg) fu.

The first term dominates the right side of Eq. (3. 35) at
large times

(3.36)
(3.37)

(fyfu=1—v, + O[(ft)1], tlarge, (3.38)
where v, is the z component of the limiting average

velocity,
7 = -1
7, = lim 220
=wg, T to[1 + (44y/V3)], (3.39a)

in which vy, =1

— 1. Using (3.38) in Eq.(3.36) and
(3.37), we get

v, = Itirgt'lx(t) = XVox (3.3%)

Ey =‘¥£rgt‘1y(t) = XUgy» (3.39¢)
where x is a mean “deflection factor”

x = ugt(l —7,) = (4ay/VR[1 + (4uo/VE)]1. (3.40)
The square of the limiting average velocity is

2 — | - =7 5 o
U2 = Erg[t 1x(8)]2 = vZ + v2 + 2
=1—8(u3/ V31 + (4iy/V3)]2, (3.41)
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which is less than one, as we require. x(¢) and w(t) re-
turn regularly to their initial values, at values of ¢ for
which fu(t) = nw, n an integer, i.e., when

ft =ft, =0 —v ) Inn + 2y,ul,,/ig)V,, (3.42)

where y, = 0 for  even and 1 for # odd. Notel2 k(t,) =
— 1)"&(0).

To compute the large time average of a quantity Q(fu),

9= }irgt‘lj: Qdt, (3.43)

we use Eqgs. (3. 32c) and (3. 34) to write
t

1 Qat = a;,l(ft)-lfow dw k(w)Qw), (3.44)
where w = fu, and then use (3. 35), getting

—_— w

= i -1
Q=yx lmw["duw kw)Qw). (3.45)

In this way, for example,z is got from Eq. (3. 34) as
B=ylimw-l[ dw[l+idglg,V, si
=x bmaw-1) w(l + dglvg, Vo sinw

+ (20,)-1VE sin2w]?,  (3.46)

= y[1 + (1 + aglof, N VE/ 2u,) + (3/8)(V3/21y)2]. (3.47)

Another quantity is the limiting average displacement
from vi; its components,

Xy = x — Ut = (fiig) Wo(l —dgtvd,x), (3.48a)
Fo =¥ — vt =— (fiig) Wotiglvg,00,% (3.48b)
20 =2 — Ezt = (f‘lio)‘lVo’onx, (3. 48¢c)

do not vanish in general.

Equation (3. 37) shows that if the initial velocity is in the
xz plane,then y = 0 throughout the motion, which we
expect since the Lorentz force cannot develop a com-
ponent in the y direction. If v, = 0, then v, = 0 by

Eq. (3. 39b), while from Egs. (3.48),y, = z¢ = 0, but

%, = 0. We note from (3.41) that U is independent of the
ratio of vg, to vy, if v§, + v3, = 20y — 43 is fixed.

We examine the case where (21,/V3)1/2 = ¢ < 1, for
which Egq. (3.35) may be replaced by the approximation

sin = (1 + 2e2)y —a =y —aq, (3.49)
where

Y = 2fu9 (3. 508.)

a = dige2ft —  =ag— -, (3. 50b)

the dots representing a correction, of amount13

8[v,,/ (26)1/2] X (1 — cosly)e = O(e). Unless Y = 2n,
n an integer, du/ dt is very small compared to one owing
to Egs. (3. 32c) and (3. 34). Away from these regions a
is approximately linear in ¢, the ratio of d to the linear
approximation, ¢-1a,, being 1 + O(e). As t approaches
the values for which ¢ = 2n7, i.e., by Eq. (3.42), where

t=t = (fiig) L -dnme? x [1 + Ay, /nn)wy,/ VB o) + 2€2),
(3.51)
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the slopes of (1 + 2€2)y and siny in Eq. (3.49) become
nearly equal and the intersection point moves somewhat
more rapidly along the two curves. As a result the
photon spends a relatively small fraction of its time in
the neighborhood of its initial velocity and energy. To
estimate this amount, we expand Eq. (3.49) for small
values of ¢ — 2n7 = ¢,

(Fe1Y)3 + 3[ V)rog,/V26,)

cGelY)? + 3. (e P) = 3e-lufr, (3.52)

where 7 =t —¢,. From Eq. (3. 34), £ becomes large if
4y strays from zero by amounts much in excess of ¢,
which from (3. 50b) and (3.52) means times greater than,
or of the order of,

ot = (fig)le. (3.53)

From (3. 51), the ratio of “window” to period is of order,
6t/ (t,,, —t,) = Ole3), (3.54)
which is small as claimed above. As long as t is away
from the “windows”, ¢, + &, k is large, 4/4, is small,
w(t) slowly varying, and (for both signs of ¢)%(t) = z. So
the photon is swept up in the wave and makes only rela-
tively brief returns to its initial velocity and energy.

But we notice from Eq. (3. 53) that (27)-1/5¢ can be many
(wave) cycles long if 4, is very small.

From Eg. (3. 40), when € < 1, we have
X = digVy? = 262 < 1, (3.55)

whence (7,/v,,) = 2€2, (v,/v,,) = 2€2,and (1 — )/
(1 —vy,) = 2€2; also, to order O(e?),

E =

ool

ug'Vg = 2x7%, (3. 56)

jw

so the { — o limit of w(t) is much greater than the ini-
tial value of w,. Equations (3.48) give

(zo/%o) = 20v¢, €2, (3.5%7a)
(§o/%o) = — 20glvg,v0,)€2, (3.57h)

both of order €2, since |ugl(v,,v,,)| <1 by Eq.(3.31).
Also,
1%y | = 11y /hg) = f-1Q2ugt)1/2e-1

= f-le-1>> f-1, (3.58a)

while from Eq. (3. 57a),
1Zo| = f-1-dewd,/26y)1/2 < f-1-4e K< f-1. (3.58D)

Thus, while the average of the z-excursions from v Jtis
small compared to the wavelength, that of the x excur-
sions from 7,¢ is very large. From Egq. (3.57b),

1501 = £ 14V5tligleg,v,,) 1< f-1 4]V -2, (3.58c)

which can be either small or large; in the latter case
€ < 1 means very nearly parallel longitudinal injection,
i.e., v, very close to 2.

If the wave is circularly polarized, with field given by

E = E,(x cosfu + y sinfu), (3. 59a)
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B = E,{— % sinfu +y cosfu), (3.59b)

the equations of motion, which along with (3. 31) are

dt wx = qEju cosfu, (3. 60a)
gt wy = qEqu sinfu, (3. 60b)
% wll —u) = gEq(# cosfu + 3 sinfu), {3.60c)
@ = gEy(% cosfu + J sinfu), (3.60d)

may be trated in the same way. The results are also
similar:  is positive and bounded for all ¢; v, and v

are proportional to a deflection factor x = u01(1 v )
and U2 < 1;x(t) and w(t) return to their initial values

at times t = t, for which fu is an even integer multiple
of m, with ft, = (1 —7_)-1. 2nn, and also k(t,) = + k(0);
ifvg, =0, yg = zg = 0 again holds, but Voy = 0 does not
result in no y-motion, as is to be expected from Eq.
(3.60b); and if € <1, the photon once again is swept up
in the wave with v =2,

There is one interesting special case of motion in a
circularly polarized wave, namely that for which vy, =0
and v, = — V,, which is possible if |V;| < 1. Integrating
Egs. (3 60) for this case we find

kX =— v, sinfu, (3.61a)
ky = v, cosfu, (3.61b)
ki = 1ig, (3.61c)
flk=0, (3.61d)

so thatk =1, u = u,, and the path is a helix with axis
parallel to vy, Z and centered on x = Xo = — (fug)?t x

,» ¥ = 0, and having radius |X,|. Equations (3.61a)
(3 61b) show that the transverse part of the photon's
momentum is parallel to B, which leads to x-g = 0, and
Eq. (3.61d) expresses the resulting conservation of the
photon's kinetic energy. By Egs. (3.60c), (3. 60d) this is
responsible for Z = v, = const.

4. SUMMARY
Our principal results are these.

(1) The coordinate w is identified with the photon kinetic
energy and the magnitude of its momentum.

(2) Homologous features of particle theory and photon
theory are: (a) m > 0,and w > 0;and (b) |%| < 1 for par-
ticles,and w = O,

(3) In a uniform constant magnetic field the particle and
photon solutions are the same.

(4) A constant uniform electric field is a photon wind,
whose direction depends on the sign of ¢, the photon's
charge. After a finite time it destroys the photon if

:he initial velocity is along the field and the direction of
—qE).

(5) Particle and photon orbits in a static Coulomb field
are similar for the repulsive case and for the strong
attractive case,— gg’ > J. For the weak attractive case
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— gq' < J, the condition w > 0 keeps the total energy

E = w+ gq'r~! positive and all the orbits are unbounded;
this corresponds to the particle case having E > in.

Since E < 0 is impossible here, there is no photon analog
to the bound particle orbits which result when £ < m,
There is only one combination of conditions giving a
bound photon orbit not involving fall to the center: E = 0
and J = — qq’, which gives a circle; the corresponding
particle orbit, with £ = m, is unbounded.

(6) The force on a charged photon due to an electro-
magnetic plane wave propagating along the direction of
its motion is zero. If the photon's initial velocity has a
component in the plane of a monochromatic wave, the
motion is more complicated and the enhergy w varies
with ¢, though never vanishing; the photon velocity and
energy periodically return to their initial values., If

(1 — vy ,)2fwy(gEy) 1 1< 1, where f is the circular
frequency of the wave, the photon is swept up in the wave,
its average velocity in the limit of { — © being very
close to that of the wave, Vv = z, for both signs of ¢q. If
the wave is circularly polarized the photon motion can
be energy conserving if the initial conditions are suit-
able; in this case the motion is a helix, with the constant
value of Z € (— 1, 1) arbitrary.

5. CONCLUDING REMARKS

The theoretical properties of charged lightlike par-
ticles have not received much attention, perhaps owing
to the weight of the Maxwell theory of light, and perhaps
also to philosophical and cultural historical reasons.
Even the simplest problem, of the field produced by an
accelerated lightlike charge, appears not to have been
solved in the literature. On the other hand, the problem
of constructing classes of solutions to the Maxwell equa-
tions, which has been studied, has led to interesting
results. In older work, some of the interest was in ether
theories; H. Bateman, for example, writing in 1915, con-~
structed solutions which were singular at points moving
uniformly with the speed of light.1¢4 The same approach
has been employed somewhat more recently by W. B.
Bonnor, who has constructed plane fronted solutions to
the Maxwell equations, for which the source is a null
current of uniformly moving charge.15 In addition, the
same author also has constructed solutions to the cou-
pled, general relativistic, Einstein~-Maxwell equations,
with the source identified as a dynamically stable null
current of uniformly moving (i.e., geodesic) charge,16
Other papers dealing with the subject of charged light-
like particles are those of Case and Gasiorowiez,17
Durand, 18 and Dowker and Dowker, 19 all of which are
concerned with field theoretical problems relating to
spin.

The mathematical basis of the present papers, as we
have said (Sec. 1) is rooted in our modification2 of
Stueckelberg's mechanics.! The interpretation of the
approach is an important theoretical problem for the
approach and we have discussed it already in an ex-
ploratory way in other papers.2.20

APPENDIX: HAMILTON-DIRAC THEORY FOR THE
PHOTON

The generalized momenta for the Lagrangian of Eq. (2.1)
are

p=§£.=wf;+qA,

= (A1)
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(A2)

and the second equation is a primary constraint in the
sense of Dirac.?21 Equations (Al) and (A2) may be re-
garded as spe.cifying a surface in the space of the
variables (x, X, p, w, &, p_). The Hamiltonian is defined
by a Legendre transformation,

H=x%p+wp,— Lx,w,X%,t). (A3)
The restriction of (A3) to the surface defined by (Al)
and (A2) gives the “weak” Hamiltonian

H =~ 3w + (2w)1{p — gA)2 + ¢gAO, (Aa4)
the wavy equals sign being used to denote “weak
equality,” that is equality in the surface of (Al1)-(A2).
In this surface there is no distinction between Eq. (A4)
for the Hamiltonian and the following class of Hamil-
tonians,

H,=H +ap ~H (A5)
where g is arbitrary. In the surface extended by “in-
finitesimal relaxation” of Eq. (A2) there is a distinction

and a multiplier a must be found which guarantees the
time independence of

p,~0

for time translations generated by H;. This leads to
Dirac's consistency condition

(A2')

ﬁw ~ [pw’HT] ~ 0’ (AG)
which for the case at hand gives
oH.
— 30 ¥ 3 0—qA)/22 ~ 0 (A7)
or
w = |p—qAl (A8)

Equation (A8) is a secondary constraint because it came
from a consistency condition, and also is required to be
weakly time independent;

[w—Ilp—qAlLH,] ~ a + qul(p— gA) - VAC =~ 0. (A9)

and ¢ is determined. Thus, the “total Hamiltonian” is

Hy=w/2 + (p— qA)2/2w + gA® — gp w1 (p — gA) - VA,

(A10)

and there are two canonical constraints,
¢1=p,~0, (Al1a)
93 =w— |lp—gAl = 0. (Allb)

As [¢,, ¢,] is nonvanishing these constraints are second
class and, hence, can be used to eliminate the pair of
variables (w, pw) by introducing Dirac's modified Poisson
bracket, which in the present instance amounts to no
more than dropping the term in the sum involving w and
p,, differentiations. Before doing this we need to per-
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form a surgical operation on the phase space. Owing to
Eq. (A11b), the condition w > 0 renders the points (x, p)
of the surface

Z@): lp— A1) =0

inaccessible to the photon at time {. To include the
effects of this condition, we redefine the phase space at
time ¢ so as to exclude the points of Z(t); this gives a
family of spaces characterized by the explicit time de-
pendence in (A12). The requirement that the photon his-
tory not leave the space assures that the condition w =
0 will be respected after the (w, pw) coordinate pair has
been eliminated.

(A12)

Equations (All) now can be substituted into Eq. (A10) as
“strong” equations to give

Hp=H/x,p,t) =+ |p— gAl| + qA°. (A13)

The canonical formalism of algebraic relations on this
reduced phase space (family), with w and p, absent, auto-
matically respects the constraints, Eqs. (A11).

We remark that the family of phase spaces does not
depend on the photon's motion; the ¢ dependence comes
from explicit, prescribed ¢ dependence of the external
fields.

IE. C. G. Stueckelberg, Helv. Phys. Acta 14, 588 (1941); Helv. Phys.
Acta 15, 23 (1942).

R. G. Cawley, Int. J. Theor. Phys. 3, 483 (1970); Int. J. Theor.

Phys. 7, (1972).

*We intend the work photon to be understood in a generic sense, of any
“particle” whose world line is everywhere null.

“The speed of light is 1, and we use the space-favoring metric.

3So if the photon has charge ¢, the antiphoton has charge —¢; the
positivity of o keeps photon and antiphoton histories from getting
tangled up.

®The scale of @ depends on that of A, (w=|dx?/d1!), and is not
determined in the theory of single photon motion. Hence also the
factor of 1/2 in the kinetic term of L is a convention.

"P. A. M. Dirac, Lectures on Quantum Mechanics (Belfer Graduate
School of Science, Yeshiva, New York, 1964).

3C%=0, with C+#0 violates C>=0.

°w>0 implies £ — qq'r~'>0 since E=—3S5/31=H so E can be zero or
negative. But by suitable choice of coordinates we may arrange to
have J >0, since J = 35/86 = py = wr2f. We treat only J > 0, since the
J =0 case is pure radial motion.

OR. G. Cawley, J. Math. Phys. 8, 2092 (1967).

'We assume 1, # 0 for simplicity;if 2, = 0, then w(f)=w (0) and
x(#) = 2 gives the complete solution.

121f we characterize the state of motion by the value of &, in addition
to o and x, then the corresponding period is 27/ ~'(1 - ¥,)~ .

BBy Eq. (3.31), Ive,./(2ug)' 21 < 1.

“H. Bateman, The Mathematical Analysis of Electrical and Optical
Wave-Motion (Dover, New York, 1955), Chap. VIII (orig. pub.,
Cambridge U. P., Cambridge, 1915).

W, B. Bonnor, Int. J. Theor. Phys. 2, 373 (1969).

16w. B. Bonnor, Int. J. Theor. Phys. 3, 57 (1970).

7K. M. Case and S. G. Gasiorowicz, Phys. Rev. 125, 1055 (1962).

'8, Durand, Phys. Rev. 128, 434 (1962). )

193 'S, Dowker and Y. P. Dowker, Proc. R. Soc. A 294, 175 (1966).

WR. G. Cawley, Bull. Am. Phys. Soc. 16, 116 (1971); Int. J. Theor.
Phys. 5, 101 (1972).

21The terms “primary constraint” and ‘“‘secondary constraint” are due
to P. Bergmann, however; the original paper by Dirac [Can. J. Math.
2, 129 (1950)) did not introduce this classification.



Nth rank tensor representations of U(n) symmetry adapted to

subgroups of the symmetric group Sy

John J. Sullivan

Physics Department, Southern Illinois University, Carbondale, Hiinois 6290]
Physics Department, Louisiana State University, New Orleans, Louisiana 70122*

(Received 24 April 1972)

Representations of the symmetric group Sy symmetry adapted to subgroup sequences

ﬂ®SN]'\

SN\ /_,®51N,' are considered using double-coset decomposition. The matrix elements of the

®S,y

double-coset representatives are given and their group theoretical properties are discussed. The
matrix elements are identified with the recoupling transformations of the unitary group by consider-
ing the tensor representations of the latter. The orthogonality and completeness relations of the
symmetric group expressed in terms of double-coset representative matrix elements are used to
establish general relations that must be satisfied by the coupling coefficients of the unitary group.

l. INTRODUCTION

Because they facilitate the evaluation of matrix products
between states symmetry adapted to different (or the
same) subgroup chains, the techniques of double-coset
decomposition are finding increasing utility in the analy-
sis of nuclear, atomic and molecular problems.1s2;3 In
earlier works with the same problems in mind, Frame?
has emphasized the important role of double~coset ma-
trices in analyzing the permutation representations of a
finite group. The matrices he introduces are shown to
provide a complete expansion bases for any matrix that
intertwines two inequivalent irreducible permutation re-
presentations of the group. In some of the more recent
works,1,3 novel and at times surprising relations have
been developed which on analysis find their origin in the
intertwining of the symmetric group algebra with the
general linear group algebra by tensor representations.5

Kramer,6, and Kramer and Seligman! have demonstrated
that outer product coupling coefficients associated with
the double cosets of the symmetric group can be identi-
fied with recoupling transformations in the unitary uni~
modular groups. In previous works3 we have introduced
similar coefficients from the point of view that they are
elements of the matrix of the double-coset representa~
tive in irreducible representations of the symmetric
group. It is natural then to consider the usual orthogona-
lity and completeness relations as giving nontrivial sum-
mation identities for these coupling coefficients. Be-
cause our previous work considered only irreducible re-
presentations associated with bipartitions and decompo-~
sition into identical subgroup sequences, the coupling
process did not introduce problems of multiplicities,

and we were able to consider the matrices in the usual
sense of representation theory. In this paper we extend
these notions to the more general case.

In Sec. II double cosets are introduced. By the use of
Schur's lemma the matrix element of the double coset
representative is shown to possess certain diagonal
properties, but in general it is expressed in mixed bases
associated with a given irreducible representation of a
group. Nevertheless, the important group relations still
apply when expressed in the appropriate double coset
form. These results are specifically applied to the sym=-
metric group in Sec.III. We adopt the double coset sym-
bolism of Kramer and Seligman which incorporates the
important algebraic features in a suggestive notation.
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In Sec. IV we consider the representation of the sym-
metric group realized by the irreducible tensors of the
unitary group. Bases with labels that clearly designate
the transformation properties under action of both the
symmetric group and the unitary group are used. Coup-
ling in this tensor space can be carried out by two com-
plimentary processes: the Clebsch-Gordan series ap-
propriate to coupling the inner product of the unitary
group and projection appropriate to coupling the outer
product of the symmetric group. The first process leads
to the previously noted identification of the double coset
representative matrix elements with the recoupling co-
efficients of the unitary group Eq. (4. 4). The previously
developed group relations must be satisfied by the re-
coupling coefficients. The process of projection results
in a rather complex relation Egs. (4.9, 4.10) between
these recoupling coefficients and the Clebsch~Gordan
coefficients of the unitary group. This relation in one of
its more simple (but nontrivial) forms Eq. (4.13) has
appeared in previous work,7:3 but its general formula-
tion apparently is new.

The difficult problem of multiplicity and the specifica-
tion of parity and phases are considered in the Appen-
dix.

Il. DOUBLE COSET DECOMPOSITION

Any finite group G can be decomposed into a union of
disjoint double cosets with respect to any two of its sub~
groups H and K as

G = L(;HqK = ngq'lH.

The matrix element of the double coset representative
g in a mixed basis symmetry adapted to the subgroup
sequences

9L

/yK - q'lanK

il

L

G
\'H-’ HNgKq1 q

on the left (lower) and on the right (upper) can be chosen
to have special properties which follow from Schur's
lemma. The subgroups 9L and L are isomorphic under
the mapping effected by the action of g;i.e.,

and all 7.

ql;=£,9 for [;€L, 8, €L,
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If the same matrix block form [ ] is assigned for
representing the corresponding elements of the isomor-~
phic groups in their respective basis,then Schur's
lemma requires the matrix block of g expressed in the
mixed basis to be a multiple of the identity. If the sub-
group labeling is (2,2, »iljs m) on the right and (A, A, ; ],
m') on the left, where the Greek letters correspond to
irreducible representatmns of the respective groups and
the Latin letters indicate the remaining specification
within the final irreducible representation, then

A g o A )\j
=5t .,

]u)‘;"” ;A i .

(2.1)
A Xim' A

s g0

where the symbol on the right has been introduce to
correspond to the notation adopted later for the sym-
metric group. One may also regard the matrix ele-
ment of g as expressing the unitary transformation be-
tween ¢ Acting on the bases expressed according to the
right sequence and the bases expressed according to the
left sequence in which case a symbol

AA
= (AN A0 (2.1

might be preferred.

To distinguish distinct but equivalent irreducible repre~
sentations occurring in the decomposition sequences,
additional multiplicity labels could be addended to the
above notation.

The important relations that follow from the representa-
tion theory of finite groups can be expressed in double
coset notation. Any average over the group when ex-
pressed in double coset form becomes an average over
the subgroups coupled by the double coset representa-
tives. The defining relation for the group (3 — j) co-
efficients becomes

P U LA 2 N Y U

! ’ ", ” ’ r ", ”
Am o A'm’ A'm )\]n A].n )\jn

! " * 4 "
we (A A A A A

! " T4t 1y
qi'xj "g m m''m AP NP A
t)‘] 1)\]

' ” * ’ "
y Kj AJ. Aj /\j Aj kj
;hjp i)\;-‘b’ i)\;,p” n n n"

o oy
X /d,.
A A. A -h, _}\l ‘AII ik-;/

it it i iy i

(2.2)

Besides the explicit summations over the ; and g we
adopt the convention that repeated Roman 1nd1ces are to
be summed (e.g.,p,p’,and p”). The factor d is the or-

J. Math. Phys., Vol. 14, No. 3, March 1973

388

der of the intersection group | L | =|L,|l=d,. The left
hand side of (2. 2) must be summed over any multiplicity
of A” occurring in the decomposition of the inner pro-
duct A ® A’ in G. In the special cases where one or more
of the representations are the totally symmetric repre-
sentations of the corresponding groups, the (3 — j) co-
efficient is trivial and (2. 2) can be correspondingly sim-
plified, In particular,for A” = A0 one has

A0 2D
=1
iho i)‘]Q

and the group orthogonality relation is obtained

5>\>\'=h_k >olr N Ao ;]
g irpa A i>"j A i)\j [ih][xj]dq

where [A] is the dimension of the irreducible represen-
tation,

(2.3)

A similar decomposition holds for the matrix basis
elements of the group algebra '

hE[1]

Al pmiam) = ———— Alm; WY
(] pom 3 2 m) ERV By (Al Asp) g Oy 12,05m)
A
X /Ay (2.4)
A

Note that, even though the subgroup sequences may be
different, the basic multiplication rule
(') Am;

: AN X
Mn)T ) e xm) =6 g+t (xlxn,x n)

(2.5)

still holds.

Relations involving the class character must be treated
with caution, Care must be taken to use matrices in the
same representation bases,i.e.,H = K and ¢ = g1, so
that 9L = L,. The character can then be calculated as

AA
J

Al

AN DY V!
25 oMMt aNa ] (2.6)
i)" i )‘j
A
The orthogonality between class characters (the com-~
pleteness relation) then imposes another relation on the

matrix elements of these double coset representatives.

Tr(q) =

Hi. THE SYMMETRIC GROUP

Consider the group Sy of permutations acting on a set of
N elements and the sequence of (direct product) sub-
groups ® SN and ® § g corresponding to partitioning of

the set into m subsets followed by a second partitioning
into m’ subsets so that

m' m
Sy>® 8,2 ® Sy, Z N;=N;, and JZ:}INj =N.
Let the Greek label A designate the irreducible repre-
sentations of the symmetric group (i.e.,A stands for a
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set of partitions or hook lengths), so that the sequence
of labels (considered as sets) A, x;, A;, ;m; designates

a basis symmetry adapted to the above subgroup se-
quence. By the Frobenius reciprocity relation the
uniqueness of the set of labels is directly related to the
uniqueness in decomposing the associated induced outer
product. For purposes of continuity, the discussion of
this problem is relegated to the Appendix. Some consis-
tent indexing of the multiplicities is assumed in all the
relations that follow.

For the double coset decomposition

SN=U®SNq®SN, (3.1)
q i J

Kramer and Seligman! following a suggestion of Hacken-
broich introduced a double coset symbol
N N i=1...m’

? 3 H
N N j=1...m
which for a given m’ by m set of positive integers N,
{(m’—1) (m —1) of which are independent] uniquely
specifies a double coset. The action of the double coset
representative g on the set N, is to transfer zN elements
to the set ;N. The correspondence is unique because
further actlon on the left or right of ¢ by permutations
from the left or right subgroups merely changes the
particular elements involved in the transfer but not the
numbers ;N ;» To avoid misunderstanding, the important
relations developed in what follows will also be expres-
sed for the case m = 2 = m’, for which the double coset
symbol can take the form

N N, N,
N NO—k N,O+k
2N GNO+E N0 —k

)

where the N0 are any set of admissible positive inte-
gers (convenlently taken to correspond to $ N ® S n

SN ® SN ) and k& takes all integral values (posmve and
negatwe) so that all N 0. A particular example of the

sets involved is glven 1n Table I.

TABLE 1. Possible double coset specification for the decomposition
S; =4 85® 5,98, ® S, with sets (12345) (67) and (1234) (567),
respectively.

k () possible ¢ sets ; N,
<4 1) c ((1234) (5))

02 0 (67)
(3 z) an ( (234) (15))

11 (] (6)

23 (34) (125)>
<2 0) ((67) 0
The matrix element [ A )\] associated with the double

N NJ'] requires that the irreducible representations

must cfmple by rows and columns via the outer product
of the symmetric group.
For m =m’ Kramer® has introduced equivalent sym-
bols which he calls 9f and 6f (one of the ;,N, = 0) sym-
bols. Form = 2 =m’ and A any blpartltlon irreducible
representation there is no multiplicity problem. The

(=]

(17)(26)
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identification of these elements with the corresponding
recoupling transformations of SU(2) has been discussed
elswhere,3:6

The group relations of the previous section can be taken
over directly withg:N' h=Il,,Nl,k= e N ,and

d =11, . In addition, all matrix elements may be
con51dered real and possess the symmetry

AN X X
=D | _ 1, (3.2)
A A PP
where the tilde represents association with respect to
the alternating group and p is the parity of the double
coset representative as discussed in Appendix B.

To use (2. 6) the double coset representative must belong
to the self~inverse _class of mutually commuting trans-
positions (class 2 “¢>7 #J). Since the choice of the N; is
at our disposal and the permutation class under cons1de-
ration is specified by one index, we may choose ;N, =
Ny N, =N —N,, N _N——2N and all otherN =0
so that

oAy A, i
by Ny A
Xong = kl-xz;lxl[lh][xz] Morh de | =D E Gw,
2
Ay A, O
(3.3)

where the sum is over the irreducible representations
suchthatAD A, *A,2 ;A "A,°A,, Thisrelation corres-
ponds to a branching law for characters with the repre-
sentation dimension being the character of the identity
class. It is identical with the usual branching relation8
for the transpose class N, = 1,in which case it can be
written as

Aoag 1
x3= 21 Ay g 1p. (3.4)
M MLy g OS

The quantity in brackets is a phase + 1 or 0 given by the
following scheme: If the symbol (ij) means a one node
removal from the 7th partition (row) followed by a one
node removal from the jth partition (row) then

A @Ox 1 o W A Oal
O GIx 1] =— [Dr Gdx 1 ®x Gix 1]=1,
1 1 0 1 1 0}, 1 1 0
A Ox 1
and Oy GeDY 1| =—1, (3.5
1 1 0

As shown in the next section these relations are verified
for bipartition irreducible representations using the
6 — j coefficients of SU(2). The completeness relation in
the symmetric group requires
A A _ gNaNg ar
?XZN,‘,XZNZ'— 5 (N

2N,) IN, 1272, (3.6)

The left-hand sum can be conveniently divided into two
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sums over associated and self-associated irreducible
representations,

IV. TENSOR COUPLING AND THE UNITARY
UNIMODULAR GROUPS

The Nth rank tensor space (n)¥ of a basic » dimensional
vector is invariant under simultaneous action of the
symmetric group Sy and the general linear group GL (n).
Weyl, in his development of ideas originating with Schur,
has shown that the space can be reduced to the Nth rank
tensors of permutation type A corresponding to partitions
of N into no more than » parts, and this space (n)¥ is
irreducible under simultaneous action of Sy and GL (n)
(although it is reducible under action of either group in-
dividually). That one and the same label A suffices for in-
dicating the irreducible representations of both groups
follows from the fact that they form each others com-
muting algebra. [Technically, we should specify integral
representations of GL(n) but these are all the represen-
tations of the unitary subgroups which we consider here.]
A basis can be chosen so that for 7 € Sy andR € GL(n)
the action of the elements considered as operators on the
basis can be given as

m m AT A R m’
TR{Nm ) =Rn (Nm ) = T ()
M M m m||\M M M’

4.1)

Summation on repeated Latin indices is assumed. The
label m specifies the transformation properties under
action of the symmetric group and the label M specifies
the transformation properties under action of GL(n) or
its subgroups. Associated with a given label M is a
weight specification of n integers W,z 0, e =1,...,n,
giving the number of times the kth element of the n-di-
mensional space is involved in the polynomial so that

n
27 W,=N. Although the rank N and the dimension # can
P}

be considered as implicitly contained in the representa-
tion label A, they are explicitly designated for clarity.
The notation is similar to that used by Biedenharn® and
co-workers for labeling tensor operators of SU(n) by
Gel'fand patterns. Here, however, the upper label desig-
nates the symmetric properties of the tensor vector
space. A connection between the two schemes can be
made as follows. The upper and lower Gel'fand patterns
as used by BiedenharnlO refer to the classification of
the homogeneous polynomials of degree p of N vectors in
an n-dimensional space under the action of the unitary
groups

UNn) D u(N) X Un) © u(N — 1) X U(n — 1).... Choosing
P = N and restricting to the weight space (of the upper
pattern referring to u(N)], W(i),11 one has a carrier
space for the permutation group Sy imbedded in UN).
The upper and lower pattern as used here classifies the
transformation properties of these polynomials under
action of the group

Sy X Uln).

As shown by Weyl two additional relations obtain upon
restriction to the unitary unimodular subgroup SU(r) of
GL(n):

(1) Tensor spaces of rank N and N + ne are equivalent
if their partition label {iA} and {ix + e} are related by
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adding a constant integer e to all n parts,i =1,---,n,
and (2) the Nth rank tensor space contragradient (com-
plex conjugate for the unitary representations considered
here) to A = {iA} in SU(n) is equivalent to that with inver-
ted signature (Weyl's terminology), i.e., {ia*} — {-(+=-d)},
which numbers of course, can be made positive by the
addition of a constant to all » parts.

Within an irreducible representation of tensors one is
still at liberty to independently choose symmetry adap-
tion sequences for both the symmetric group bases
labels and the unitary unimodular bases labels. One can
alternately couple tensors by means of the Clebsch—
Gordan coefficients (decompose the inner product) of
SU(r) or by applying projectors (decompose the outer
product) of S,,. We exploit these complimentary proce-
dures and the double coset development of the previous
section to establish two nontrivial relations. Consider a
coupling scheme appropriate to the sequence of tensor
products

m n. ;i

7 [ 2]
Nan —a;j N].Ajnj — 117 iNji)‘ji"j
M M; M

The dimensions of ;z; of the subspaces is such that their
union spans the covering space U(r), but their intersec-
tion can be chosen so as to facilitate particular calcula-
tions. Knowing the action of a double coset representa-
tive on the final tensor product allows the simple scalar
contraction

.
ims. imj
’ ’

N A ) a( Ny
iM; M,

YIS LA
=08 s ey ey Oy (4:2)
where the last delta factor indicates the subspaces must
be identical and not just of the same dimension. This is
implicitly contained in the third delta factor, but for
clarity its explicit expression is preferred here, An Nth
rank tensor of SU(n) symmetry adapted to the symmetric

subgroup Sy 2 ® Sy; can be expanded as

A m; m;
Nan )= (N;xm) (M IAM),,
M Mj

where the expansion coefficients are the Clebsch—Gordan
coefficients of SU(n). The scalar contraction

(4.3)

A A miI\ T I A m,
N X =n q A n
M’ M

can be evaluated directly as

AA;
g GMM 5k iNj g 7
imj im} AT

i i

from our previous development of the double coset re-
presentative matrix element for the symmetric group
Eq.(2.1). Alternatively, the two tensors can be expanded
in a Clebsch-Gordan series giving
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TG My MOHINMO(A M M AM),
im} N
X UGN, oAy m) g (N Aym) o,
iMj iM;

which yields upon considering the action of g on the sets
N,
J

6 5196, (X

MAMA *
R A at TINMOA

I3 ]l
{AjM].}MM),,.

Equating the two results and dropping the unnecessary
primes yields

STA MEIVM (A M AN MHAM),

=6 M, | M M. )
A ‘.7\].

The left side of Eq. (4. 4) is just a recoupling transforma-
tion of SU(r), while the right side is simply the usual
statement of Schur's lemma and identifies the recoupling
transformation with the previously developed double
coset matrix element in a mixed basis corresponding to
the two subgroup sequences. The intermediate irredu-
cible representation labels ;A,\; and the summed in-
dices ;M,M; are those necessary to indicate a unique
couplmg scfleme The problem of uniqueness of the state
labeling in decomposing the inner product in SU(n) ap-
propriate to the left side of Eq. (4. 4) is identical to the
labeling problem that arises in the decomposition of the
outer product of the symmetric group appropriate to the
right side of Eq. (4.4). Additional labels distinguishing
multiplicities will have corresponding significance on
both sides of this relation. For clarity we illustrate
Eq.(4.4) for the casem =2 =m

(111

* *
(A1 M y510g (Ma | h (M), (A oM g5 00, aMy| A o M),
X (A (M3 o0 oM XM ) (1A (M5 00y oMy 1IN M),
X(1hg 1M g5 225 2 My [AgM ), (MM 150, M 5 |AM),
S VP
1* 1M
PLEPYSY

= 0MN By (4.4')

The left-hand side is the recoupling transformation of
four irreducible representations which is proportional
to the (9 — j) coefficient of the group SU(%).

XA
The group relations that hold because the symbol [ ,AJ]]
has the significance of a matrix element with respect to
the symmetric group can be applied in their entirety to
the recoupling transformations of the unitary group. In
particular the orthogonality and completeness relations
are nontrivial in their content.

For example the character of the class 27 for bipartition
irreducible representations [N/2 + $,N/2 — S] is given
by the coupling coefficients of SU(2) as

S § 5,
X3= E [131][32] S 131 Sz
sl’SZ'lsl S s 0

2 2
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s S 32}
= —1)25[.8.][S,}(25, +1
B, 0SS >{131 5, s
= 2 =1 [131][32] {E(— I)K*25+252};
151 52 K
0=K=25,|5—,S5,/=sK=|8+ S, (4.5)

where the second equality follows from the identity of the
double coset matrix element with the recoupling coef-
ficient. The last equality can be obtained by using expan-
sion and summation identities found in Edmonds12 (6-2.

11 and 9). Finally, this expression is easily put in the
form
— 1 Kmin + (—1 K max
x§=Cpe p ELEEED Brsys), we
151'82 2
with K, = |S —,;S;land K, = 25, or S + ;S,;, which~

ever is lower. This prescription has been verified for
all bipartition representations of the symmetric group
up to N = 7 and is in accord with Eq. (3. 5) of the pre-
vious section with ¢ = 1 (S, = 1/2).

Tensor coupling can also be carried out by the action of
matrix basis projectors of Sy on an Nth rank tensor pro-
duct

k (A l; 2 ) m;
Nin =/7(=A_——A__A:I—n—)? Njxng ), 4.7
LA Mn,
A]Mjnj 7 ]Vlj

where the script / indicates a normalizing constant. The
projection process can be considered as the induction
relation reciprocal to the generalized branching rule for
tensor spaces.l3 Just as the identity (4. 4) is independent
of the dimension # (A, of course, must be nonvanishing),
so here there is no restriction on the subspace dimen-
sions n; as long as their union spans the # dimensional
space. One can evaluate the scalar contraction

B'AT k
NA'n Nan )} = 8#'6ANE 00 (A ,-M|7\W|7\ij)
MMy AN Mmy
A]NIN

= §kk GA)\'GWW’ Z} []—_]] A A]’
1.N]'] N'[A][)\]N' i iAj
1)\]
zI'W

(,],Ml)t M) (111M|)\M)

(4.8)
H, A M i")/v(’\, A;M;n))

The symbol on the left-hand side allows that a unitary
transformation in the space of the irreducible represen-
tation A with weight W may be required. The right-hand
side follows from Clebsch=Gordan expansions of the
subtensors and application of Egs. (2. 4),(2.5), and (4. 2).
The structure of this relation can be stated compactly by
defining the symbol

A A A,
\AMnIAIAMnEZ}w——L—['] J
N hd ,N]' Y A

X

ij

M,

ij
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X(A M| M) (>~ MMM) (4.9)
i it ji
and Eq. (4. 8) becomes
GA MIAW N M) = (A M inIAIAijnj)
X [(i)u M inlki A M in)()\]-Mjnjlhlijjnj)]‘ /2, (4.10)

This relation is, of course, an identity if the decomposi-
tion sequences are identical, but it is nontrivial if they
differ in any element. Special choices of the starting
tensors may facilitate the summations of Eq.(4.9). For
example, the orthogonality relation may be used to
evaluate

(A iMnI)\IA.MAn)

PIGALC + A2 1A 0 + ALY (A0 + 2 0) 1AL + A 00!

392

The case withn; N n, = §,,n, and all n, = 1 corresponds
to projecting from totally symmetrlc tensors with ranks
specified by weights W, = 7\? The summations in Eq.
(4.9) reduce to a smgle term determined by the inter-
section of the weights associated with ;M and the welghts
W;. Specifying this intersection number by ; W = A
gwes

(2 A0 x M)*, a a0
i) =7 i ij i i 7 J
i, R

i

A M oOr0
(; i inlM)‘J A A A0
i

(4.12)

As an example of the nontrivial relations implied by
Eqs. (4.9, 4.10), consider the case SU(Z) (the weights are
the state labels M) with 3 2;mn; =1 =mny;and

0

= ML) (A MM (M AM) . (4.11)
ij [)\]leva " MY n* .
J
A0 A0 A0+ a0 A B
(1219 1229 (210, 22 0) (240 + 52,0, 420 "'2"20))2—

A= A0, Equatlon (4.1 takes the form
}1/2

0
N1 ADOT A010, 00,301

A MOt A0 AL+ AP
x| AP+ A0 A AP (4.13)
A0 + AP 2210 AP

By using Eq. (4. 4a), this expresses any Clebsch~Gordan
coefficient of SU(2) in terms of a recoupling transforma-
tion of four angular momenta, Kramer and Seligman?
have used this relation to explain the Regge symmetries
of the (3 — j) coefficients in SU(2).

V. DISCUSSION

Any problem involving the coupling of identical particles
in initially distinct clusters utilizes implicitly or ex-
plicitly the double coset representative matrix elements
as coupling coefficients. Therefore, such problems
utilize recoupling transformations of SU(n) regardless
of any spatial significance that this group may or may
not have, Thus, the tensor representations of these
groups are of interest to physics even apart from any
fundamental significance they may have for classifying
the internal symmetries of elementary particles. Of
course, this has been recognized in atomic theory since
the beginning years of quantum mechanics and especi-
ally since the works of Racahl4,but attention has
mainly been centered on the atomic and nuclear prob-
lems because of their spherical symmetry. A principal
aspect of so-called spin free quantum chemistryl5 is
that the spin multiplicity label retains significance

in the evaluation of orbital matrix elements even after
all spin integrals have been done. The coupling of
multiplicities from different clusters can be effected if
the coupling coefficients for the outer product of the
symmetric group are known, Because atomic or mole-
cular problems have multiplicities that can be classi-
fied with respect to SU(2) for which the Clebsch—Gor-
dan coefficients and the recoupling transformations are
tabulated or calculable, the coefficients required for
coupling cluster multiplicities are known. Indeed, they
provide valuable checks for the relations developed
here. For higher dimensional unitary unimodular groups,
special choices of the labels in Eq. (4.10) can produce
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simple closed formulas for certain Clebsch~Gordan
coefficients, but the real value of this relation may be in
how it compliments the usual algebraic approach.

There are many aspects of the intertwining that seem-
ingly require more study. Aside from the fact that the
irreducible representation A establishes the minimum
dimension for which the double coset symbol has mean-
ing, Eqs. (4. 4 and 4.10) relate an object of the symmet-
ric group which can depend on N but not on » with an
object of the unitary group U(r). On the one hand the
double coset matrix element retains this value in higher
dimensional unitary spaces, while on the other hand the
Weyl equivalence condition relates similar quantities of
different tensor rank in SU(zn). Also, on the one hand the
process of complex conjugation in SU(n) relates in gene-
ral inequivalent tensor representations of different rank,
while on the other hand in the symmetric group Sy the
process of association with respect to the alternating
group relates, in general, inequivalent tensor representa-
tions of the same rank, but in unitary spaces with dif-
ferent dimensions. Finally,the completeness relation as
applied to the symmetric group puts additional conditions
on the coupling coefficients for tensors of the same rank
but of different dimensions.
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APPENDIX A: UNIQUENESS OF THE BASIS LABELS
AND THE DOUBLE COSET SYMBOL

Nonuniqueness of the basis labels can result for two dif-
ferent reasons:
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1. multiplicities arising from partitions into more than
two parts, and

2. multiplicities inherent in decomposing the outer pro-
duct of two irreducible representations of the symmetric

group.

The second reason is the fundamental multiplicity prob-
lem in decomposing the inner product of the unitary
group. Aside from some structural interpretation noth-
ing new is presented here., The first difficulty can be
overcome by introducing intermediate coupling steps

so that each step reduces to the fundamental process of
coupling binary parts. We consider this first.

Specifying intermediate coupl-ing'steps corresponds to a
process of contraction? of the double coset symbols and
simple multiplication of the fundamental matrix ele-

ments for subgroup partitions into two parts (the 9f ele-

ments of Kramer$) at each step. It is sufficient to show
this for one step say on the right corresponding to the
double coset decomposition

Sy=US y S =USs SNon
N TG e DN, = g S Ny NID N 5 N oy N,

X PSy v v = US Sy .
y2 N o N, = Y N, NP NN

The double coset symbols g and gp are related by the
contraction~expansion relation

N N, N, N N,, N, N,
N Ny Ny <= | (N Ny Ny, Ny
2N Ny 5N, e 2N Ny, oNp, N, o

for all integers such that

N, Ny, + Ny,
W1 )= Nt 1V,
\ 2N, 2Nyt 2Ny /

The double coset representative matrix element is de-
termined by carrying out the indicated matrix product

AN Aa A A
A 1A ] re 1A 1t
22 \2M1/ 2A1a 2rip 272
Xoa A T A A Ay, A, O

= 41* 1M1 1rz] 1M 1rae 1ras] 12 122 O

PLIE ST, P JL2M 2Me 2 , 2h2 A O )

“N_»
\Nz

I

(A1)

where the labels in curved brackets are the intermediate
coupling labels. The delta factors remain as usual and
are not indicated here. The last factor on the right which

has unit value has been included only to emphasize that
the frequency is

dpp = dy = (N1 LN TN N 1N 1N

as it should be. It is interesting to note that the contrac-

tion step can be analyzed using the diagramatic tech-
niquesl® customarily applied to recoupling transforma-
tions of SU(2) and for Eq. (A1) gives the ten vertex dia-
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! FIG. 1.

i

!

gram which results in the product of the two correspond-
ing (9 — j)} symbols.

Any m X m’double coset symbol may thus be contracted
in successive steps so as to be expressed in the funda-
mental 2 X 2 double coset symbols (9f). For example,
the 3 X 3 double coset representative matrix element
associated with the decomposition

Sy=US N S
N7 TiaNEpieN d9N, &N, =N,

is a sum of the products of four 2 X 2 double coset re-
presentative matrix elements

AN A A R
1A e 1r 12
1A 1M 1Me 1t 12

1r 1M wre 1t 1tz

A A e 2 2ha
(1% 1A are] [irn 1re 1t

= E 1a)\ la)‘l 1a)‘2 lakl lahla laklb

™
le" 1r | {0t e 1t
A Ay A A Ap
S EUSE TSR PY I BLS O T PR ST (A2)

[ 22 2M 222 (oM 2Me 2t
with frequency
dy =110 1a V10 12 N3 11 N1a 16 N1p 1 Na o Nyg Lo Ny 1o N !

and corresponds to a sixteen vertex diagram.

A special case? of partitions into two or more parts
occurs when the subgroup sequence includes several
equal parts say S,,, 2 ® (S,)". Instead of proceeding by
binary contractions one may introduce as an intermediate
subgroup the normalizer S,,, 2 S,(© (S,.)”, where the
symbol () indicates a semidirect product, and use its ir-
reducible representations to label the states. The theory
of little groups may be employed. For an irreducible
representation {A,}j =1, ,n of (S,;)* the normalizer
has a little group S, & (S,)»,where S, D S,., such that
under conjugation by an element of the little group the
irreducible representation is invariant. That is S, is
the subgroup of S, that permutes equivalent irreducible
representations occurring in the set {A,}, while the star
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or orbit includes all sets {A;} related by the permuta-
tions of S,. The irreducible representation labels of the
little groups are sufficient to characterize the irreduc-
ible representations of the normalizer subgroup S,®)
(S,)". Generating the irreducible representation labels
of the little groups from the sets {)\j} corresponds to
applying the operation of plethysm17fo those represen-
tations that are equivalent. The additional label afforded
by the plethysm operation may simply be addended to the
row or column label involved. That such classification
is helpful in resolving some multiplicities is clear from
the example

(12)(3,2,1)(2) (2,1) (2,1
(2,1 1M 12
2,1) 2 222

which has a unique meaning for any set ;A;. In the unitary
group the operation of plethysm corresponds to taking
symmetrized inner products and addending this label to
those of the Clebsch~Gordan coefficients. Besides the
formal resolution of some multiplicities, this manner of
proceeding is important for cluster models involving
equivalent but distinct groupings in nuclei, atoms, and
molecules.

The fundamental multiplicity problem occurs when the
outer product of two irreducible representations contains
an irreducible representation two or more times and
this is not resolvable by a plethysm [e.g., (3,1).(2,12) D
2(4, 2,12)]. An additional index must be used to distin-
guish distinct but equivalent irreducible representations.
One may give some structural significance to this added
index by requiring the basis set being considered to have
some fixed relation (i.e., a fixed recoupling transforma-
tion) to an equivalent unique basis set. Such sets of
unique labels are always possible by sequential reduc-
tions by two or one elements18 (nodes). Some consistent
indexing of the multiplicities is assumed in all the rela-
tions given here,

N N, N,
N (N9 —j N +j
2N oN9+j ,N—j

N N,
N Ng—j—k
N NQ+j+k

has parity j,
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APPENDIX B: CYCLE STRUCTURE OF THE DOUBLE
COSET REPRESENTATIVE AND ITS PARITY?

A double coset has neither unique parity nor cycle struc-
ture. However, one may select the double coset repre-
sentative to correspond to a unique cycle structure. For
particular sets ;N and N; let ;NO = ;N N N,. The identity
permutation as a double coset representative can be
associated with the double coset symbol x ??‘0 . The

i
transposition of o elements between the szubsefts NP and
#V® (i = k,j=1) can be associated with a double coset
symbol with indices modified in the (,:J] i;l)positions by

ilvj iNl

WY xN; #NO NP

iNjO NP 1-1
—a .

-1 1

Similarly, a cyclic permutation of 3 elements between
the subsets ;NY — NP - ,NQ — ;N9 can be associated
with a double coset symbol with indices in the (i, 2, m) (f )
10 -1\ , n
positions modified by -8 <—1 1 o)

0-1 1

For a given double coset symbol one may proceed as
follows: Start with a position with minimum value

|;N; — ;NP and the next smallest such number in the
same row or column but with the difference ;N; — ;N0
opposite in sign to that of the original position. These
positions are reduced by the array |, N; — NP| .. _i ‘i
and a 2-cycle 2I N, — ,N;)I is associated with the double
coset representative. By proceeding by iteration, any
double coset symbol may be systematically reduced with
the introduction of at most (m — 1) (m’ — 1) parameters
and the double coset representative is expressed in
canonical (disjoint cycles) form, e.g.,

N, N
NG +7 Ny+k
2N3“7 2Ng_k

has parity j + &, and

N Ny N, N3
N Ne—j—k—m 1N2+j+)n 1N +k N arity j 4+ k4 1
. as pari .
N 2NOHS Ng—j—l—m N3+ ltm party s
BN Ny +k+m N +1 Ny —k—1l—m
—
APPENDIX C: PHASES 2. The phase associated with the Clebsch~Gordan co-

We have not examined the question of phase in detail,
but the convention advanced by Baird and Biedenharnl?
which can be put in the form

A= (r, 20,000, -

PM=L Z(—n
2 <j

seems appropriate for three reasons.
1. It reduces to the standard convention used for n = 2,
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efficient coupling ;A and ,\ to give A, P, (;1) —P,(;}) is
independent of the dimension 27 and therefore appropri-
ate for couplings in the symmetric group.

3. The resultant phase associated with a transposition
of two rows or columns of the double coset representa-
tive matrix element is the product of all the phases in-
volved as is the case for SU(2). This is consistent with
the association of representations with respect to the
alternating group by A = (V) Bdr. The double coset re-
presentative matrix elements for the totally symmetric
and the antisymmetric irreducible representations both
have even parity under transpositions of rows or
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columns. The phases for the two representations are

N N; N /2
! . (-— ]_)1,2.7 ij = (—1)2N =1
N iNj
and
w iNj ( l)gzjiNj(n-iN]-)]/z
NN

£ N;2 L N;/2
=T 2= 00T =1, (c2)

where 7 is a dimension so that  — ;N; = 0 and the sums
are over all N.
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A system of (2N —1) first-order linear homogeneous differential equations in each variable is derived for
the generalized (with Speer A parameters) Feynman integrals corresponding to the one-loop graph
with N external lines. This system of differential equations is shown to belong to the class studied
by Lappo-Danilevsky. A connection with the matrix representation of the monodromy group in all

variables is pointed out.

1. INTRODUCTION

During the last years the analytic properties of Feynman
relativistic amplitudes (FRA) have been the object of
wide investigation. One may broadly classify these
efforts according to the technical devices which have
been used for the purpose: (a) homological methods,1™ ¢
(b) differential equations,5~8 (¢) monodromy groups.913

The ground for these systematic analyses was prepared
by a host of exploratory investigations14-15 which sprang
from the pioneering work of Landau.18 They were most-
ly devoted to study the geometrical features of the singu-
lar varieties L of increasingly complex classes of
graphs and the attached singularities.

The methods of algebraic topology!-2 pointed out in a
rigorous fashion that FRA can be analytically continued
in all variables along any path which does not cross L;
moreover, FRA were shown to be suitable generaliza-
tions of hypergeometric functions (see Sec. 2). As such,
two procedures were devised® to characterize exhaus-
tively the analyticity of FRA: either by studying their
differential properties or by constructing directly the
corresponding fundamental group of Poincaré and its
matrix representations. The two approaches are in
principle equivalent, although the second one has led so
far to the most comprehensive results, as it appears
from the quoted literature.

The present paper is an attempt to provide a bridge be-
tween the two procedures for the particular class of
generalized one-loop FRA with N external lines. In fact
it will become apparent that the differential equations
satisfied by these FR A provide a straightforward pro-
cedure to characterize analyticity. Then the direct con-
struction of the Poincaré fundamental group will be
avoided and its matrix representation supplied by the
structure of the differential system itself.

In Sec. 2 we give the basic notations and recall the main
properties of the class of FRA we are considering. In
Sec. 3, by choosing suitable values of Speer A parame-
ters, we define a set of (2¥ — 1) one-loop FRA and show
they satisfy a system of linear homogeneous differential

equations in each variable s, ;, with rational coefficients.

In Sec. 4 we analyze in detail '%he singularity structure of

this system:.
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In Sec. 5 we sketch how the explicit solution of the Poin-
caré problem given by Lappo-Danilevskyl7 applies to
our differential system to yield in principle the mono-
dromy group of FRA in each single variable s, ;,in
addition to a convergent series expansion for the solu-
tions of the differential system. We also point out a fac-
torization property of the coefficients of the differential
system which leads to remarkable reductions in said
series expansions. Finally, we find the relation between
the basic parameters of the representation theory of
Ref. 11’ and the present approach.

2. DEFINITIONS AND BASIC PROPERTIES

For convenience we define

¢=1{1,2,...,N}, &={N+1} U@,

4

Ry =® U {0}, N = 2integer. (2.1)
According to Ref. 11/, we consider the integral
Fe,\) = [ ”‘11;( I a?i)[p(a,s)]"‘ @. 22)
Yo Er

where

N-lp= 75 (— 1)ta,doqday, « - - da,_jda;, -+ doy (2. 2b)

iE®
and
Oy == 2o Q, 2. 2¢)
iIE®

N+1

D(d,8)=— 2, a;q;s,;, (2.2d)
j>i=1

20 =N+ 25X, (2. 2e)

i€ER

The Speer A parameters and the N(N + 1)/2 variables
§;,; are supposed complex and independent. It is con-
venient to define also

Sig = Siio i >, {i’j}C(R’
$;; =0, 1SR, 2.3)
So.i =Si0=1 Q&

Copyright © 1973 by the American Institute of Physics 396
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so that a complete (N + 2) X (N + 2) Cayley matrix
Is; ;1,(¢,7 € &), is formed. The integration in Eq.
2. Zja) is performed over a cycle y, in the complex
space of the a's, such that the integrand is regular on y,.

The variables s, ; are related to A; ; of Ref. 11’ as
follows:

S; a1 =4, €0
$;; =A;; TA;; —24,,, {i,jlco, 2.4
so that
N
D(a,8) = 20 o044 ;. (2.5)

i,j=1

F(s,A) is known to be singular on a reducible algebraic
variety L = U L, where the irreducible components are:

¢
ngas:(a)=0, GC®, 0s|{BGlsN—1r; (2.86)

| @| denotes the number of elements in G and (§) is the
determinant of the matrix obtained from s, ;!l, (¢,

€ Ry), by deleting rows and columns whose indices be-
long to Q.

Notice that,V{#,j} € ®, L, is of degree 2 in s, ; if
}@] < N — 1 and of degree 1 if [@]| = N — 1, provided
ac® —{i,j}if @n{i,j} = ¢, then (§) does not de-
pend on s, ;. Therefore, the number of intersections
with L of the line I, , ={s, ; € C,s, , = const,

vin, bt ={i,j}} is

N-2 /N —1
K=22( ) )+1=2N—1. 2.7
i=0 i
We shall denote with s% ; (@) the values of s; ; on Lo N

l; ;, setting of course s{ (® —{7,7}) =s7;(® —{7,7}).

Owing to the nature of its singularities, F(g,x) can be
analytically continued in § = C¥(¥+1/2 _ [ 'where
ey = {s, s, . C,{i,j} C R}, and is a genera-
lized hypergeometric function in the following sense:
there are M loops y; < S with base point 8© such that,
denoting with F; the analytic continuation of F from s©
to 8@ along U and with F, , the analytic continuation
of F, from 8'® to 8© along any other loop y C S, we
have in a neighborhood of s(®) not intersecting L

M
F,, = ,21 LL0F;, i=1,2,...,M, (2. 8)
where £, (y) are constant with respect to 8@ . As is
well known,8 these properties imply that F(s,A) satis-
fies to a Mth~order linear homogeneous differential
equation in any s, ;.

In Ref. 11’ a presentation of the Poincaré fundamental
group 7, (S,8©) is explicitly given and its M X M mat-
rix representation £/ constructed. It turns out that
M = 2% — 1 and that for all generators y, of n,
L) — =u(@) ® v(i), (2.9)

where u(i), v(i) are M~ vectors and | is the identity
matrix.

3. jS':\('S):l;El\o‘l OF DIFFERENTIAL EQUATIONS FOR
s,

Suitable notation, is required to handle differentiation of

J. Math, Phys,, Vol. 14, No. 3, March 1973

F(s,A) with respect to any s, ;. We define

F(Oygl’gzy" 'az}vd) = f N'ln n a;;h”h {D(a:s)]_p’:
Yo rER 3.1)

where p’ = p + $25, .4 I3, €ach 1, being a signed integer;
clearly F{0,0,...,0) = F(s,).

Then we define the function

Agir iy
M + %(Ehea lh - 1)
XFO,11,0p, . slysly,g — 1)

Fd,l,l0,0 00y ly ) =—

—— h%@ sN*l,hF(O’ll’ ""Zh“l’lk + l,l’”l,.-.,zN,,l).

(3.2)
It is also convenient to use the alternative notation:
F[(ikl,@kz,---]=F(lo,ll,...,lN+1), (3. 3a)
where
I, =0,1,
@, ={h:h e Rqy,!, =k}, (3. 3b)
k? < kq it p<gqg.
We prove then the basic relations:
2 Fl{®, —{#tk, {7 11=0, (3. 42)
REG
E Sh’kF[{(Ro - {k}}o,{k} 1]
kR, o,
=_2“_1 F[{h}-l,{&om{h}}o],he(ﬁ. (3'4b)

Proof: Equation (3. 4a) follows from Eq. (2. 2¢). If
h =N + 1,Eq. (3. 4b) coincides with definition (3. 2) in
the particular case: I; = 0,Vk € R, If h € @, we use
the following identity [Eq. (9) of Ref. 6]

9D (a, 8)

A

”‘111(36?@ (@) )[D(a,s>]~"~1

=p-1 N—ln(E 3H, (@)

)[D(a,s)]‘” +dw, (3.5)
ree  day,

where H,(a), (h € ®), are homogeneous in a's of degree
2v — N + 1, d denotes exterior differentiation and w is a
differential (N — 2)-form. Set v = p — %; choose, for any
hee,

Hh(a) = I (OIP))‘P,
PER
Hya)=0, vke®—{r},

and integrate both sides of Eq. (3. 5) over the cycle y,.
As the boundary 3y, is empty, Stokes' theorem implies

dw = = 0.
j; . w fa Yo w=0
We deduce then that

,§Z€><R (Sh,k - sN+1,k)F[{(Ro _{k}}os{k}l]
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= = o P A0 = 0]
+ %N_.ll FI{N + 1}, ,{®, —{N + 1}} ],V € 0.

By adding this equation to Eq. (3. 4b) in the case 2 = N
+ 1, we obtain Eq. (3. 4b) for the case & € ®.

We remark that the matrix of coefficients in the lhs of
Egs. (3. 4a) and (3. 4b) coincides with the Cayley matrix
I's;;l,¢,7 € ®Ry). It is worth exemplifying this linear
ags;;em in the case N = 2; it reads, using the notation

F(0,1,0,0) + F(0,0,1,0) + F(0,0,0,1) = 0,
F(1,0,0,0) + s, , F(0,0,1,0) + s, 5 F(0,0,0,1)

2 F(0, —1,0,0)
- ZLL"" 1 y T 49 Yy )

F(1,0,0,0) + s, 1F(0,1,0,0) + s, 5 F(0,0,0,1)
=— F(0,0,—1,0), (3.6)

2u—1
F(1,0,0,0) + s31F(0,1,0,0) + s5 ,F(0,0,1,0)
22,

== F(0,0,0, — 1).

As we shall soon have to consider the determinants of
submatrices of [Is; , I, (2, # € ®,), we introduce the
notation

G, p1,02,.-4,0,
<a,q1,q2,...,q,>’ (3.7
where
@=1ay,a5...,0,4} C &,
Pisd; €®R—G, (F=12,...,7), (3.8)
by=b,, aq7q, ifh =k,
In (3.7), (¢ :2:‘;2:::::”;) is the determinant of the matrix

obtained from Its, I, (%, & € ®,), by deleting rows and
columns whose indices belong to @ U {p;,p5,..-,0,}
and to @ U{qg;,4,,...,9,} respectively, multiplied by
the sign (— 1)°, where

r
ozlz—}l(pl+ql)+op+oq,

0, being 0 and 1 according to whether (@1,895 «..581g),
p1sPgs - -sb,) is an even or odd permutation of
@U{p;,Pq;---,b,} With respect to the one where the
elements are arranged in increasing order; similarly

for o,.
We may now state:
Theorem 3.9: The set of (2¥— 1) FRA
Fo =F[{®y,—G},,8,], Gec={B:8CQR,[|8B]>0,
|®| = 0 mod 2} (3.9)

satisfy, for every {7, j} C ®, a system of (2¥— 1) dif-
ferential equations of the type:

oFs .
= 2 Rét.'{z)Foa’

Bsi,j ®EQ

(3.10)
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where Réi,'g) are rational functions of s; ; with poles at
s, () for suitable € C ® — {7, j}.

Proof: From Egs. (3. 1) and (3. 3) we derive

if {i,j} c® —@a,3. 11a)

o= (0 ) e
= s+ S F e — e il o d @ Ui —{3hy, (i),
if ie®—g,jea, (3.11b)
= (s+ )rieo - atode — {1, 31h,10,3ba),
it {i,j} ca. (3.11c)

As @ U {i,j} € @,Eq. (3. 11a) already has the form
(3. 10).

To deal with (3. 11b), we choose any ® C ®, |B| = 1 mod
2, and select, from the system (3. 4), Eq. (3. 4a) and Eqgs.
(3. 4b) with & € ®; from these equations, increasing every
l,,k € ®,by one unit, we get

kg So,kF[{(RO —(B}O;{(B —{k}}1,{k}2]
-

spof[{® — &}y, {® U{0}},]

+ 5@ Sh,kF[{(Ro _63}0:{(B "‘{k}}ly{k}z]
22, + 2

sO,kFB ulr) (3. 12&)

=— s, F - F
ke?—a Bk @ ulkl 2u+ (B —1 & -{&}»
Vh € &, (3. 12b)
This system can be solved to yield
R —®
(5 2O R ~ 0o f® — {211, ()]
= <(R —-® —{h},h>F
T aeao\R — @ —{h}, R/ BVH
2, +2 (R —Gh
- "———""( Fa—(h}’
rea 20 + B~ 1\R — B, %
Vke ®, (3.13)

with the convention that, if |®] = 1, the second term in
the rhs has to be neglected as (§) = 0. Choosing & =
@ u {i},k =37 € @, we are through with case (3. 11b),

To deal with the case (3. 11c), we select, from the system
(3. 4),Eq. (3. 4a) and Eqgs. (3. 4b) labelled by 2 € @G ;after
having increased by one unit each I,k € @ — {z}, and
by two units [,, they read

sh,oF[‘{(R - Gf}o,{(@ '—{i}) u {0}}1:{i}2]
+s,: F[{®, —alo,{@ —{i}},,{i};5)

+ 2 s, ,F[{®,—a
rea-14) h,R [{ (o] }0’

{G’ —{iyk}}l,{i’k}z]
=— ke%)_a $,.:F[{Ro — @ —{&}},,

{@—{ipu{rt},,{i}z]— 2,

(3. 14a)
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where # € @ U {0} and:

o) = if 2=0, (3. 14b)
o +4 ¢ nes s 14
h—'2“+_|@| Qs 1 —Z, (' c)
an, + 2
Ty F[{(®y— @)U {R}},,
{a —{i,n}}, {i},], i Rrea—{:}. (3.14d)

Notice that the determinant of this linear system is
&-2). Equations (3. 14) can be solved to yield
Fl{®@y,—a}q,{& —{7,}}1,{¢,7},] in terms of the
functions which appear in the rhs. As these functions
can be linearly expressed, by means of Eq. (3. 13),in
terms of F., with suitable € € §, the proof is completed.
The matrix elements R%:{,) ,{i, 7} € @, which can be ex-
plicitly computed by solving Eqgs. (3. 14), are very com-~
plicated expressions which we shall quote in suitable
form in the following section.

The dimension (2¥ — 1) of the vector space spanned by
the FRA which appear in Theorem 3. 9 agrees with the
result of the general theory developed in Ref. 6 when
applied to our class of integrals.

4. THE SINGULARITIES OF THE DIFFERENTIAL
SYSTEM

The statement of the theorem of the previous section
does not specify explicitly which singularities affect a
given equation of the system (3. 10). To extract from
Egs. (3.13) and (3. 14) a complete characterization of
such singularities, let us define, for every @ such that
ani ,rﬁ #

Ug,0(55,@) = lim

555758 5(®

{[Si.j - sg,j((‘l)]R‘é:{i)}

4.1

ecw —{i,j}, G®eq,Gecq.

By means of the relations

$14(®)
. A )
ec® —{ij} (4.2a)

sii:,j((R "'{l’]})=0,

wm o] (O =3,
m S.’~—-Si,. = = .
si,j"sz*'.j(e) i 7 G 2 @,] Si,jzsf,j(e) ’

ec®k—{i,j}, (4.2¢)

(4. 2b)

which can be easily checked using the identities satisfied
by Cayley determinants quoted in Refs. 15, a straightfor-
ward computation based on Eq. (3. 13) and on the explicit
soiution of the system (3. 14), leads to the following re-
sults:

T, o(s1,@) =y (51,(@)) 9q (1, (@),

e,® cQ, CR —{i,j}, (4.3a)
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where the components of ¥, ¢ are specified by:

(i) N—1{€|=1mod2:

T 6@—{h,k)=6§—03[“+ i(N—]e|+1)]

i A

+ 2 6 it ea-a(Ap T D
re®-(By ) eulh) -k} =a-alTh

EE® ne
eu{r} —{k}/@—{k},h
x(@u{h}——{k}) <@——{k},k)-
(A, +1D(x, +1)
(h.k}smz—imue) Ocuth. p=a-a p+ s(N—e|—1)

(o)

—Oe=m—a2<“_heze)‘h_'el+1){ ,

Ve (st (@) =}

+

¢a(si ;€)= 20c-q-a;
(ii) N— €] =0 mod 2:

1 e —{n},i
Wm(si.j(e)) =z he%)ne 60_{“:@-&(@ “ih}::)

A, +1 )
- E 5eu(h):m—m ’
rea-(Bue) 2u+ N —|C|\C,k (e)

. =gk
$i.7°%%.j

(4. 3d)

C —{k},i\1
Og-{r}=-a-a (}‘k+1)< { } Z>

oulst 0=} ¥ o ir) s

keane

+ 3 8 ca.g QU+t N—|C
2 kew-(auve) eulkl = @ o (21 leh

(e’i>_1€
x ’
e,k 55,5755 4(®)

where §5., =11 D = 8,6,., =0if D= §.

(4. 3e)

It might seem that the index i plays a privileged role in
Eqgs. (4. 3d) and (4. 3e), but this is not the case because
one can easily verify that the rhs is symmetrical under
the exchange i < j.

To make the notations clearer, we like to exemplify the
above results in the case N = 2 where the U's are

3 X 3 matrices; by setting 7 = 1, j = 2, these matrices
read
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{2,3} {1,3}
Mt A1 ()
{2,3} , T
0 Ay +1(3) A, +1
U ={1.3 _f2 T 22l M2
(sia(e) ={1,3} 2 O 5
1,2} A1 () A +1())
’ 2 (D e
{2,3} {1,3}  {1,2}
A+ 1(1)
{2,3} 0 MF W)
2 (3
(st (310~ 1 )
U(st, {31 ={1,3} 0 "T<—§)
{192} 0 0 .__“+7\3

We remark that the factorization property (4. 3a) strong-
ly reminds us of Eq. (2. 9).

5. CONNECTION WITH LAPPO-DANILEVSKY'S
THEORY

To show that our differential system belongs to the class
considered by Lappo-Danilevsky,17 we have to cast it
into a different form. By means of the definition (4. 1),
we write Eq. (3. 10) as follows:

oF, a .
a—a_=<“+|_2_|>FﬂU{i.j)’ VGEQ)(in{z)J}:d))
S, .
1 (5. 1a)
0Fy D [ﬁm,a (st (@ — {i,3})
as,.,,. Y $;.j
+ T <U(B,a (sg,j(@)) Ug .a (53 j(e))>:|
ec®-{i.j} s,-’]-—s;-'j(@) Si;— c)
va € 2,8 n{i,j} = ¢. (5. 1b)
Then we make the transformation
=(ax+B)/(7x+5); ad— By # 0, a, B,y =0,
(5. 2a)
so that we may define
Xy, ==— 8/, (5. 2b)
xg =—[6s%,,€)— BV [ys; ;@) —a], € <S®—{i,j}.
(5. 2¢)
We specify (5. 2a) by setting
(a6 — By)/y2 = 1. (5. 2d)

From Egs. (5. 1) we obtain, writing F, , @ € ©,as a one-
row matrix F
aF [U(l) () U2)(x)
—=F +

r—x,)2

u(0)

X —X

ox X —Xeo & -Li,f)
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{1,2}
Mt
2 (P
A +1(})
2 (P
Ag + 1
T2

.- 4
$1,2751,2(®)

51,2°51,443D

I

ecq-{i,j} x —xte

where,VQ,® € Q,

(U(O))(B e = 6& n{i,jl=¢ ija a(sf j((R _{Zy]}»)

+ U(s;'f(e»)], (5.3)

X —Xe

(5. 4a)

[U(S (@/))](g a= Gan{; ])¢¢Ua a(st ](Q)),@,C(R {’L ]}
(5. 4b)
(U (@) 4 ¢ =—{U(0)
* ecg;{i.j) [U(SE,,-(@))+U(s;’j(@»]}a'a, (5.4c)
(U(2)(°0))oa,a =0 gn(i,j)=0 603=au(i,j)(ﬂ-+ lal/2);
(5. 4d)

in Eqgs. (5. 4a), (5. 4b) we used the notation

bpeg =1 if D= 65.,=0 if D=8§.
First we remark that the differential system (5. 3) is
regular at x = «. Secondly, by direct computation from
?s (5. 4a), (5. 4b), and (5. 4c) it is possible to verify that
1)() cannot be expressed as () ® @(x). This pro-
perty reflects a corresponding feature of the general
results derived in Ref. 11/, where the discontinuity opera-
tor of the word at infinity does not share the factoriza-
tion property (2. 9) of the generators of the monodromy
group.

If we consider the (2¥ — 1) X (2¥ — 1) matrix Y(x)
whose rows correspond to the linearly independent
solutions of Eq. (5. 3), then said matrix satisfies an equa-
tion of the following type:

a¥(x) 3 Y(x)U(")
dx -:él E: (x —x, )’

where U{?) are constant (2¥ — 1) x (2¥ — 1) matrices.

(5. 5)

Some of the Lappo-Danilevsky's results concerning
Eq. (5. 5) can be summarized (Ref. 17, Mémoire cin~
quiéme) as follows: xy = x, (@ = 1,2,..,5) having been
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chosen, the solution Yxo(x) of (5. 5), such that Y,O(xo) =1,

Yxo(x) =1
=] S M
+ 7 > > Uibl)Ugbz)...Uflin)
n=l a,ay,...,8,31 b),b,,... b,=1 1 2
b b b
X on(xai,xaz,...,xazlx), (5. 6)
where
b « dt
L, (xtlx)= | ——e—
o' 9y fxo (g_xal)bl’
b, b b
on(xaiixaj’--',xa:’x)
by 02 by
_ fx on(xal’xa27"'!xan_llg) dg n> 1 (5 7)
%o (6 —x,)'" ’

The expansion (5. 6) is uniformly convergent in any finite
domain of the complex plane cut fromx,to® (@ =1,...,
S). As Yxo(x) is analytically continued from x, to x,

along a closed path y, which encircles anticlockwise only
x ., the final value V, of Y,,O is given by an expansion

obtained from (5. 6) by replacing on(xZ;,xzz, e ,xZ:Ix)
with the corresponding analytic continuation:
. d¢
b
P (x ! ‘x = ———
drailxo) = f, g —x,)"

b b b
Pa(xaixxazy .. '}xa:Ixo)

b, b b
1 2 n-1
on(xal,xaz, - ,xaﬂ_l‘ £) i

=/

> 1.
Ya (g_xan)bﬂ Ey n

(5. 8)

The V, provide a representation of the monodromy group
of the system (5. 5) in the variable x and the behavior of

Yxo(x) in the neighborhopd of x, is given by Yxo(x) =

Z(x)(x — xa)'“, where Z(x) is single-valued vanalytic in
said neighborhood and W, satisfies

W, =(1/27i) logV,.

We notice that, owing to the factorization property (4. 32),
the series expansions for Y, and V, simplify remark-

ably in our particular case. In fact,from (4. 3a) it fol-
lows that

(st @ NT(s,, @)+ (st (@)
= const ﬁ(sf'j(el))f](sf,j(@k)), (5.9)

so that only second order terms in U's appear in said
expansions. It is not difficult to find out the selection
rules for the products of type (5. 9); however, as the
generic expression of the scalar product 2 g

¢e (83 (€)) ¥ a(sf,j(@z)) is rather complicated by itself,
we shall not quote the details.

Finally, we point out the relation between the parameters
X(x) of Ref. 11’ and the trace of U's. From Egs. (4. 3)
we deduce that
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2 [0(s: ;@] g =—n+ 2 A+ 1CI—3 —35,
e hEe

8=0 if N—|C|=0mod?2, (5. 10)
6:% if N—|C|=1mod2.

Comparing (5. 10) with (4.2.0)of Ref. 11/, where we set
x =€, s =N —1 we find

exp[2ri TrU(s: ;(@))] = X(@), (5.11)
This relation provides a link between the representa-
tions of the monodromy group in all variables as con-
structed in Ref. 11’ and those of the monodromy group

in each single variable as obtained by means of Lappo-
Danilevsky's expansions.
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The Schrédinger equation for two-particle scattering with random potential is considered, including
both the cases of a local and a nonlocal potential with convolution kernel. It is shown that the
statistical fluctuations of the potential give rise to additional terms which increase the scattering
cross section, and an evaluation of the additional terms in the Born approximation is given. A brief
discussion about analyticity properties of the scattering amplitude under suitable assumptions is

included.

1. INTRODUCTION

We consider the Schrodinger equation for the quantum-
mechanical scattering of a nonrelativistic particle of
zero spin

Loy =Uy + Vy (1)

where L, = (2m)-1%2[V2 + k2], in which v2 ig the three-
dimensional Laplace operator, 22 = 2mEl-2, E is the
(relative) energy, m is the (reduced) mass,and k =

277 is the Planck constant.! As usual, U denotes the
operator of multiplication by U(x), the deterministic
(nonrandom) potential, while the operator V, describing
a nonlocal potential, is defined by

W= [, Wa-y - s OREE  &ye R, @)

where R3 denotes the familiar Euclidean three~dimen-
sional space, and the asterisk denotes complex conjuga-
tion, The Cartesian vector notation will be used, a dot
denoting scalar products in R3,

The following assumptions are made throughout:
(1) The wavefunction ¥ is a random function of x € R3
with average value ¥(x):

Yv(x) = ¢(x) + ¢&),(¢&) =0, 3)

where the bracket denotes statistical averages. Thus,
denoting by (Q, S, P) the underlying probability space of
elementary events w € @, Y(X) = ¢(x, w) is a function
of x with values in the Hilbert space L2(Q) of all com-
plex-valued random variables with scalar product de-
fined for any (v) n,,n, € L2(Q) by (n;,1,) =

o M1(w)nd(w)dP(w), and the average is defined by

V) = (¢(x, w),1). Also Y(x, w) is a bounded function
of x of class C2(R3) for P-a.e. we .2

(ii) W(x) is a given real-valued function of x, W(x) =
Wi x),and W(x) € L1 = L1(R3) (the space of integrable
functions on R3).

(iii) »(x) is a random function of the form v(x, w) =

u(x, w)X; (x), where u(x, w) is a (statistically) given
real-valued homogeneous random function of x, with zero
average {u(x)) = 0 and correlation coefficient B(x — y) =
(u@uly)) = @(x),u(y)), so that (v(x)) = 0,{vEw(y) =
B{x — y)X;(x)X;(y). Therefore,u(x) admits the

spectral representation? u(x) = | , exp(ix - X)dZ(),
where Z(A) is a generalized orth%gonal measure on
(Borel) measurable sets A C R3, with values in L2(Q).
Here, X () denotes a function of class CF(G) (i.e.,a
real-valued analytic function with compact support in G,
G C R3) which approximates (pointwise) the characteris-
tic function of G and is otherwise arbitrary,3 and B(x) =
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B(—x) is a given real-valued positive function of class
L1 n C2(R3). Technically,u € L2(Q) VX R3,uc C2(R3)
for P-a.e, w € , u(®) e L1(Q X R3) and ulx)uly)

e LY X RS x R3).

(iv) Denoting by ! a characteristic length of the region
G where the potential V fluctuates randomly, defined,
e.g.,asl3=vol(G), and by a3 = f3B(x)[B(O)]‘1dx the integral

R
correlation scale g, of the fluctuations of v(x), the in-
equality va, < V7 is fulfilled, i.e., the correlation scale
is much smaller than the statistical range I of v(x).

(v) The stochastic operator A = L, — U — V, where L,
includes the Sommerfeld radiation condition, commutes
with the operation of statistical averaging, in the sense
that (AY) = (A)¥ and (L ¥) = L (). This entails
suitable hypotheses on VZy, to ensure uniform conver-
gence of the integral [, V2y(x, w)dP.

Observe also that the stochastic operator A is (formally)
symmetric in L2(R3) and satisfies the requirement of
time-reversal invariance? (for P-a.e. w € Q).

The analog of Eq. (1) for bound states (with local po-
tential) has been investigated by P. Caldirola and his
school (see Ref. 5) in order to give an alternative ex-
planation of the well-known shift of the energy levels
of hydrogenoid atoms (“Lamb-shift”). A functionai-
analytic study of the Schrddinger equation with nonlocal
potential (in the deterministic case) may be found in a
series of papers by G. Talenti et al. (see Ref.6). The
general subject of stochastic equations has been very
thoroughly investigated recently?—11; of particular re-
levance are the results obtained by J. B. Keller and his
school.12717 The use of nonlocal potentials is required
in many problems, including the theory of nuclear mat-
ter and low-energy nucleon—-nucleus scattering,18-20

2. RESULTS AND DISCUSSION
From Egs. (1) and (3) we obtain
Lo + Lo =Uy + Up+ V¥ + Ve )
We shall neglect, in a first approximation, the term Vg
in Eq. (4), assuming both ¢ and ¢ to be very small per-
turbations; a precise evaluation of the error, however,
will not be given here, Taking the average of Eq. (4)
and subtracting them yields
LOE = U;I’ ()
Lop=Ug + V. (6)

The interchange in the order of the operations of sta-
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tistical averéging and action by the operator A is jus-
tified by assumption (v).

Equation (5) is the usual Schrédinger equation for
(local) potential scattering, whose asymptotic solution,
under suitable assumptions for U(x), is well known4.18:

r = Ixl-> ).
)
Here k, is the wavenumber of the free incident particle
(kr 1)x kE = |kl=lk,| (elastic scattering), and
f (ko,k) is an analytic function of # which describes the
(deterministic) scattering.4

¥ (%) = exp(k, %) + fkg, k)r~1 explikr),

Denoting by M, the inverse operator of L, taking into
account the Sommerfeld radiation condition,18 Eq. (6)
yields

¢ =MyUg + MyV{, (8)
where
Mg =— (2m/h2)4aexp(iklx — y4rix — yi)-1g(y)dy

In the Born approximation, by replacing ¢ by y, =
exp(ik, - x), Eq. (8) gives the following approximate value
for ¢(x):

¢ = MOVE()’ (9)
which is independent of U{x). Again, a precise evaluation

of the error involved in the substitution of by y, will
not be given here,

Denoting by F the Fourier transform in R3, defined by
Flgj@d) = j};s exp(— A x)gx)dx (Wge L1)

and by - the convolution product in R3, defined by

81°83 =85 °81 = fﬂsgl(x“ Y)g,(y)dy,
we find
Vo = o o FIW]Ke) + W olvdy). (10)

Since Vi, € L1 N L2(R3) (for a.e.w € ), the asymp-
totic solution of (9) for » —» « is

2m exp(ikr)
7z — 4qr

QX = Vi, )k)

and, by an application of the convolution theorem for
Fourier transforms,3 we obtain

2m expliky)
¢ X)) = 02— dny { Flvido J&) FW (k)
Flvy o]6) F]w ] ()}
_ 2m exp(kr)
=52 _ aar Flolk — ko { FIW]k) + FIW]k,)}.

(11)

Thus, the asymptotic solution of (1) for » — o under the
stated assumptions reads

(poozwo

tI/s:o = zpoo + + [f(k(),k) + fs(ko,k)] exp(z'kr)/r,

(12)
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where f_ is given by (11).
cross section is then

The differential scattering

O'(ko’k) = lf(koxk) +fg(k07k)|2>
=\1f12+{f 12 =0, +0,, (13)

where the stochastic contribution o

=(f,f+ is found
from (11) to be of the form

0,kyk) =72g_oX)

= (4m2/16m2n4)( | Flv](k— ko)1 2) | F[W](k)

+ Fw)k,) 2. (14)

Taking assumptions (iii) and (iv) into account, we have
(IF[r}k —kg)|2) = fng exp[— ilk — k)
- & — ) Kv@w(y)) dxdy
ffRa exp[— i(k — k)
< (x — y)|B&x — v)X; X)X (y)dxdy

14

vol(G)F[B]k — k) = 13&(k —k,),

neglecting terms of the order 0(vay/7). Here, ®Q) de-
notes the spectrum?2 of the fluctuations of u(x), i.e., the
Fourier transform of B(x), related to Z(A) by
(1=(a)]2) = f ®(A\)dx for every (Borel) measurable
set A C R3,

Hence, the stochastic cross section reads

0, = (m213/4n204)8 &k — ko) | F{W]k) + FIW]k,) |2, (15)
and is independent of U(x). It is seen that, due to the
nonlocal nature of V, o, depends not only on the dif-
ference k — k, but separately (and symmetrically) upon
k and k.

In the limit case of a local random potential V = 206
[where 6(x) denotes, as usual, the Dirac distribution], we
have W(x) = 6(x), whence

o, = (m23/12r%) &k — k). (16)

If the homogeneous random function u(x) is also iso-
tropic, then B(x) = B(|x|), and we find

ok —k,) =& (&) =47 f: r2B(r)[&r]-L sin(er) av,  (17)

where £ = |k —k,l. In the complex £ plane, &(£) thus
converges on the real £ axis and is (possibly) a holo-
morphic function of £ in a horizontal strip centered on
the real axis. In the case of a Markovian correlation
function, 2

Br) = g2 exp[— 271/3aglr], 2 = (u2(x)), (18)
<I>(§) appears to be holomorphic in the strip | Imé&|{271/3

ot [see Eq. (21)]. However, taking assumptions (iii) and
1v) into account, we see that, in the same order of
approximation of Eqgs.(9) and (15), 0, must be holomor-
phic on the whole complex £ plane.

More accurate insight into the analytic properties of the
stochastic scattering amplitude f (K, k,)(for k = k) as
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a function of £ may be gained by replacing the approxi-
mate equation (9) by the formula ¢ = M,Vy (which is
exact to the first order in ¢). We obtain then the follow-
ing expression for f kg, k)

Fko, ko) = — (m/2a72)F[ VY (k)
= — (m/2mh2} FloW o §](k,) + FIW () F[o 0},
(19)

where ¢ depends on E, being a solution of Eq. (5). Thus,
in the case of a local potential, writing, as usual, the
energy E as a complex variable, with E = [12(2m)-1]k2,
f.ky,ky) is (for a.e.w = ©) a holomorphic function of
E on the whole physical sheet Imk = 0 of the Riemann
surface of the energy,? with the exception of the points
where ¥ becomes infinite. These poles, where f (E) is
singular, are located on the real semiaxis E < 0 and
correspond to the discrete unperturbed energy levels,
i.e., to the bound states of the potential U(x) (eigenvalues
of the operator L, — U).418

In the case of a nonlocal potential, the first term on the
right-hand side of (19) is still holomorphic for Imk > 0
while the second term is holomorphic in a horizontal
strip of width 8, centered on the real k axis, corres-
ponding to the analyticity domain of F{w](k,) =

fﬁa expl(~— ikz)W (x,y, z) dxdydz. Thus, f (k = k,) is, for

a.e, w € Q, holomorphic in the interior of a parabolic
region, enclosing (symmetrically) the real semiaxis

E > 0 and additional singularities (besides the eigen-
values of Ly — U) may appear on the real negative E
axis outside the parabola, i.e., for ReE < — 837/ 2ni,
The value of 8, depends upon the regularity properties
of W.(x). If 8, = 0, the convergence region of f, shrinks
to the real # axis Imk = 0, i.e., to the (cut along the)
real semiaxis E > 0,%19.20 gince F[W](k,) is then a
bounded and continuous (but not necessarily analytic)
function of real k.

The characteristic length [ appearing in Eqgs.(15) and
(16) depends on the specific problem under consideration;
two simple examples will be considered in the next sec-
tion.

3. EXAMPLES

Consider first a random potential trough (or barrier)
with spherical symmetry! W(x) = 6(x) and v(x) =
voH (I — 7), where H(r) is the Heaviside step function
and v, is a real random variable with zero average and
given variance g2 = (v®). It follows (v X (y) =
q?H (I — |xH (I — |yl), whence,

o, = (16m2q2/n4£4) | £-1 sin(lg) — 1 cos(lE) 2. (20)
0 ; thus coincides formally with the (deterministic) cross-
section in the Born approximation, and exhibits likewise
the Gibbs oscillatory phenomenon due to the truncation
in v(x) [see Assumption (iii), which is not satisfied here].

Consider next the case of a Markovian correlation func-
tion (18); from Eq. (17) we find

b

472/3 @1)

8(£) = n2/3¢2a3 [1 "

Choosing a system of spherical polar coordinates with
polar axis parallel to k,, and denoting 6 the colatitude
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(angle of scattering), we have £ = |k —k,| = 2%
sin(#/2),1 and Eq.(186) for a local potential gives

0, = (m2q2ad/m4at/3)3(1 + (R2a3/n2/3) sin2(6/2)]-2,

O=6=7 (22

0 is thus a monotone decreasing function of 6, and, if
the correlation scale a, satisfies the inequality ka, <1,
o is approximately constant (isotropic scattering?).

If U{x) = 0, we have f(ky; k) = 0 while ¢ =0, > 0 and, as
shown by Eq. (20), the expression of ¢ _ may happen to
coincide formally with the nonrandom case (V = 0,

U= 0) In particular, the physical interpretation of

Eq. (20) is the following: a potential trough (or barrier)
which oscillates randomly about zero exhibits the same
scattering behavior of a nonrandom potential trough
(barrier) with the same (average) depth.

4. FINAL REMARKS

The case of a stochastic operator V with average value
V different from zero can be reduced to the previous
one by replacing Uby U + V and V by V — V in the pre-
ceding formulas. Therefore, if V # 0 only the terms
involving the operator U, i.g., only the average wave-
function ¥, will be modified, since in the first approxima-
tion Y (x) will satisfy the equation
Loy = Uy + V. (23)
Let us restrict ourselves to the case of a local poten-
tial V, represented by the operator of multiplication by
a random function V(x). V is then the operator of mul-
tiplication by the real-valued function V(x), which gives
the average value of the stochastic potential V, and must
be specified on the basis of dynamical considerations.

Assuming the random fluctuations of the potential to be
originated by statistical fluctuations dx in the position
of the particle, and, expanding the potential in a Taylor
series, we have®

Ux) + vix) = Uk + dx) = Ux) + (dx) - gradU
1 & /92U
+ = i?ﬂ( )dxidxj +

(24)
2 0x;0x;

Taking the average of Eq. (24), assuming (dx) = 0 and
<dxidx].) = 3(ldx[2) 5, ; due to symmetry, and neglecting
terms of higher order in (24) yields

(V) = V&) =1 (|dx[2)v2U(x). (25)
In the case of a screened Coulomb field U(x) = — e2+1
expl— @r), we have V2U(x) = 47¢26(x) + @2U(X), where e
is the charge unit and « is a positive constant. The
expression of ¢ ; contains, then, an additional perturba-
tion term of the form

m2/4n2h4)| [ Y V=)Piaxl,

where §; = exp(k -x). In the limit @ — 0, taking Eq. (25)
into account, Eq. (26) reduces to [(1/97 ;2)[( |dx|2))2],
where 7, = 2/me? is the Bohr radius.* Thus, in the
case of a (weakly) screened Coulomb potential with non-
vanishing average value the cross-section is increased
by a constant term, corresponding to an additional iso-
tropic scattering.

(26)
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In the case of a complex atom of atomic number Z, assum- *Yu.A. Prohorov and Yu. V. Rozhanov, Probability Theory (Springer,

ing U(x) to satisfy the Thomas-Fermi equation, we find4

V) = ¢ (1dx|2){— 4ne2Z6(x) + (8v2/37e)[U®)/r 5]3/2),
(2n

where |x|U(x) — 0 for |x] - «©, |x]U(x)—~ Ze2 for x —0.4

The additional perturbation term in the expression of g,
is found from Eqgs. (26) and (27) to be of the form

(1/972) (1dx|2)2 |- Z + (243 /302)(e2r,)3/2
X FlU3/2](k — ky) 12, (28)
while the terms involving cp(_:g) remain unaltered, pro-

vided V is replaced by V — V, as explained above.

The value of {|dx|2) must still be specified in the pre-
ceding formulas. Following Caldirola's semiclassic
reasoning for an s electron of hydrogenoid atom yields®

(1dx|2) = (e2r/3mm2c3) log(v,/v,), (29)

where ¢ is the light speed in vacuum, and v, < v, are
limit frequencies of the “electromagnetic fluctuation
field”, to be determined in a heuristic way (in Ref. 5,
v/ v, = 1014),

*Research developed in the frame of the activity of the GNFM of the
CNR.
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In a previous paper the inverse problem for a dispersive hyperbolic partial differential equation was
shown to be reducible to a system of two coupled integral equations involving the kernels of the
scattering operators. Here the uniqueness question is considered. The conditions on the scattering
kernel to insure uniqueness of the solution of the system of integral equations are developed.

In the previous paper,! which we will refer to as Paper
I the inverse problem related to the partial differential
equation

Uy, — Uy + Alx)u, + Bx)u, + C(x)u = 0,

where the coefficients vanish outside the domain
0 <x <1, was considered. For an incident wave z}{x — f)
propagating in the direction of the positive x axis, a
reflected wave #(x + t) and a transmitted wave %} (x — f)
are generated which can be expressed in terms of the
incident wave by back and forward scattering operators.
A similar result holds for an incident wave ui(x + #)
propagating in the direction of the negative x axis. It
was shown that the inverse problem, namely the deter-
mination of the coefficients A, B and C from the kernels
of the scattering operators, reduced to the problem of
solving the two coupled integral equations, (24a) and
(25a) of Paper 1. The question of uniqueness was only
partially answered. Here, we consider the question of
unigueness further, and will determine conditions on the
scattering kernels for which the following homogeneous
system of integral equations corresponding to Eqgs. (24a)
and (25a) of Paper I, has only the trivial solution

o) =— [15,0,0%0)dy, p=t<2-u, W

W) =—GW) [27"S. (5, HeW)ay,
For convenience we have replaced the parameter x which

appears in the corresponding nonhomogeneous integral
equations in Paper I by the parameter p.

—p<t<ypu.

To determine conditions for which system (1) has only
the trivial solution, we will relate the solutions of the
corresponding adjoint system of integral equations to
the solutions of an initial-boundary value problem of the
partial differential equation. Before doing so, we begin
with some general considerations.

Consider the Cauchy problem
u, —u, + A, + Blxu, + Cx)u =0,
ulx, to) = flx — £y) + glx + t4), (2)
ulx,to) = —fllx— t,) + g'(x + t),

where A, B,C are C1 functions with support in [0, ] and
f, & are continuous, piecewise C2 (written C[C2 piece-
wise]) functions. Using the method of successive approxi-
mations, 2 it can be shown that this problem is well posed
in the appropriate class of C[C2 piecewise] functions.
For example, if f'(s), g’(s) are discontinuous at s = &,
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s = § respectively, then the solution 4 will be C2 except
across the lines x — ¢t = a,x + t = 8 where it is con-
tinuous. In what follows we shall omit reference to the
regions on which a solution is C? and assume that the
obvious C[C? piecewise] class of functions is chosen.

_This result enables us to generalize the lemma in Paper
1. Specifically, that lemma remains valid under the
weaker assumption that the Cauchy data is C[C? piece-
wise].

Lemma 1: Suppose u is the C[C2 piecewise] solution
of (2) subject to initial conditions at { = — [,

ulx,— 1) = flx + 1) + glx — 31 + 2),

w,(x,— 1) = — f'x + 1) + g’ — 31 + 2u),
where f(s) and g(s) are arbitrary continuous functions
which are C2 on their supports —(2 — 2y) = s = 0 and

0 = s = 2, respectively, and 0 < p<[. If u also satis-
fies the boundary conditions

w0, =0, 2-2u<t<2,
u(l,t)y=0, I<t<3~2p,
then u = 0.

Proof: The initial conditions correspond to the
superposition of two incident waves of the form

uilx -y =flx—t), x<0

uilx +t— A+ 2 =glx+ t— 20+ 2, x>1.
Hence, for x < 0,¢ > 2l — 2u we have that # is a function
of x + ¢ only. The first boundary condition then implies
that # = 0 in the strip bounded by x + { = 2, x + t = 2|
— 2p and x = 0. Similarly,» = 0 in the strip bounded by
x—t=0x—1t=2pu~ 2l and x = 1[.

It now follows that « (0, ) = 0 for 2l — 2p <{ < 2/ and
u,(l,t)=0for! <t <3l —2u. Thus,u = 0 in the tri-
angles T'; and T,, where T, is bounded by x + £ = 2I,
x—t=2u— 2l and x= 0 and T, is bounded by x + ¢ = 2/,
x—t=2u—2land x = 1.

Using the fact that the solution of a characteristic
initial value problem? is unique, we get that # = 0 in the
rectangle R bounded by 7, Ty, x + ¢ = 2/ — 2y and

x — t = 0. We also know that u = 0 in the triangle T3
bounded by x — ¢ = 0,x + ¢ = 2] — 2pand ¢t = — I. Then
u = @ in the triangles bounded by R, 7T; and the lines
x=0,x=1,and sou = 0.

Copyright © 1973 by the American Institute of Physics 406
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We now consider the system of integral equations ad-
joint to system (1),

o(t) == GW) [* R.(t+ 9[W(s) + [ L_(s — y)(y)aylds,

u<t<a-—uy, (3)
vy =— [PTF Rt + 9ols) + [2THL (s — y)eO)dylds,
—pu<t< u.

Lemma 2: The only solution ¢, ¥ of the system of
integral equations (3) where ¢ is C2 on [u, 2] — u] and
¥ is C? on [— u, u] and which satisfy the conditions
02l — ) =0, Y(— w =0, p(1) =0, g() = 0 where

P = o(t) + [27F L (¢ — y)oW)y,
o) = ¥ty + [1 L_(t— y)wiy)dy

is the trivial solution.

Proof: On employing the scattering operators given
in Paper I, we can relate the above set of integral equa-
tions to the solution of the differential equation and
associated boundary and initial conditions as described
by Lemma 1.

In the half-space x = 0, the incident wave u!(x — ¢)
generates a reflected wave u” (x + t) and a transmitted
wave u!(x — t) in the half-space x = . They are related
as follows

ur(§) = f_g R (& + s)ut(s)ds, E>0

uiln) = exp 3 [} (A— B)ds{ul(n)

+ fno L (n— syui(s)ds}, 7<0

with w7 (&) = 0, ui(n) = 0 for £ <0, 7> 0, respectively.

Similarly, in the half-space x = [, the incident wave
ut(x + t — 21 + 2p) generates the reflected wave

ur(x — t + 2l — 2u); and in the half-space x < 0, a trans-
mitted wave uf(x + ¢t — 2! + 21). These are related as
follows:

ur(n) = f:l_" R_(s + nui(s)ds, n=2l,

ui(f) = exp— %fol (A + B)ds{ut(t)
+ fog L_(&— s)ut(syds}, &=0,

where ui(¢) = 0 for £ < 0.

To agree with the initial conditions given in Lemma 1,
namely

ulx, Y =ullx— )+ ui(x +t — 20 + 2y), t=—1,
where ui(s) and uf(s) are C2 functions of s on their
respective supports — (2! — 2y) = s = 0and I = s = 2,
the definition of ¢(s) and Y(s) will have to be extended
outside their respective domains p< s = 2/ — pand
— B=s = uso that they still remain C[C2 piecewise].
This can be achieved by defining

e(s) =0 fors>2—p
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and
p(s) = @ls) + fszl'“ L (s— o)y =0 fors<p.

This will place no further restriction on ¢(s) in the
domain p = s =< 2[ — 2u other then the conditions

o2l — py = p(w) = 0,

as stated in the lemma. In a similar manner, y(s) may
be extended outside its domain.

The boundary conditions stated in Lemma 1 now become
ul(t— 20+ 2u) + ui(t)=0, 20— 2ust=2,
wl—t)+ur(—t +3—2u)=0, Il=t=3—2p,

yielding
Y(T) =— fyzl_“ R (7+ s)p(s)ds, —p=r71=nyp,
o(1) =~ G) [* R.(7+ s)qls)ds,

Then the system of integral equations and conditions
stated in this lemma are equivalent to the initial-boun-
dary value problem given in Lemma 1, and the result
follows.

L= r1=2—p

A different formulation of Lemma 2 will be more useful.
Suppose ¢, Y is a solution of (3) where ¢ € L2(u, 21 — 1),
W € L2(— p, ). Since R,,R_,L_ are C2 on [0, 2] and
L, is C2 on [~ 2, 0], it follows that ¢, ¢ are C2 on

[m, 2l — u] and [— u, u] respectively.
Fori= 1,2 let

6O =80+ [TL- 080y, u<t<A—y,

i) =%+ [P Lo — %00y, —p<t<yp,
where
5 =1, x,) =1,

By(t) = f“ 'R,y — dy, 3, = f# ‘R_(y + 2 — wdy.

Let N, be the subspace of L2(u, 2/ — u) spanned by 6,
6, and let N, be the subspace of LZ(— p, u) spanned by
X1» X2- Finally,let N7, NJ be the corresponding ortho-
gonal compliments where the inner products are

21-
(9, Gi) = fp b 66,dt, (x, x‘-) = [: X X;dt,
respectively. Then we have
Lemma 3: The only L2 solution ¢, ¥ of the system
of integral equations (3) such that ¢ € N{,{ € N} is the
trivial solution.

Proof: Suppose ¢, ¥ satisfy the above hypotheses.
Set

@) = f;l_” @oy)dy,

v, (t) = f_; Voly)dy, —u<t<up

p<t<2l—yp,

and for ¢ = 0, 1 let p,(¢), ¢, () be the expressions given
in (4) with ¢;, ¥; in place of ¢, . The system (3) now
becomes

@olt) =— G(l)f_‘:R_(t + 8)gos)ds, p<t<2—u, (5
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Yolt) =— ff"“ R(t+ s)pols)ds, — u<t<np. (6)

Integrating (5) from 2/ — p to ¢, we get
04(8) = GO [* R.(t + s)q,(s)ds,

where we have used the fact that Y, € Njy. Integration
of (6) from —u to ¢ yields

VL) = f_‘:l R (t + s)p(s)ds
by virtue of the fact that ¢, € Ni. Now ¢,, ¥, satisfy

the hypotheses of Lemma 2, so ¢ = 0,¢; = 0 and the
lemma is proven.

Our main result follows from the alternative theorem.

Theorem: If none of the functions 64, 8,5, X1, X2
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provide a solution of the system (3), then the only L2
solution of the homogeneous system (1) is the trivial
solution.

Hence, we have given conditions for the uniqueness of
the inverse scattering problem given in Paper 1. Note
that we required that the coefficients A, B, C of the
partial differential equation to be C1.
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Procedures are given for summing series of the form Zajjk ... (12 +j2 + k2 + )~ S and used to
evaluate a number of planar lattice sums in terms of the zeta and related functions.

. INTRODUCTION

In calculations of the physical properties of crystal
surfaces, one often requires numerical values for sums
of the form

m,n=1

where most frequently f(m,n) is the reciprocal of some
power of a linear or quadratic expression. In the latter
case, the sums have been investigated intensively and
several methods are available for approximating them.?
1t has apparently escaped notice, however, that when
fim,n) is a “symmetric quadratic form”, S can often be
expressed in terms of well-known, tabulated functions.
There is some suggestive work by Emersleben? who
considered the three dimensional case in terms of the
Epstein zeta function, but his procedure merely amounts
to an extension of Ewald's method.3 The one result which
exists in the literature,

S m? + n2)s = £(s)p(s) — ¢(29), )

m,n=1

which is apparently due to Hardy,4 who used number-
theoretic considerations, is fairly typical of those we
shall derive. Here {(s) is the well-known Riemann zeta
function and

Bls) = 5 (= )m(2n + 1)-s, (3)

n=0

has also been tabulated.5 Since this function, which has
apparently not been studied in detail previously, will
play an important role in our analysis, its salient pro-
perties are presented in an appendix.

1. CALCULATION

The method we shall use is undoubtedly well known and
is quite useful for the summation of multiple series
where the summand contains a linear combination of ex-
pressions, each of which involves only one variable. Be-
low we shall use the following notation. The variables
of summation 2 and [ are to run over all positive odd
integers, the variables p and ¢ are to run over all posi-
tive even integers, and m» and » are to run over all posi-
tive integers. To introduce the technique, we consider
the simple example

S= 3 (—1)®D/2(gk + [)-s, s>0. @
k1
By using the identity
]_"(s)b-s _ foooxs—l e—bxdx = Ms {e-bx}, (5)

where M denotes the Mellin transform,® we obtain
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T(s)S= [ ° %1% (= )®D/2 exp[— (ak + Dx]dx
k1
= M {sechx cschax}, (6)
whence we have

S=2s{8[—1,s,3(1+ @]+ @[ 1,5, 31 —a)f, (D
where & denotes the Lerch—Hurwitz zeta function.? Here
and in succeeding applications of this procedure, the
interchange of the sum and the integral is justified by
the absolute convergence of the former.

Consider now the five sums listed in Table I. All others
of this general form can be obtained from these by
elementary means. We first note the following basic
identities from the theory of theta functions8:

Yemx = 1[040 ix/m — 1], (8a)
(= 1) m-lemis = L1 —6,(0]ix/m), (8b)
Z; e **x = £0,(0]4ix/m), (8c)
Zp)e‘l’z" = 3 [05(014ix/m —1]. (8d)
Next, by using (5), we have
I(s)S; = M {[65(0]ix/m —1]2}, (9a)
I(s)Sy, = s M {[1 —0,4(0ix/m]2}, (9b)
()83 = sM{[1 — 6 4(0ix/m][05(0 lix/m) ~ 1]}, (9¢)
I(s)S, = s M {63(0|4ix/m)}. (9d)

We postpone the evaluation of S5 which requires a
little further ground work.

To complete the derivation, we need the Mellin trans-
forms of squares and products of theta functions. Since
these have apparently not been studied before, we shall
devote some space to working them out. In the following,
the symbol -~- is used to denote the relation of a func-

TABLE I.

Sum f(m,n) Value

S1  (m%+n?)s 8(s)8(s) — £(29)

Sy (= L)mn(m2 + n2)s (1—21-25)5(25) — (1 — 2-298()¢(s)

83 (= )mYm? +u?)s 275[2755(2s) + (1 — 21-)(s)¢(s)]

S, (k2 +12)s 2-5(1 — 2-5)B(s)(s)

Sy (m2 +p2)s 3(1— 275 + 21-25)¢(s)8(s) — (1 + 2729)¢(2s)

Copyright © 1973 by the American Institute of Physics 409
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tion to its Mellin transform. The following pairs follow
immediately from Eqgs. (5) and (8):

3 [65(01ix/m) — 1] -~ [(s)¢(2s), Res >3, (10a)
3[1 —64(0[ix/m] -~ (1 —21-25)(s)¢(2s),

Res >0, (10b)
50,(04ix/m) -~ (1 — 2-25)¢£(2s), Res > i, (10c)
where the elementary identities

(1—21'S)§(S) =1-5s —2-s 4+ 35 —.e. (11)

(1 — z—s)g(s) =15+ 35S+ 585+ ..,

have been used.

We next note several remarkable identities discovered
by Jacobi?®

2K/m=1+ 4, (—1)(e-D/241(1 — g1)-1 (12a)
k
2kK/m = 4q1/2F gn-1(1 + g2n-1y-1 (12b)
n
2°K/m=1—43(—1)-D/250(1 + g1y, (12¢)
l

where K denotes the complete elliptic integral of the
first kind of modulus &, %’ = (1 — k2)1/2 and ¢ =

exp(— K(k')/7K). These are obtained by differentiating
the Fourier series for the elliptic modular functions10
and setting x = 0.

From the identities!

63(01t) = 2K/, (13a)
02(0(¢) = 2rK/m, (13b)
93(0(¢) = 26'K/7, (13¢)

where g = exp(in{), we now have

1[6300lix/m) —1] = T (— 1) D /2[eix — 111 (14a)
i

i[1 —030lix/m] = 25 (— 1) &V /2[eix + 1]1,  (14b)
I

103(04ix/m) = T3 [e2!% + e-215]1,
7

(14c¢)

Next we expand the summands in (14) as geometric
series in e '*, The Mellin transform of the quantities on
the right in (14) are obtained by integrating term by
term and by combining the expressions so obtained with
(10). We find

L[64(0lix/m) —1]2 -~ T(S)[A()E(s) —E(2s)],

Res > 1, (15a3)
31 —0,4(0ix/m]2 -~ T(s)[E(28)(1 — 21-25)
— B(s)¢(s}(1 —21-25)],  Res >0, (15b)
103(0 [4ix/m) -~ 2-5(1 — 2-9)T(s)B(s)¢(s),
Res > 1. (15¢)

We still require the Mellin transforms of products of
pairs of theta functions. By using the procedure by
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which Landen's transformation can be derived,12 we
find

(16a)
(16b)

8,(012£)04(012¢) = £62(0]1),
05(01¢)6,(0]¢) = 6%(0]2¢),

and thus from (16b) and (10) we have

1[05(0)ix/m) — 1][1 — 6,4(0lix/m] -~ 2-5T(s)
X [2-58(25) + (1 — 21-9)B(9)8(9)).  (17)

Comparison of (15), (17) with (9) gives the results shown
in Table I. To obtain S5, we make use of (16a) and find

6,(018ix/m)6 5(018ix/m) -~ 21-5(1 — 2-9) I(s)B(s)¢(s),
(18)

whence we see that

T3(20)25 + 27 (202 + 8m2)-s = 21-s(1 — 2-9)8(s)¢(s),
I i,m (19)

from which the expression given for S5 is an immediate
consequence.

Our discussion has been limited to equilateral lattices.
The same procedure can be used for other planar
lattices to represent the sums as Mellin transforms of
products of theta functions; but, except in special cases,
there are no known simple identities analogous to those
in Eq. (12) which would lead to their evaluation. These
representations can serve as the starting points for
approximation schemes, however, of which Ewald's
technique3 is a disguised example.

Finally, we wish to illustrate how our results might be
used to investigate more complicated lattice sums. Con-
sider

S= 2, Fm2 +n2), (20)

Let f(#) be the inverse Laplace transform of F(x) and
¢ (s) be the Mellin transform of f(¢). Then

S= fO”dtf(t)"lZi exp[— (m?2 + n2)t]
o0 A 2
=i/ dtf(t)[93<ol;—t> _ 1]

= ‘z‘}ﬁ‘ f:f,-i: dsT(s)p (1 — s)[E(s)B(s) —E(29)),

e>1. (1)

In spite of its forbidding aspect, an integral such as the
last in Eq. (21) frequently leads quickly to interesting
information, either through distorting the contour in
some way or transforming it to the real axis. We note
in this regard that I'(s)[{(s)B8(s) — §(2s)] is analytic ex-
cept for simple poles at s = 0, 1/2,1. As a realistic
special case, we consider F(x) = e~2%/u, for which ¢(s) =
as/s. Although the series converges rapidly enough for
large a, it diverges for a = 0, and it may be important to
evaluate it when a is very small. From Eq. (21), we have

S= g0 [0 dsa-s(1 — 9 IT([K(SB(s) —L(29)].  (22)
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Analysis shows that while the integral converges along a
large semicircle in the left hand plane for 0 < a <11, its
value is not vanishingly small along this path. However,
its value does go to zero with a. Thus, for small q, the
value of S is dominated by the behavior of the integrand
at the aforementioned poles (s = 1 is now a second order
pole), and we obtain

S = (m/2) In[T(3/4)/T(1/4)(21a)2/2] — (ny/4)

—2(ma)1/2 + o(a), (23)
where v is Euler's constant. This expression is quite
-accurate for a S 0,01, There is another approach to
these sums, which while not having been fruitful in this
investigation, is quite suggestive and may be useful in
other cases. We write

03(0t) = i expm?2 + n2)mit] = Erz(n)e"""‘+,

»
- 00

where t*=t + i0. Hence, by inverting the Fourier series,
we obtain

7o) = [Fdto30]) et

where 7,(n) is the.number of ways of writing » as the
sum of two squares. We now have

¥ Fm? + n2) = [2at03(01)¢(t"),

where ¢(¢) is the Fourier series J, F(n)e-»"i*, This
procedure is closely related to the 'circle method’ in-
troduced by Hardy and Ramanujan into analytic number
theory.

The identities in Eq. (12) are only three of forty-seven
such results listed by Jacobi,® and this list itself can

be extended indefinitely by considering successively
higher derivatives of the Fourier series for the elliptic
functions. It thus appears that we have merely scratched
the surface and that there remains a wealth of other
lattice summations possible by means of the above
method. We seem to have exhausted all the simple two
dimensional cases and, since the elliptic integral K is
related to products of an even number of theta functions,
this procedure will furnish results directly only for even
dimensional (cubic) lattices. One particularly simple
higher dimensional example is

2 (Rf+ kE+RE+ RY S =272(1 —279)
by kg kg kg
X (1 —219)(s)(s — 1) (s>2), (29
which follows from the ninth entry of Jacobi's list. It
would appear that there is no bridge to the important
three-dimensional case, but the resourceful Jacobi has
provided one through the identityl2

85(01t) = 8,(01£)05(01£)8 4(0¢). (25)

From this it follows that

T (— VP22 +p2 + g2] 5 = T (12 + 4k
L.pa ik

+dia -2y —p2s — 1l (20
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Unfortunately, to evaluate the sum on the right-hand side
of Eq. (26) would require a '¢-series,' such as Eq. (12),
for the quantity m(kk")1/2K /2, which is not known, or
equivalently, a Landen transformation connecting 6, and
6 4, which does not appear to exist. However, Eq. (26) is
a new and interesting relation; by the use of identities
related to Eq. (25), it should be possible to reduce a
number of three dimensional sums and perhaps adduce
useful relations among them.

In this paper we have exploited the fact that the Jacobian
theta functions provide an analytic procedure for treat-
ing number-theoretic problems relating to even sums of
squares. However, the sum in (2) is nothing more than
the Dirichlet series

S= il ¥ s (27)

and all that has been accomplished in the way of 'exact’
results is to express certain series of this type in

terms of the 'simpler' Dirichlet series {(s) and B(s).
This can also be done by purely number -theoretic

means and indeed for a wide class of quadratic forms
Am?2 + Bmn + Cn?, Except for the cases considered
here, the reductions involve new functions similar to {(s).
This will be described in a sequel where purely number
theoretic methods will be applied to 'evaluate' the sums,
in (26).
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APPENDIX

In the series (3) for B(s), which converges for Res > 0,
the negative terms correspond to integers congruent to
3, and the positive terms to integers congruent to 1

TABLE II.
s B(s) s B(s)
0.50 0. 667 69 1.00 0.785 40
0,52 0.673 20 1.02 0.789 23
0.54 0. 678 81 1.04 0.792 99
0.56 0.684 25 1.06 0.796 70
0. 58 0.689 60 1.08 0.800 34
0.80 0.694 89 1.10 0.803 93
0.62 0.700 09 1.12 0.807 46
0.64 0.705 22 1.14 0.810 94
0.66 0.710 27 1.16 0.814 35
0.68 0.715 26 1.18 0.817 11
0.70 0.720 16 1.20 0.821 02
0.72 0.724 99 1.22 0.824 27
0.74 0.729 75 1.24 0.827 47
0.76 0.734 44 1.26 0.830 62
0.78 0.739 06 1.28 0.833 71
0.80 0.743 61 1.30 0.836 75
0.82 0.748 09 1.32 0.839 T4
0.84 0.752 50 1.34 0.842 68
0.86 0.756 84 1.36 0.845 58
0.88 0.761 11 1.38 0.848 42
0.90 0.765 32 1.40 0.851 22
0.92 0.769 46 1.42 0.853 97
0.94 0.773 54 144 0.856 67
0.96 0.777 55 1.46 0.859 32
0.98 0.781 51 1.48 0.861 94
1.50 0.864 50
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modulo 4. Also, 7 ,(n), the number of ways z can be re-
presented as the sum of two squares, is just the number
of divisors of #» congruent to 1 minus the number con-
gruent to 3. Since Sy, e.g., is simply the Dirichlet series
22,7 2(n)/ns, the fact that B(s) occurs prominently in our
considerations is not surprising, By Euler's procedure,
we find that

Als) =111 —P'S)‘lpf,l (1+p=973, (A1)

wherep = 1,p " = 3 (mod 4), in analogy to Euler's pro-
duct for the zeta function. Although such Dirichlet
series were studied intensively between 1850 and 1940,
a search of the literature has not revealed a detailed
discussion of (s}, so we present a number of useful re-
sults here.

Since the product (Al) converges absolutely for Res > 1,
B(s) is analytic in this region and has no zeros there.
By using (5), we obtain the representation
2D(s)B(s) = [, dtt =1 secht = 21-sT(s)8(— 1, 5, 3),

Res >0, (A2
which extends the region of analyticity to the entire

right half s-plane. It is hot difficult to derive the con-
tour integral representation

F(l - S) f(0+)

4w °

B(s) = — dz(—z)s-1 sechz, (A3)

which converges for all values of s. Thus, 3(s) is an
entire function. From (A3) and the definition of the
Euler numbers4 we easily obtain

_ Yo, n odd _ ..
B(—n) = %En’ n even, n=01,2, , (A4)
as well as
B(2n + 1) = [(n/2)2n1/2(2m N} |E,, |, n=0,1,---,
(A5)

(_ 1) ng2n

M) = ——
B = — 1

FIG.1. Qualitative behavior of g(s) for real s. For large negative s
B(s) oscillates with unbounded amplitude.
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In particular,
BO =3, B—2=-3 B(—4=3,
B=1 =p(=3 = =0, (AS6)

g(l) = /4, 3(3) = 73/32, B(2) = G = 0.915 96-- .

As for the Riemann zeta function, we have the reflection
formula

B(s) = (n/2)s°1 cos(ms/2)T(1 — s)B(1 — s)
or (A7)
2sT(s) sin(ms/2)p(s) = 76(1 — s).

Several values of A(s) in the interval (1/2, §) are given
in Table II. From the Hurwitz formula for the genera-
lized zeta functionl3 we find

B(s) = E(1 — s, +) [2m /2T (s) sin(ns/2)] + cot(rs/2)
x [(1 —21-5)/25]8(s). (A8

From (A8) we obtain the asymptotic estimates, as
Ims~ o,

O([£]1/2-0), o< 0

3/2-20 e !
8o + it)| ~ 3””1-0), )’% <°o<<°1< 2 (A9)
1.

O([t[t-20), o>

’

It is occasionally useful to consider the generalization,
for a > 0,

A o — 1
Bls,a) = 25 cy

w0 [(2n+ 1) + a]s’ (410

By using the analogue of Plana's theorem

Z’%(— Drop2n+ 1) =3 0°° Re¢ (iu) sech(nu/2)du, (All)

we obtain the analogue of Hermite's representationl3
for ¢(a, s)

B(s,a) = 3 f0°° (a2 + u?)-5/2 sech (17—211)

X cos {s arctan <%>] du, (Al2)

which converges for all s. Hence, we have the useful re-
presentation

1/
B(s) =% <E> ° cos Res < 0

T (A13)

(1;_3) fooo du u ¢ sechu,

and the results

IS(O’ a) = %;

lostsaf == far (0 (£52)],

8(0) = —2 m[2r $)/r (3l (Al4)

By use of the reflection formulas, '(s) can be calculated
for all integers s. The behavior of 8(s) for real s is
sketched in Fig. 1.
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A full study, both analytic and numerical, is made of an exact solution, given in a previous paper of
the series, for the problem of the spontaneous emission of a Wigner—-Weisskopf atom in a
one-dimensional radiation field, when the system is considered to be finite in extent. The solution is
obtained directly from the Schrodinger equation of the problem. The numerical solution and results
are compared extensively with two separate weak-coupling approximations, treated earlier in the
series, which were derived respectively from the Prigogine—Résibois master equation and from the
solution of the Schrodinger equation. It is found that the latter corresponds much better, except for
exceedingly small systems, with the exact results, and that it accordingly takes better account of the
effects due to the nonanalyticity of the solution when the coupling tends to zero. Some proposals are
made for the general exploitation in nonequilibrium statistical mechanics of this feature, and also for
a possible application to the study of radiationless transitions in molecules.

. INTRODUCTION

A study has been made in three previous papers of the
authors,1-3 hereafter referred to respectively as I, 1I,
and III, of some problems in the understanding of the
Prigogine—Résibois master equation? in its weak-coup-
ling form as applied to both finite systems and to sys-
tems where the “thermodynamic limit” of finite size
has been taken. Attention was directed to the phenome-
non of spontaneous emission from the excited state of
a two-level Wigner—Weisskopf atom in interaction with
a one-dimensional radiation field. It was found that, for
the case where the system was enclosed in a finite box
(with periodic boundary conditions), the probability of the
atom’s being excited was a complicated function of time,
which manifested Poincaré recurrences on a time scale
determined by the length of the box. As the theory was
presented in II, this probability was a particular diago-
nal element of the density matrix of the system. The
difficulty arose that its value was not confined to the
interval between zero and unity, and it appeared that
this was a consequence of a nonanalyticity of the solu-
tion of the master equation for the value zero of the
coupling constant. This implied, in fact, that, whatever
might be the situation for an infinite system, the weak-
coupling limit was not well defined in the calculation as
performed. The numerical effect of the nonanalyticity,
however, was found to be negligible for all but the
smallest systems, for which the other reasons could be
adduced against any weak-coupling scheme, and so a
unique solution to the problem could be found, as far as
actual computation was concerned.

An alternative approach was developed in III, where,
instead of the master equation for the diagonal elements
of the density matrix, the straightforward Schridinger
equation for the state vector of the system was ex-
amined. It turned out that a weak-coupling approxima-
tion to the solution of this equation existed in the same
way as that from the master equation, that is to say, that
the probability in question manifested a nonanalyticity
for zero coupling which disappeared rigorously in the
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thermodynamic limit and was unimportant numerically
unless the system was very small. But this new
approximation shared very few features with the earlier
one. Simply from the method of its calculation, it was
bounded between zero and one. Its time average had a
quite different dependence on the system size from that
of the other. The detailed time dependence of the solu-
tions differed widely. About the only similarities, in
fact, were, that both gave the same limit for an infinite
system and that, for dimensional reasons as much as
anything else, the major recurrences appeared at
roughly the same times in both.

There seemed to be only one way to decide which, if
either, of the weak-coupling approximations for a finite
system was a reasonable description of the real evolu-
tion, and that was to examine an exact solution to the
dynamical problem. This solution was obtained formal-
ly in IIT, both for finite and infinite systems, but it was
not analyzed in any detail there. It will be the aim of
this paper to perform such a study for finite systems,
and it will be seen that a definite choice can be made
between the two approximations, at least for all but very
small systems.

The mathematical specification of the model has been
discussed fully in the previous papers. Briefly, the
Hamiltonian describing the two-level atom, the radia-
tion field, and their interaction is:

H=Hy + H; = ¢oo* + ga*a +§)[%ﬁw)\(a>\*a)\ +1)]
+ 2 (BFa*a, + haat) (1)
A
in which €, €, are respectively the energies of the
ground state |1) and the excited state | 2) of the two-

level system. The operators a, and ¢ are defined as
follows:

a = 1),
o* = |2)<1],
Copyright © 1973 by the American Institute of Physics 414
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(n,a,lm) =[2(n, + 1)]V28(m, —n, — 1) ={m,|at|ny).

The state |#,) is one with#,(= 0,1, 2, - -) photons in
the Ath mode, and 67 (. ..) denotes a Kronecker delta.
Following the arguments of I, I, IIT, we shall choose the
coupling k, such that

|h,|2 = B20c1-PE1* 2 /LIR|?  (0<p <1) (2

[see Eq.(I1I-14)] where
EE = ¢ — €,

¢ is the velocity of light, and L is the length of the sys-
tem. The quantity &, , the wavenumber of the Ath mode,
is given by :

w, =clkl.

In previous work, the radiation field was chosen as one-
dimensional, so that one had

k, = 2in/L, ®3)

with the nonzero integers n labelling the modes, but it
will be seen that, for the purposes of this paper, this is
not an essential limitation and that one may employ
whatever spectrum of values may be suitable for the
radiation field with no need to restrict attention to one
dimension. Lastly, the dimensionless coupling constant
a can be thought of as the fine-structure constant of
quantum electrodynamics, or more generally, the para-
meter which scales the strength of the interaction be-
tween the two-level system and the radiation. (For ex-
amples of other physical systems with similar Hamil-
tonians, see Refs. 5 and 6). It should be remarked that
the dependence of expression (2) on k, was chosen so
as to avoid the infrared and ultraviolet divergences of
field theory. The states of the system, between which
matrix elements of the Hamiltonian, Eq. (1), are to be
taken, are given by

li; ) = 1011 {n)
withi=1,2, n, =0,1,2,--. But when the problem of

spontaneous emission is considered, that is, when the
initial state of the system is taken as

I 2;{o}), (@)

then the only states accessible under the evolution given
by H are
[2;{0}) and I[1;0,0,---,1,0,0,.-.),

where, if the atom is de-excited, there can be only one
photon present. These states will be written respec-
tively as |9) and |A), where A ranges over all the modes
of the field. If the zero of energy is chosen to be that

of the state

11;{o}),

—not accessible with the initial condition, (4)—then H
can be rewritten conveniently as

H = RE| ){ | +§J‘ Fw, | 1) (A

+ZX)(hx~/§\x><rrtl + 21N, (5)
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In Sec.1], the time-independent Schrdodinger equation

for the Hamiltonian, Eq. (5), will be solved, and the
eigenvalues and eigenkets obtained. From these, the
probability of occupation of the state |91) at any time
will be calculated. This quantity will be examined
numerically in Sec,III, and in Sec.IV the numerical
results will be compared with those of II and III. Sec-
tion V contains discussion of the results of the paper
and some suggestions for applications and further work.

1l. THE EXACT SOLUTION

The eigenvalues  and eigenkets |¥) of the Hamiltonian,
Eq. (5), are obtained from the Schrodinger equation:

HI|W) = 5Q|¥), (6)

{Let}us expand | ¥) in terms of the complete set |9),
a0}

%) = ¢, 190 + 2 )]0,

Then Eq. (6) is equivalent to the set of equations;

¢ E+7; c)\(h’{\/z—/)"l) =, Q, (7a)
N
c mZ/H + o0, = ¢,Q, (7b)

whence the secular equation for the eigenvalues Q:
E—Q + 2 [2h12/h2(Q — w,)] = 0. (8)
x

The forms of the Hamiltonian, Eq. (5), and of Eq. (8) show
that the problem under consideration is formally identi-
cal to a class of problems, the first example of which
appears to have been studied by Ullersma,’? who con-
sidered an exactly soluble model for Brownian motion.
The scheme of his analysis has been followed by Cukier
and Mazur,8 who examined ergodic properties of an
impurity particle in a harmonic chain, and similar
methods will be used here. First of all, the nature of
the roots of Eq. (8) can be seen from Fig. 1, in which

the summation

2R)= Ex[zlhxlzmzm —w)] (9)

is plotted as a function of Q, along with the linear func-
tion  — E. It is seen thati) (2) has poles at the points
Q = w,, that is, at the values of the one-photon energies
of each mode of the radiation field. Between these

\..
ias \Q,
3

|

)

N
\
\

. a

FIG.1. A plot of Z(?) vs 2, along with the linear function @ — E. See
the discussion following Eq. (9).
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poles, the functionZ} () has a derivative which is
always negative, and so it follows that Eq. (8) has ex~
actly one root in each interval between the successive
poles of 23(R). As  —~— o, it is clear that2,(Q) — 0 as
shown in the figure, and that the lowest eigenvalue, 20,
is always less than the smallest frequency, wg, of the
noninteracting field.

To each eigenvalue &, say, of H, there is a correspond-
ing eigenket, |¢;), say. From Eq. (7), one obtains

o) =& |90 + 33 ¢i 1),
A
where

cf = [mV2/H(Q; — w\]ck (10a)

and

¢t =qQ +Zx> [21R|2/B2(Q; — w,)2])1/2 (10p)

if |¢,) is normalized so that
<(Pi|¢i> =1.

The choice of the positive square root in Eqgs. (10) fixes
the phase of | ;). It is clear that we may write

o =[1-Z' @)V

where the prime denotes differentiation. Now, the sys-
tem at time f = 0 is in the state | W), which can be de-
composed in terms of the orthonormal eigenkets | ;)
of H:

[ oL =§)[1 ~ 2 @)1 V2l ).

Consequently, the probability amplitude for the state
| 9T) at time ¢ is:

U e @) = Zi)e“““t[l =22 @)TY2(R )
= §{e'i“i‘/[1 -2 @)} 11)

This result can readily be seen to be equivalent to Eq.
(II1-12), which expresses the summation as a contour
integral. This formulation proved convenient in the
analysis of III, and the result was reached more quickly
than here. However, we have preferred to give the pre-
sent derivation of Eq. (11) in order to point out the
similarity of our problem to those of Ullersma, and
Cukier and Mazur, as well as to be able to write down
the eigenkets of H. Also, for the purposes of the numeri-
cal computations of this paper, Eq. (11) gives the solu-
tion for the probability amplitude in 2 more convenient
form than that of IIL.

It is of interest to write down the unitary operator U
which diagonalizes the Hamiltonian H:

UHU-! = H,,

with H,, diagonal in the basis |9}, |A). We may estab-
lish a one-to-one correspondence between the states of
this basis and the eigenkets of H as follows: to | 9) cor-
responds quo), the ket associated with the least eigen-
value §, and to each |A) corresponds a ket | ¢,), say,
associated with Q,, the root of Eq. (8) paired with w, in
the correspondence seen in Fig.1l. Then U may be
written
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U= 130l + 2 1o,

The unitarity of U follows from the orthonormality of
the sets | ¢y, [ @) and | 91), |A). Its matrix elements
are given by

AUIN) = [mV2/EQ, — 0 )][1 -2 (@) V2, (12)

and if |A) is replaced by |91), Q, is replaced by €, if
|A") is replaced by |91), then the factor

2/5(, — w,)

is replaced by unity.

Lastly in this section, we shall write Eq. (11) in terms
of dimensionless variables of the kind employed in I,
II, and ITI. There it was found necessary, in order to
give meaning to the notion of weak coupling, to scale
times and frequencies by the coupling constant . Thus,
from a time ¢ or a frequency Q, we define

T = aFEt, t=Q/aE,

where 7 and £ are dimensionless. With the further
definition

0(§) =22(Q)/aE = 23(aEY/aE,
Eq. (8) becomes

@UeE) =2 {71 - e (&)}, (13)

where the £; are the roots of the dimensionless secular
equation

§—1/a —o(§) =0. (14)

If now we make use of the definitions (2), (9), then there
results

o(§) = (2/02) 25 [1/(@§,)2(E — &))], (15)
where *
E)\ = w)\/aE

and the dimensionless scaled length ¢2 is «EL/c. If
further we now restrict attention to a one-dimensional
system with the w, determined by Eq. (3), then Eq. (15)
becomes

4 1
o(t) = 02 nZ=>1 (2nna /o2)p(E — 2rn/02)’ (16)

whence also:

(k) =2 1

. 1
— 02:/—:11 2rna/c2)p (¢ — 21n/02)2 an

These formulas will be useful in the numerical work of
the next section.

1, DISCUSSION OF NUMERICAL CALCULATIONS

The first stage of a numerical study of the exact solu-
tion given by Eq. (13) was to compute the eigenvalues
of the Hamiltonian. This was achieved by considering
the equation
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£—o( +1/a) =0, (18)

whose solutions differ from those of Eq. (14) by —1/a.
Equation (18) was studied rather than Eq. (14) only to
make closer contact with the investigations in III, in
which Eq. (III-37) corresponds exactly to Eq. (18) with
the approximation:

o(€ + 1/0) = 2cot(02/2) (£ + o),

where ¢ is the nonanalyticity parameter which, as was
discussed in Sec.]I, enters the weak-coupling scheme.
Here, no attempt was made to use the exact analytic
form for o(¢ + 1/a) which is given in III (see Egs.
(1I1-29, - 30, -31). This form is rather complicated, and
is far less well suited to computation than the straight-
forward definition, Eq. (16). Although this remark is
made concerning the calculations presented in this
paper, which are all restricted to the one-dimensional
case with coupling given by Eq. (2), it will be clear from
what follows that it can be made general and that there
is no great increase in computational difficulty if one
considers a different choice of |k,|2 from Eq. (2),or a
different spectrum of frequencies w,, as, for example,
in a three-dimensional problem. The quantity o(¢{ + 1/a)
was calculated, then, from Eq. (16), with a set equal to
0.1,and for two values of ¢2,1.0 and 10.0. These
values of 02 are those chosen for the numerical investi-
gations of II and III, and for comparison with those stu-
dies it was felt that 0.1 was a suitable coupling, in that
it is not so small as to make calculations involving it
indistinguishable from those of III, but still it can be
considered “weak” coupling. The exponent p was cho-
sen as 3 and ; for each value of o2.

In the numerical work, the eigenvalues, say &;, were
determined by a method analogous to the graphical
method of Fig.1, that is, by selecting the points at which
¢ and o(¢( + 1/a) were most nearly equal. In the sum-
mation, Eq. (16), 104 terms were taken, and for n > 104,
the remainder was approximated by the integral

2a~# f°° dk where 27
T & kP[k — (£ + 1/a)] T g2

The error introduced using this procedure is negligible
as can be seen from the following example. For the par-
ticular choice £ = 10.0,02 = 10.0,a = 0.1,and p = £,
the summation (16) gives

o(¢ + 1/a) = 2.474 5357 for n = 104

(£ + 1/a) = 2,509 3190 for # = 105,

a difference of 0.034 7833. The difference obtained for
this interval using the above integral is 0.034 7844,
Since the mesh used in solving Eq. (18) was 0.0001, the
slight discrepancy between these two differences is
certainly acceptable., Having obtained the eigenvalues
§¢,, we calculated o(£;) using Eq. (17) with the first 100
terms summed exactly, and the contribution to (17) for
n = 102 approximated by the integral

207k ™ dk
7 T kbl — (£ +1/a)]2

From this point, the computation of p(r), the probability
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of finding the state | 91) at time 7, proceeded exactly as
in II. There, for o’(£;), the approximation

— 021+ 182)

was used, and here, the computed exact values. As
there, a separation of p(r) is made into its time aver-
age p, and the purely oscillatory part p,(1):

et 2
Y T oy
+ 2 cos(§; — &)1

g2y [1—0'(§)][1 - 0" (§))

pr) = (RNI¥@ENI2 = =21 — o' ()] 2

i

=p,+ppm). (19)

This expression has obvious analogies with the approxi-
mate Eq. (I-36). It has been computed here for 11
roots, &;, for 02 = 1.0 (both for p = 3 and p = 3),and
for 100 roots for 02 = 10.0 (forp = 3 andp = 3). In
order to assess, the error introduced in the procedure
for calculating (17), o’(¢;) was determined by summing
1000 terms exactly and then using the integral approxi-
mation for » = 103, The value of p(r) at 7 = 0 obtained
was then compared with the one obtained using 100
terms in (17). For 02 = 10.0,a¢ = 0.1,and p = 3, the
100-term calculation (with integral correction) gave
p(0) = 0.993 1982 while the 1000-term calculation (with
integral correction) gave p(0) = 0.993 2099. Similarly,
for 02 =1,0,0 = 0.1,and p = %, the 100-term calcula-
tion (with integral correction) gave p(0) = 0.993 9357,
whereas the 1000-term calculation (with integral correc-
tion) gave p(0) = 0.993 9408. It was the authors' con-
clusion that the small differences observed did not
justify the longer computation time required to perform
the 1000-term calculation.

The results of the numerical computations are dis-
played in Figs. 2—-7. The first of these has the results
for 02 = 1.0, for p equal to both 3 and i, and for a

range of 7 from O to 5. The function plotted in each

case is pp(7), the time-dependent part of the evolution.
The values of the constant term p, are given in the
caption to the figure. Figure 3 gives the results for

02 = 10. 0, this time with a range 0 to 25 of 7. The quali-
tative aspects of these results are as one would expect:
An initial decay over a rather short time scale is fol-
lowed at later times determined by the size of the para-
meter 02 by large and rapid fluctuations. A convenient
characterization of the functions p,(r) was developed in
IIT to avoid detailed consideration of their behavior over
large ranges of 7. This was to calculate the average fre-

0.8 T T T

0.4

prlT)
0.0

-0.41 4

0.0 1.0 2.0 3.0 4.0 5.0

FIG.2. A plot of o, (r) vs 7 for & = 0.1,02 == 1.0 over the range 0 <
7 < 5, For the choice p = 3 (solid line), p, = 0. 3659 and p,(0) = 0.6281.
For the choice p = 7 (dashed line), p, = 0.3627 and pp(0) = 0.6261.
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0.8 T T T T

0.6

0.4

PlT)

0.2H

0.0

0.0 5.0 10.0 15.0 20.0 25.0

FIG.3. A plot of p;(r) vs 7 for & = 0.1,02 = 10.0 over the range 0 <
7 < 25. For the choice p = ; (solid line), p, = 0.0497 and p.(0) =
0.9360. For the choice p = ; (dashed line), p, = 0.0506 and p,(0) =
0.9426. The dotted line represents the Schriddinger weak-coupling
p(r) vs 7 for 02 = 10.0,0 = 0.1 and phase ¢ = 0.0; here, p, = 0.0465
and p,(0) = 0.9335.

quency L(g) with which such a function attains the
value g. This quantity L(g), in addition to subsuming
most of the relevant information about a given p;(7) in-
to a simple form, gives quantitative estimates of Poin-
caré recurrences, where these are to be understood in
the same way as in III, that is, that although the expres-
sion in Eq. (19), involving as it does a linearly indepen-
dent set of frequencies £;, can never exactly regain its
initial value of unity, it may approach it arbitrarily
closely. The function L(q) then measures the average
frequency of such “near-recurrences.” For the purpose
of obtaining an accurate estimate of L(gq) for the func-
tions p,(r) plotted in Figs. 2—3, these functions were
computed for 02 = 10.0 at intervals of 0.1 of 7 over the
range 100 < 7 < 400, and for 02 = 1,0, at intervals of
0.02 over the range 0 < 7 < 150. These intervals and
ranges are the same as those used in comparable in-
vestigations in III—in the next section explicit com-
parisons will be made with that work. Values of L(g)
vs g were then obtained by direct counting. Figures 4-
5 contain the results of this procedure: L(g) is plotted

0.5

0.0 1 | L 1
-0.4 -0.2 0.0 0.2 0.4 0.6

q
FIG.4. A plot of L(q) vs g for 02 = 1,0. The solid line was construc-
ted from an analysis of the time-dependent part of pE(-r) forp =%,
using the counting procedure described in IIl. A similar analysis was
performed for p = ; (dashed line), and for comparison, the correspond-
ing curve for the weak-coupling Schridinger solution p () (dotted line)
is included (for the phase ¢ = 0,p, = 0. 2784 and p(0) = 0.7074). In
constructing these curves for this choice of 02,a range of 1 0 < 7 < 150
was used.
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L{q)

0.5}

FIG.5. A plot of L(g) vs ¢ for 62 = 10.0. The solid line was construc-
ted from an analysis of the time-dependent part of pg(r) for p = 3, The
dashed line refers to a similar analysis for p = i, and for comparison
the curve corresponding to the weak-coupling Schrédinger p, (r) solu-
tion (phase ¢ = 0) is included (dotted line). For this choice of ¢2,a
range of T 100 < 7 < 400 was used.

in Fig.4 for 02 =1,0,p = 4,4 and in Fig. 5 for 02 =
10.0,p = 3, 5. It should be remarked that the sensitive
values of ¢ occur about 300 times over the ranges of 7
used to obtain these plots, and, from consideration of the
scatter about the mean of the number of occurrences in
subranges, one may expect a maximum error of about
6% in any value L(g). It would appear then that the
appearance of maxima of L(q), or at least a definite
flattening of the profile, for 02 = 1.0 is a real effect,
and in fact, such a phenomenon was observed in the
weak-coupling solution in III.

IV. COMPARISON WITH THE WEAK-COUPLING
SOLUTIONS

One of the main objects of this paper is to determine,
by comparing them against the exact solution, which, if
either, of the weak-coupling approximations to p{r) dis-
cussed in II and III yields a fair description of the real
behavior of the system. For the purposes of reference
we shall rewrite these approximations here. That which
was based on the master equation is [see Eq. (II-40)]:

20 sinh20 )'1 291'2
8,>0 G)pz + 4/02

4\ /2 o2¢
p R —_
xcos[*r(ep +02> j|[1+(1_62)1/2
-1

5 16 /2 g2 . 16
X — Y +—(ez+
(91’ +(1~e2)> 1 (e!’ (1—e2)>] ’

where O, are the successive positive roots of the equa-
tion

pyr) = (1 +

cosh20 —¢

(20)

4 sin(020) = OLe — cos(026)]

and where € is a nonanalyticity parameter, equal to
cos(02/a). The other approximation, based on the solu-
tion of the Schriodinger equation [see Eq. (IMI-36)] is

pd) =T[1+ 021 + 182012
! 2 cos(§; — &7

+ ’
qu)éé[l + o2(1 + %qu)]o[l +o2(1 + ing:)]

(21)
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where Eq are the roots of the equation

E—zcot%z(£+¢)=0

with ¢ a nonanalyticity parameter, equal to
1/a — 2 cotpm.

These expressions, Egs. (20) and (21), have to be com-
pared with the exact solution, pg{T), say, as given by
Eq. (19).

Some remarks must be made about the choices of the
coupling function {4, 12 used in the derivations of Egs.
(19), (20), and (21). In this paper, as in the derivation
leading to Eq. (21), it was given by Eg. (2), but in II,
where Eq. (20) was derived, it was given by

|k |2 = 7 2acE/L, (22)
A

which corresponds to Eq. (2) with p = 0. This latter
choice gives rise to divergences in the theory develop-
ed in III, but not in that of . It was, however, a conclu-
sion of III that for o2 large enough—and in particular

62 = 10.0 is large enough—p (1) is essentially inde-
pendent of the nonanalyticity parameter ¢. But it is
only through ¢ that the exponent p enters Eq. (21), and
so we may claim that this solution is to hold for any
choice of p in Eq. (2), even for p = 0. Similar considera-
tion may be adduced for Eq. (20), where again there will
be practically no dependence of p, (1) on p if Eq.(2) is
used for |k, 12 rather than Eq. (22), provided only that o2
is large enough. We shall conclude, then, that with this
proviso Egs. (20) and (21) are directly comparable, and
comparable also with Eq. (19) for any choice of p. This
conclusion is not by any means a startling one, since
one knows that in the weak-coupling limit, all these
equations lead to the same exponential decay in the
thermodynamic limit:

PofT) = 4T (23)

[see Egs. (II-32) and (III-23)], a result dependent only on
the value of |4, |2 for w, = E. So long, then, as «a is
small enough that there is a weak-coupling situation, we
may reasonably expect that even the exact solution, Eq.
(19), will be insensitive to the value of p for all but
small 02, But precisely this has been seen in the last
section, where, even for ¢2 = 1.0, the characterizations
L(q) for the two values of p were found to differ by very
little.

In Fig. 6, the three solutions, p;, p;, and pg, have been
plotted on the same graph for 62 = 1.0 and a time
range 0 < 7 < 5. The plots of p, and p, have been taken
respectively from Fig.7 of II and Fig, 3 of III, with the
choices of the nonanalyticity parameters used there,
namely € =— 0.84 and ¢ = 0.0. For pg, p was taken as
3. It is immediately evident that the three curves are
all quite different, apart from the broadest general as-
pects. It has been remarked in the preceding section,
however, that, for 02 = 1. 0, such differences also exist
between two curves of o, both derived from Eq. (19),
but with different values of p (Fig. 2). The same fea-
ture was found with p; (see Figs. 3 and 4 of III), More
illuminating, then, is Fig. 3, where in addition to the two
profiles of p; (for the choices p = 3, 1) p, has been
plotted for 02 = 10.0 and a time range 0 < 7 < 25 (see
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FIG.6. A comparison of the time-dependent part of p(r) (solid line),
ps(7) (dashed line), and p, (1) (dotted line}, for 02'= 1.0 over the range
0 <7 < 5. Forpglr), » = 3 and for p,(r), ¢ = 0.

Fig. 2 of III). Here the similarities in the three profiles
are much more marked than their differences. This is
to be noted in conjunction with the results of the last
section and of III, where it was seen that dependence of
p;on ¢ and of p; on p had ceased to be observable on the
plots for 02 = 10.0. The curve of p;, on the other hand,
has been omitted from this figure, since it is known
from III (see also Fig. 8 of II) that it differs markedly
from that of p; and hence also from pg.

The next useful comparison that can be made is of the
functions L(q) associated with the quantities p, and pj.
Again, p; will be omitted from this study, since it has
already been seen in III that the profile of L(g) vs q is
rather different in structure from the one correspond-
ing to p; in particular, for p, the profile was symmetric,
whereas for p,, the profile was definitely skew. For ¢2 =
1.0, it has been seen (see Fig. 6 of III) that the depen-
dence of Ls(g) on ¢ is slight (in fact, considering the
margin of error involved in the determination of the
function, the two curves are essentially identical). From
Fig. 4, one sees that the dependence of Lg(g) on p for
this value of 02 is somewhat more pronounced, but over
all, an examination of this figure with its plots of L(q)
(for p = %, 3)and Lg(g) (for ¢ = 0) reveals that all three
profiles are remarkably similar. Similar plots of LE(q)
and L.(g) vs g are given in Fig, 5, where the same result,
as one might expect, is found.

Finally, in this section, it has been thought worthwhile
to exhibit a direct comparison of p; and pg, with 02 =
10.0,¢ = 0,p = %, ; for some large values of 7. This
has been done in Fig. 7, for the range 100.0 < 7 < 125,
The resemblance between the three profiles, in the
authors’' opinion, is striking if one considers the nature
of Egs. (19) and (21), with their summations of many
terms involving cosines, even small discrepancies in the
arguments of which might be expected, because of the
large values of 7, to lead to very considerable effects
in the time-dependencies of p; and pg. It should be re-
marked that the correspondence between the profiles
ps and pg for p = % is preserved even up to the longest
times considered in this study, that is,7 = 400. The
resemblance is less evident for p; with p = § for values
of 7 greater than around 200, but it is possible that this
effect is due to inaccuracies in the numerical computa-
tion of p, with p = é, for which value calculations of
Egs. (16fand (17) are perhaps less reliable than for

P = 3. On the other hand, the results in Fig.7 are an
agreeable confirmation of the validity of the numerical
methods which gave rise to them.
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FIG.7. A companson of p(7) for two choices of p,p = § (upper
curve) and p = 3 (middle curve), and p, (1) for a phase ¢ = 0 (lower
curve), for 02 = 10 0,a = 0.1 over the range 100 < 7 < 125,

V. DISCUSSION AND CONCLUSIONS

The principal conclusion of this paper is clearly that,
for the description of the spontaneous emission of the
Wigner—Weisskopf atom in a finite box with weak coup-
ling, the approximate method used in III and based on
the quantum-mechanical solution derived from the
Schrddinger equation is much better than the method of
I, which came from consideration of the lowest-order
terms in the master equation. There are probably
several reasons that this should be so. Firstly, all the
ideas that lead to the master-equation approach to non-
equilibrium phenomena are rooted in the notion of a
large system, as well as that of weak coupling, and there
is no reason to suppose a priori that such an approach
will give good results for small systems. The equations
of quantum mechanies, on the other hand, are explicitly
constructed to deal with small systems. Thus, although
in the thermodynamm limit the weak-coupling solution
of the master equation is the correct one, this solution
is not reached as the limit of an equally correct des-
cription of a finite system. It must be noted therefore
that attempts at a rigorous justification of the master
equation for infinite systems should znot proceed from
its predictions for finite systems, which are not valid,
but rather from the true dynamics of these systems as
given, presumably, by quantum mechanics, The whole
concept of a weak-coupling approximation, of course,
breaks down for very small systems (for example, o2 =
1.0) where the nonanalyticity in the coupling parameter
that is always present away from the thermodynamic
limit becomes an important effect. This means that it
cannot be claimed even for the approach of III, based on
the Schrodinger equation, that it yields a proper approxi-
mation for the case of small systems. But, as is quite
evident from the calculations performed for ¢2 = 10.0,
it does indeed provide a very good approximation once
the effects of nonanalyticity cease to be important. So
much so in fact, that it is-probably possible to devise

a still simpler approximation that would preserve the
main qualitative features of the exact result.

The second remark to be made in favor of the solution
ps over p; is that p, as given in Eq. (21), is obtained

directly as an approximation to the exact solution, Eq.
(11), by taking an approximate estimation of o(£). This
is in contrast to p, , which is the solution, in the weak-
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coupling limit, of an equation, namely the master equa-
tion in lowest order, that is already only an approxima-
tion. Now, exact solutions are seldom available for
problems of physical interest, and it is the function of
the master equation to provide a perfectly definite pre-
scription under certain conditions—large size, weak
coupling—for treating systems for which no exact re-
sult can be obtained. Such generality cannot at this
stage be claimed for the method employed in III. It

has recently been shown by Pike and Swain? that another
technique used with much success in statistical mech-
anics, both of equilibrium and nonequilibrium, that of
double-time Green's functions, leads for our model to
precisely the same result for p(r) as does the master
equation, namely p,. We would like to suggest that, in
view of this and of the well-known difficulties in finding
rigorous validations of any of the methods of nonequili-
brium statistical mechanics, the good agreement which
has been found between pg and p, is a strong argument
for investigating further the possibility of developing
systematic approximate treatments which would lead
to results like those of III and would permit thermody-
namic solutions to appear as the limit of approxima-
tions for finite systems whose closeness to the exact
solutions of quantum-mechanical equations of motion
could be demonstrated.

There exists a hope that the model studied in this paper
of a finite system, along with either its exact solution,
Eqg. (19), or the good approximation, Eq. (21), might, over
and above the suggestion of the preceding paragraph,

be of explicit use in an attempt to understand the phe-
nomenon of radiationless transitions!9 in certain
medium-sized molecules. These transitions are charac-
terized by the transfer of the energy of some—more or
less isolated—excited electronic state to a set of
closely-spaced levels of similar energy associated with
a different configuration of the molecule. This process
occurs in several molecules, which may be classified
according to the density of the levels to which relaxa-
tion takes place. Different effects are observed depen-
ding on whether the levels are sparse or rather so close
as to form a quasicontinuum. These differences may
well be related to the differences found in our model
between small systems, with a sparse density of photon
states, and larger systems, with a higher density.

Finally, to return to the question of the thermodynamic
limit, we may point out that the exact solution of this
paper allows a discussion of a system, in this limit,
with arbitrary coupling. The simple exponential be-
havior, Eq. (23), which results from no matter what
approach for a large system, is of course valid for
weak coupling only. In I certain problems have been
considered which arise because the corrections to

Eqg. (23) needed if the coupling is not small seem to be,
like all the solutions examined in this paper, nonanalytic
in o, and to be in consequence nonexponential. Such be-
havior can be expected in the thermodynamic limit of
the exact solution also, and comparisons can thus be
made between the nonexponential contributions to it
and those predicted by the master equation when taken
beyond lowest order. The analysis of these matters is
the subject of the next paper in this series (immedia-
tely following), and it may be regarded as the first
step towards the understanding of the relationship for
an infinite system between the master equation and the
exact limit of the solution of the equations of motion
for a finite system.
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